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PREFACE

The treatment of the tides, and of tidal datum planes, contained

in the first four chapters of this text, and of the reduction of measured
tidal currents, in chapter X, is drawn from the manuals issued by the

United States Coast and Geodetic Survey, and from Harris's Manual
of Tides, published in past reports of that Survey, but now out of

print. As no engineer outside that Survey may expect the occasion

to undertake the laborious harmonic analysis of the tides at a station,

the voluminous tables required for the purpose are not included.

The cubature of a channel, described in chapter VI, is set forth in

a number of French texts. The detailed procedure explained is that

developed in the United States Engineer office at Philadelphia.

A method is developed in chapters V and VIII for computing tidal

currents from the constants commonly used for steady flow, by a

procedure somewhat analogous to that used in ordinary hydraulic

computations. Quite obviously, the varying and periodically revers-

ing flow in a tidal channel has somewhat the same relation to steady

flow that an alternating electric current has to a direct current. As
alternating currents depend upon the reactance and capacity of the

circuit as well as upon its resistance, so tidal currents depend upon
the acceleration head and the storage and release of w^ater in the

channel as well as upon frictional resistance. Wlien these factors

are included, computations of tidal flow should be as reliable as are

those for steady flow. The application of these principles to natural

tidal channels is taken up in chapter IX.
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THE TIDES
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GENEEAL DEFINITIONS

1. The tide is the regular periodic rise and fall of the surface of the

seas, observable along their shores. The concurrent horizontal move-

ments of the water, whether the almost imperceptible drift in the

open sea, or the strong flow through a, contracted entrance to a tidal

basiri, are designated, in accordance with the practise of the United

States Coast and Geodetic Survey, as tidal currents.

2. High and low water.—The maximum height reached by each risuig

tide is called high water, and the maximum depression of the falling

tide is caJled low water. On the Atlantic coast of the United States

the tide rises and falls twice daily—or more accurately twice during

the lunar day of 24 hours and 50 minutes. The two high waters and

the two low waters are each so nearly equal that for ordinary purposes

no distinction need be made between them. On the Pacific coast the

two high waters and the two low waters occurring daUy are in general

markedly different, and are designated as the higher high water, the

lower high water, the lower low water, and the higher low water. On
the Gulf of Mexico the tides are small, and toward its western end

but one tide occurs each day during a part of the month.

The heights of the high waters and of the low waters vary from day

to day. In many parts of the world, the high waters reach their

greatest height, and the low waters the least height, soon after the

(1)



time of full and new moon. These tides are called spring tides. The
term "spring" as applied to tides has nothing to do with the season

of the year, but is the greater upspringing of the waters at intervals

of about a fortnight. Similarly the daily high waters are usually at

their least height, and the daUy low waters their greatest height, soon

after the moon is in quadrature. These tides are called neap tides.

On the Atlantic coast of Europe and along the British Isles the differ-

ence between low or high water of spring tides and low or high water

of neap tides may amount to several feet, and is a matter of moment
to navigators. On the coasts of the United States the difference

between spring and neap tides is not particularly noticeable, and the

terms "spring" and "neap" tides are not in ordinary use. In this

country spring tides are commonly referred to as "tides at full (or

new) moon" or occasionally as "moon tides."

3. Datum planes.—The average height of all low waters at any place

over a sufficiently extended period of time is called n^iean low water

and is the official reference plane for the depths shown on navigation

charts, and of improved channels, in the waters of the Atlantic and

Gulf coasts of the United States. The average height of the lower of

the two daily low waters is called mean lower low water and is the

official reference datum in the waters of the Pacific coast of the

United States. In British waters the datum is usually the mean low

water of spring tides, or low-water springs. This reference plane is

also used at the Pacific entrance to the Panama Canal. The average

height of the sea, as determmed usually by the average of the observed

hourly heights over an extended period of time, is called mean sea

level, and is the standard datum to which elevations on land are

referred,

4. Tidal ranges.—The difterence in height between high water and

low water at a tidal station is called the tidal range. The mean range

is the average of the differences between all high waters and all low

waters; or, as is the same thing, the difference between mean high

water and mean low water at the station. The diurnal range, or great

diurnal range, is the difference between mean higher high water and

mean lower low water. The extreme range is the maximum that has

been observed. The spring range is the difference between mean
high water and mean low water of spring tides, and the neap range

the difference between mean high water and mean low water of neap

tides.

5. Tidal currents.—The tidal current setting into the bays and
estuaries along the coast is called the flood current. The return cur-

rent toward the sea is called the ebb current. The maximum velocities

reached during each fluctuation of the current are called the strength

of the flood and the strength of the ebb, or, indifferently, the strength of

the current. Slack water is the period during which the current is



negligible while it is changing direction! It is specifically defined

by the United States Coast and Geodetic Survey as the period during

which the current is less than one-tenth of a loiot; i.e., less than 0.169

feet per second. The slack water occurring nearest the time of high

water is called the high-water slack, and that nearest the time of low

water the low-water slack. The moment at which the current is zero

as it changes direction may be distinguished by terming it the turn

qf the current

.

In open waters, the direction of the current normally veers around

the compass and the current does not pass through intervals of slack

water. Such currents are called rotary, to distinguish them from the

reversing currents in a tidal channel.

6. These definitions are narrower than the common usage of the

terms. "Tide" is commonly applied both to the rise and fall of the

sea and to the accompanying tidal currents. Thus the expressions

"head tide" and "favoring tide" designate tidal currents that retard

or accelerate the movement of a vessel, and the term "the ebb and

flow of the tide" is standard legal nomenclature. The term "ebb

tide" is often used to designate low water as well as the outflowing

tidal current. The maximum tidal stage is frequently designated as

"high tide" instead of "high water." Its more general meaning is,

however, the higher stages of the tide. Thus it is more accurate to

say that a channel is "navigable only at high tide," than to say that

it is "navigable only at high water."

7. Lunitidal intervals.—Casual observation shows that the tides at

any place occur a little less than 1 hour later each succeeding day.

Thus if high water is at 3 p. m. today, it will be shortly before 4

p. m. tomorrow. Closer observation shows that the high and low

waters at any place follow, by about the same time interval, the pas-

sage of the moon across the meridian of the place. Obviously, the

moon must cross the plane of the meridian twice daily—once over-

head and once underneath. These are called respectively the upper

and lower meridian transits. They mark in fact the noon and mid-

night of the lunar day. If a clock were regulated on mean lunar

time, instead of mean solar time, it would show the times the high

and low waters at a given place at about the same hour every day,

but these times would vary largely from place to place.

8. The average time interval, in solar hours and minutes, from a

lunar transit to the next succeeding high water at a given place, as

determined by an extended set of observations, is called the high-

water interval, (HWI) or the high-water lunitidal interval of the place.

Similarly the low-water interval (LWI), or the low-water lunitidal inter-

val is the average time, in solar hours and minutes, from a lunar transit

to the next succeeding low water. The high- and low-water intervals

usually are larger at the full and change of the moon, at about



the time of spring tides, than at other times in the month. Charts

of foreign waters sometimes give the intervals at such times, instead of

the mean intervals, designating them as HWI, F. & C, and LWI,

F. & C, respectively.

9. The charts of the United States Coast and Geodetic Survey and

other publications show the average lunitidal intervals at representa-

tive tidal stations. By computing from the Nautical Almanac the

times of upper and lower meridian transits of the moon at the place

on any day, the times of high water on that day can be approximately

determined. Although rarely of practical importance, the method of

computation is of interest.

The Nautical Almanac gives the Greenwich mean solar time of the

moon's upper and lower transits across the meridian of Greenwich

for each day in the year. This time obviously is the interval, or hour

angle, between passage of the (mean) sun and the passage of the

moon over the Greenwich meridian. This interval increases at the

average rate of 25.2 minutes every 12 hours, or 2.1 minutes per hour.

If then the longitude of a given place is L° west of Greenwich, the

transit of the (mean) sun over its meridian will be L°/15 hours later

than the transit over the Greenwich meridian, and the interval between

the transits of the (mean) sun and of the moon over the meridian

of the place, or the local mean solar time of the moon's transit, will be

the Greenwich time of transit increased by 2.1 L°/15 minutes. For

example, the high-water interval at Sandy Hook, long. 74° W., at the

entrance to New York Harbor, is 7*^.35'". For April 12, 1936, the

Almanac gives:

Upper Lower

Moon's transit, Greenwich 3''55™ 16''21°^

Correction to Sandy Hook (74/15) 2.1 10™ 10°>

Local time moon's transit, Sandy Hook 4'^05™ 16''31™

Correction to standard time 75° meridian —04™ —04™
Standard time moon's transit, Sandy Hook 4''01™ 16^27™

Adding the high-water interval to the times of the moon's transits,

the approximate times of high water at Sandy Hook are found to be

ll'^36°' and 24'^02"'; or 11:36 a. m. April 12 and 12:02 a. m. on April

13. The times given in the tide tables are 11 a. m. and 11:24 p. m.
on April 12. The time of high and low water found from lunitidal

intervals may be in error by half an hour or more.

10. The difference between the lunitidal intervals at two tidal sta-

tions, corrected if necessary for the difference in the longitudes of the

stations, gives the average difference between the times of high, or

low, water at these stations. The formula for this correction is at

once derived from the process of finding the time of high (or low)

water from the Greenwich meridian transit of the moon and lunitidal

interval, as set forth in paragraph 9. Let G be the time, in hours, of



a Greenwich lunar transit, /i and I2 the lunitidal intervals at the two
stations, ii and Lo their longitudes in degrees west of Greenwich, *S'

the longitude of the standard time meridian of the localitj^, and Ti

and T2 the standard time, in hours, of high (or low) water at the two
stations. Then:

ri=(?+ (2.1/60) {L,llb)+ {L,-S)llb+h
= 6^+(4.14/60)ii-.S/15+/i

T2=6^+(4.14/60)Z2-;S/15+J2

Whence:

ri-T2=/i-/2+ (4.14/60) {L,-L,) (1)

The correction for longitude is therefore 4.14 minutes of time for

each degree of difference between the longitudes of the two stations,

due regard being had to the algebraic sign of the correction resulting

from the application of the formula. Obviously for easterly longi-

tudes the sign of the correction would be reversed.

For example, the high-water interval at Portland, Oreg., long.

122°40' W., is 6M3°^, and at Astoria, near the mouth of the Columbia

Eiver, long. 123°46' W., the high-water interval is OMl'". The dif-

ference in the time of high water between Portland and Astoria is

therefore 6M3'"-0'^41'"H-4.14 (122.56- 123. 77)'°= 6^02°'-05'"= 5^57'".

High water at Portland is therefore 5'^57™ later, on the average, than

high water at Astoria.

11. Since the time of high water cannot be determined from

observation within a range of several mmutes, the correction for the

difference in longitude between two stations may be neglected unless

it exceeds 1 minute of time. The corresponding difference in longi-

tude is about 15' of arc. No correction for longitude need be made
therefore unless the two stations are at least 10 miles apart in an east

and west direction.

12. Greenwich lunitidal intervals.—A Greenwich high- (or low)

water interval at a station is the interval from a transit of the moon
over the meridian at Greenwich, as given in the Nautical Almanac,

to the Greenwich time of the following high (or low) water at the

station. For convenience, high- and low-water intervals usually are

computed by subtracting the tabulated Greenwich times of upper or

lower transits from the time of the next ensuing observed high and

low waters, as recorded on standard time at the station. The average

differences so found are then converted to Greenwich intervals by
adding the west longitude, in hours, of the standard-time meridian.

If the result exceeds the average interval of 12.42 hours between

successive lunar transits, that interval is subtracted. The local luni-

tidal intervals may then be found by subtracting the product of the

west longitude of the station, in degrees, times 0.069 hours (4.14
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minutes), from the Greenwich intervals, increased if necessary by

12.42 hom-s.

Thus, the mean interval from the tabulated Greenwich transits to

standard times of observed high water at Seattle, Wash., in January

1928 was found to be 4.98 hours. As the standard time meridian at

the locality is 120° west of Greenwich, the Greenwich interval is

found by adding 120/15= 8 hours. As the sum, 12.98 hours, exceeds

the interval between lunar transits, the average Greenwich interval

at the station during the month is recorded as 12.98— 12.42= 0.56

hours. The longitude of the station is 122°20'' W. The correction

to be subtracted from the Greenwich interval to give the local lunitidal

interval is (122)0X0.069= 8.44 hours. The average local high-w^ater

interval for the month is then 12.98— 8.44=4.54 hours.

Wliile lunitidal intervals are conventionally given as local intervals,

the Greenwich intervals are more convenient for most purposes,

since the difference between the times of high (or low) water at any

two stations is given directly by the differences in their Greenwich

intervals, without correction for the different longitudes of the

stations.

13. Establishment of the port.—The high-water interval at the full

and change of the moon is called, in England, the "establishment of

the port," and the high-water interval at spring tides the "corrected

establishment." These terms are not current in the United States.

While the time of full moon is commonly thought of as a day, it is

in fact an instant, duly set forth in the Nautical Almanac. The
m^oon's transit nearest the moment of full or change evidently is

nearly but not quite at noon or midnight, and the mean solar time of

high water is close to the high-water interval. The establishment of

the port is also defined therefore as the local time of high water at the

full and change of the moon. The term is not further used in the

treatment of the tides herein followed.

THE TIDE-PRODUCING FORCES

14. It is an elementary principle of physics that the gravitational

attraction between two bodies varies inversely as the square of the

distance separating them; and an elementary theorem that the

attraction between two spheres, such as the moon and the earth, is

the same as though their respective masses were concentrated at their

centers. But the attraction between the moon and any individual

unit of mass in the earth depends upon the distance of this unit from
the center of the moon, which is not, in general, the same as the dis-

tance from the earth's center to the center of the moon. The conse-

quent varying differential in the force of attraction over the earth's

surface as compared with the average attraction per unit of mass of



the earth as a whole, together with a similar differential with respect

to the attraction of the sun, are the tide-producing forces.

15. The tide-produciiigforce of the moon.—In figure 1 ,JJ is the center

of the earth, the center of the moon, and P any point at or within

the earth's surface, r the distance CP, a the radius of the earth, E
the distance between the center of the earth and the center of the

moon, D the distance from P to the center of the moon, Q (theta) the

angle between CO and CP, and P the angle between PO and CP
produced

.

Let M be the mass of the moon

,

IX (mu) the gravitational attraction betw een two units of mass

at one unit's distance.

The attraction of the moon on a unit of mass at th,e point P is then

Mn/D'^ acting m the

direction of PO, and

its component in the

direction CP is

(Mfi/D') cos P. Sim-

ilarly the attraction

of the moon on a unit

of mass at the center

of the earth is M/jl/E^

acting in the direction

CO, and its component in the direction CP is {M'lx/E^) cos 6. The com-
ponent of the difference of these forces, in the direction CP, is:

fr= {MiJilD') cos P- {Mix/E') cos d (2)

Let A be the foot of a perpendicular from the center of the moon,
0, to the line CP produced. Then:

D cos P=PA, E cos d=CA=PA+r.
whence:

E cos d=D cos P-\-r. cos P=(E cos d—r)ID.

Giving:

fr=Mfi [{E cos d-r)/D'- cos O/E']

=Mfx [(cos e-r/E) (PV^')-cos d]/E-. (3)

From the triangle POC:

D^=E'i'r'-2Er cos 0.

Whence:

DyE^=1-2 (r/P) cos 6+ (r/Ey.

Figure 1.



Placing, for convenience, r/R=p:

RyD^=(l-2p cos 9+p^)-^'''

= [l-p{2 cos d-p)]-^'K

Expanding the second member into the binomial series:

RyD'= l-\-3/2 p(2 cos e-p) ^15/8 p\2 cos d-py-\-

= 1+3^ cos d—S/2 p^ll— 5 cos^ d)+ terms in the

cubes and higher powers of ^.

Since the distance from the moon to the earth is approximately 60

times the earth's radius, the cubes and higher powers of p—rjR have

values of 1/216,000 or less, and the terms containing them are too

small to be considered. Substituting, in equation (3), the expression

derived for R^/D^, reducing and again dropping the cubes of p:

jr=Mix [p(3 cos^ ^-l) + 3/2 p2(5 cos^ 0-3 cos e)]IR'"

=Mix (r/R^) C3 cos2 0-1) +3/2 AMr^R^) (5 cos^ 0-3 cos 0). (4)

The numerical value of the coefficient of the second term of equa-

tion (4) is 3r/2R times, or in the order of l/40th or less of, the numerical

value of the coefficient of the first term. For the accuracy in general

necessary, the second term may be disregarded, giving:

fr=MfM{rJR') (3 cos^ 0-1). (5)

The distance of the moon from the earth is astronomically measured

by its parallax, which may be defined as the angle subtended by the

radius of the earth at the distance of the moon. The parallax varies

as the reciprocal of the distance, or as 1/R. Since the second term of

equation (4) contains 1/R to the fourth power, it is called the term

dependent on the fourth power oj the inoon's parallax.

16. The component of the lunar differential attraction in the direc-

tion perpendicular to CP, in the plane CPO, is similarly:

ih= (Mn/D') sin P- (Mfx/R^) sin

from figure 1:

Z>sin P=OA=R sin 0,

giving:

sin P=R sin 0/Z>,

so that:

fh=Mfi{R sin d/D^-sin d/R')

=MfjL sin d{RyD^-l)IR'-.
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Substituting the expression for R^jD^ previously foimd, but drop-

ping the squares and higher powers of i^:

fh=MiJL sin e(l-{-3p cos 6-1) /R^

=SMn(r/R^) sin 6 cos ^=3/2 MfjL{r/R^) sin 29. (6)

The terms containing "the fourth power of the moon's parallax"

being omitted.

17. When P is at the surface of the earth, r becomes a, the earth's

radius. The line CP is evidently the vertical at P. Therefore the

vertical component of the lunar tide-producing force is:

fr=^Mfi(a/R^) (3 cos^ 9-1) (7)

and the horizontal component, in the direction of the moon, is:

/A=3/2 MiiialR^) sin 26. (8)

Since the vertical line CP is directed toward the zenith of the place

P, it is also clear that the angle 6 is the zenith distance of the moon,

or the complement of the moon's altitude above the horizon,

18. Characteristics of the lunar tide-producing force.—It is evident

from equation (7) that the vertical component of the tide-producing

Moon

FiGUKE 2.—Directions of tide-producing force.

force is a maximum when ^=0 and 180° and is then 2MiJ.alR^. It

is zero when cos 6=^j'ljz^, i. e., when 6 is 54°44', 125°16', 234°44',

and 305°16'. It reaches a maximum negative value of —Alfia/R^

when ^= 90° and 270°. Similarly the horizontal component increases

from zero, when 6=0, to a maximum of 3/2 M^a/R^ when ^=45°, and

then decreases to zero when ^=--90°, repeating this variation with

appropriate changes in sign in each quadrant. The resultants of

the horizontal and vertical components of the tide producing force,

for various values of 6, are shown graphically in figure 2.

The attraction of the moon tends to pull the water of the oceans

toward it on the side of the earth nearest the moon, and to pull the
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earth away from the water on the other side. The resultant tide-

producing forces on the side of the earth away from the moon must

balance the tide-producing forces on the side toward the moon, for

otherwise the total attraction between the earth and the moon would

not be the same as though the respective masses of these two bodies

were concentrated at their centers. Because, however, of the some-

what greater attraction by the moon on the nearer area of the earth,

the tide-producing forces on the two sides of the earth are not exactly

symmetrical. This variation in the tide-producing force is expressed

by the term containing the fourth power of the moon's parallax.

It tends to mould the surfaces of the ocean into a very slightly pear-

shaped variation from a perfect oval (fig. 8, par. 32).

19. The solar tide-producing force.-—Designating the mass of the

sun by S, and its distance from the earth by Ri, and its zenith distance

at the point Phj di, the vertical component of the solar tide-producing

force at the earth's surface is evidently, from equation (7):

fr,= Sfx {a/R,') (3 cos^ d^-l) (9)

and the horizontal component, from equation (8)

:

Jhi= S/2SijL(a/R{') sin 2di (10)

The maximum value of the vertical component is 2SiJ.a/Ri^. Its

ratio to the maximum value of the vertical lunar component is

:

{2Sfjia/R,')/i2M,xa/R') = (S/AI) (R'/R,')

The mass of the sun, S, is 27,000,000 times the mass of the moon,

M; but the distance of the sun from the earth, Ri, is about 389 times

the distance, R, of the moon from the earth. Substituting these

values, the ratio of the maximum values of the solar to the lunar

tide-producing force becomes 27,000,000/58,863,869=0.46. Despite

its enormously greater mass, the tide-producing force of the sun is

less than half that of the moon, because of its greater distance.

20. A consideration of figure 3 shows that when the moon is full,

M", or at change, M', the solar tide-producmg force w^ill tend to

increase the lunar tide-producing force, while when the moon is at

quadrature, at M' " and M" the solar tide-producing force will tend

to decrease the lunar tide-producing force. At the full and change

of the moon, therefore, liigh waters tend to be higher and low waters

lower, than at other phases of the moon, thus producing the spring

tides at full and change, and neap tides at quadrature (par. 2).

21. Tlie tide-producing forces are minute.—The force of gravity at

every point on the earth's surface is Eixja-, E being the mass of the

earth, a its radius, and /i the gravitational attraction between two
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units of mass at one unit of distance. The ratio of the vertical com-
ponent of the lunar tide-producing force to the force of gravity is^

from equation (7)

:

{Mu.a]m){?> cos- e-l)!(E(x/a')= {M/E)(a'/R'){S cos^ d-1)

This ratio reaches a maximum of 2{M/E)(a^/R^) when d=0.

Since the mass of the earth is approximately 80 times the mass of

the moon, and its distance from the moon approximately 60 times the

earth's radius

:

M/E= 1/80 a/R=l/QO

W"
»

Qy ^'c> 3 (JU"

\ Earth /

\ /

Figure 3.—-Phases of moon.

The substitution of these values shows that the maximum value of

the vertical component of the lunar tide-producing force is about

1/8,640,000 of the force of gravity. The maximum value of the hori-

zontal component is similarly found to be about 1/17,280,000 of the

force of gravity. The maximum values of the components of the

solar tide-producing force are less than half of those of the lunar com-

ponents. Such small forces evidently are not directly measurable

by the most delicate instruments, nor can they sensibly affect the

levels of limited bodies of water even as large as the Great Lakes.

The accumulated effect of these small forces over the vast areas of

the oceans is however sufficient to produce the tides.

THE TIDE-PRODUCING POTENTIAL

22. The effect of the tide-producing forces upon the waters of the

oceans is indicated by the ])otentials of these forces. The potential

of a force at any point is defined as the work required to move a

unit of mass against the force to a position where the force is zero.

Since the tide producing force is zero at the earth's center, the tide-

producing potential at P, distant r from the center C (fig. 4) is the

192750—40 2
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work required to move a unit of mass against the force, from P to C.

If the mass be moved along the radius PC, the radial component is

the only part of the force against which work is done. The radial

O

Figure 4.

component of the lunar tide-producing force is as shown in equation

(5):

MM(r/53)(3cos2 0-l)

As derived, this force is positive in the direction CP.

The lunar tide-producing potential at P is therefore:

Vt=- rMM(r/i^')(3 cos2 e-l)dr^-(Mfji/R^){3 cos^ e-l)jjdr

= JiM^fxiryK') (3 cos^ ^~ 1) (1 1)

23. Relation of potential to jorce.—It follows from the definition of

the potential of a force, that its rate of change, in any direction, is

the component of the force acting in that direction. Thus the rate

of change of the lunar tide-producing potential in a direction per-

pendicular to the radius (in the plane of the moon, the point, and

the earth's center) is:

dVtld{:rd)=dVtlrde=)iMu.{rlR^)d{2, cos^ 6-1) /dd

=^-3Mfx(r/R^) cos 6 sin 6= -3/2 Mii(,rlR^) sin 26

as found in equation (6). The negative sign results from the fact

that the direction of the force is opposite to the direction in which

6 is increasing, as will be apparent from a reference to figure 1.

24. It is evident from the preceding paragraph that when the po-

tential varies from point to point over a water surface, such as the

surface of the oceans, the water tends to move from areas of low

potential toward areas of high potential, just as it would tend to

move from areas having a higher elevation toward the areas having a

lower elevation. When a water surface is in equilibrium, the total

potential of all forces acting upon it evidently must be the same at

all points on the surface.

25. The lunar tide-producing potential at any point P on the sur-

face of the earth is found at once by substituting the earth's radius

a for r m equation (11), and is:

Fi= KMM(a7E') (3 cos^ 6- 1) (12)
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This potential is evidently a maximum at Pi and P2, figure 5,

where d=0 and 180°, respectively, and a minimum on the great

circle P3P4, where 0=90°. The difference in the potential wiU

therefore tend to cause the water of the oceans to pile up toward Pi

and P2 as was shown from the analysis of the tide-producing forces

in paragraph 18. To an observer at any point on the great circle

G-

Figure 5.

P3P4 the moon is on the horizon; at Pi directly overhead. The tide-

producing potential at any point is therefore a minimum when the

moon is on the horizon, and a maximum when it attains its greatest

altitude above (or below) the horizon.

'^.^^^^=^'=^

'P/
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spherical equilibrium surface produced by the action of gravity alone,,

affords a yardstick for measuring the effect of the tide-producing

force of the moon, and is called the lunar equilibrium tide.

27. Equation of the tidal surface of equilibrium.—^Let r be the dis-

tance CP (fig. 6) from the center of the earth to any point P on the

equilibrium surface, 6 the angle between CP and the axis of the sur-

face, and as before E and M the masses of the earth and moon, respec-

tively, R the distance between their centers, a the radius of the earth,

and M the coefficient of gravitational attraction. Let Vt and Vg be,

respectively, the lunar tide-producing potential and potential due to

gravity at P.

The force of gravity becomes zero when r is infinite. The gravity

potential is then, from the definition in paragraph 22

:

Vg=r{Efxy)dr=Ei^/r. (13)

Since, as shown in paragraph 24, the total potential at all points on

the surface of equilibrium is constant

:

V,+ Vg=C.

Substituting the expression for Vt found in equation (11), and for

Vg in equation (13), the equation of the surface of equilibrium be-

comes :

}iM(ji(r'IR') (3 cos^ 0- 1) + Eyilr=C. (14)

28. An indefinite number of surfaces are given by this equation as

various values are assigned to C. If the oceans were continuous, the

particular surface to be chosen would have a volume equal to that of

the sphere with radius a, since the volume cannot be altered by the

tidal disturbance. It will be shown that this condition is fulfilled by
the surface whose radius vector is equal to the earth's radius where the

tide-producing potential is zero, i. e., where cos^ 0= 1/3. Such a surface

will intersect the sphere in the small circles P1P2, and P3P4 in figure 6,

The resulting value of the constant is found by placing r=a and cos- 6—
1/3 in equation (14), giving:

Eixla=C

and the equation of the surface of equilibrium is therefore:

%MiJ. (r'/R^) (3 cos^ 6-1)+ E^i/r= Efija

which reduces to

:

YiiMa^/ER^) (3 cos^ e-l)=a'(r-a)lr^

Kepresenting the height of the equilibrium tide by u, it follows from

the definition in paragraph 26

:

r—a=u.
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.'Substituting this expression in the preceding equation,

)i{Ma?IEm) (3 cos^ e- 1) =a^ul{a-^uy. (15)

Since u is very small in comparison with a, the value of (a+w)^ is

always very close to that of a^. Equation (15) then becomes:

u=}(2{Ma?IER^)a{^ cos^ d-l) (16)

This is the equation of the lunar equilibrium tide.

29. The volume of the tidal surface of equilibrium evidently is the

same as the volume of the undisturbed sphere if the total positive tidal

volume over the zones P1P2A and P^PiP^, in figure 6 is equal to the

negative tidal volume over the zone P1P3P4P2; or, what is the same
thing, if the positive and negative tidal volumes in the hemisphere

PJ^'P" are equal.

In figure 7, P is any point on the tidal-equilibrium surface; CP its

radius vector, r; PiP the equilibrium tide, n, at that point; CPy the

radius, a, of the undisturbed sphere; Q its angle with the line CO
directed toward the moon; and CP'iP' the position of CPiP when B

is increased by the differential angle dQ. The equilibrium surface is,

as has been seen, a surface of revolution whose axis is CO. A well

known theorem establishes the volume of a solid formed by rotating

a plane figure about an axis in the same plane as the product of the

area of the plane figure by the length of the circumference of the circle

described by its center of gravity.

The area of the differential triangle PP'C is )i r- dQ and the radius of

the circle described by its center of gravity is 2/3 r sin Q. The differ-

ential volume resulting from the rotation of the triangle about CO
is therefore:

2/3 Ttr^ sin QdQ=2\'6 Tria^nf sin QdQ

The corresponding differential volume of the sphere is

2/3 Tra^ sin B dd

The difference between these volumes is the elementary tidal

volume, dq^, generated by the rotation of PPiPi'P' and is:

c?g=2/3 Tr[{a+uy-a^] sin 6 dd

= 2/3 7ra^(3w/a+3MVa'+'«^Va') sin 6 dd
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Since the ratio uja is extremely small, its squares and higher powers
may be dropped, giving:

dc[=2ira^u sin 6dd

Substituting the expression for u in equation (16) and integrating:

c[=fT(MayER^)(S cos^ 0-1) sin 9dd

= T(MayER^)(f3 cos^ d sin ddd-f sin Odd)

= Tr{MayER^)(-cos^ 0+cos e)+C (17>

Taking 5=0 when 6—0, the constant of integration becomes zero,

and the expression for the tidal volume in the zone measured by the

angle is

:

g_=w{MayER'') (cos ^-cos^ 6) (18)

This volume reaches a maximum when 3 cos^ 0—1=0 and is then

iriMayER') (Vl/3- l/sVl/S) =2/9 T(MayER')^Js

which is the volume of the positive tide over the zone P5P1P2 in figure

6. The volume of the negative tide is the same, as 2 reduces again to

zero when 0=90°. The condition of continuity is therefore fulfilled

by the expression for the equilibrium tide given in equation (16).

30. Magnitude of the lunar equilibrium tide.—Assigning to the con-

stants in equation (16) their numerical values, the ratio, MjE, of the

mass of the earth to the mass of the moon is 1/81.45; a, the mean
radius of the earth, 3,959 statute miles; R, the mean distance to the

moon, 238,857 statute miles. The coefficient y2{MayER^)a then is

0.584 feet. The corresponding height of the lunar equilibrium tide

in feet is therefore:

16=0.584(3 COS2 0-1)

The factor 3 cos^ 0—1 has a maximum value of 2 when 0=0, and
a minimum value of —1 when 0=90°. The maximum range of the

lunar equilibrium tide is then 3X0.584= 1.752 feet. This distortion

of the water surface of the earth is very small in comparison with the-

distortion due to the earth's rotation, since the latter, as measured by
the difference between the equatorial and polar radii, is 13.35 miles.

The tidal distortion is however superimposed upon and not measur-

ably affected by the distortion due to the earth's rotation.

31. Solar equilibrium tide.—The solar equilibrium tide is, by trans-

posing in equation (16)

;

Ui=y2iSayERi^)a(3 cos^ 0i-l)
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The numerical value of S/E is 333,432; and the mean distance, Ri,

from the earth to the sun, is 92,897,416 statute miles. The substitu-

tion of these values gives

:

-^1= 0.270(3 cos^^i-l)

The maximum range of the solar equilibrium tide is 3X0.270=0.810
feet.

32. Equilibrimn tide dependent on the fourth power of the moon's

parallax.—If the second term of equation (4), paragraph 15, is included

in the derivation of the lunar tide-producing potential, paragraph 22,

and of the lunar equilibrium tide, paragraph 28, the equation of the

latter (equation 16) becomes:

u=y2(Ma'IER')a{S cos^ 6- 1)+ %(MayER')a{5 cos^ 6-3 cos 9) (20)

The second term of this equation, y2{Ma^lER'^)a(5 cos^ 6—3 cos 6), is

the "lunar equilibrium tide dependent on the fourth power of the

moon's parallax."

Substituting the numerical values for the constants in the coefficient

of this term, this part of the tide has the value, in feet, of

0.007(5 cos^ 6-3 cos 6)

The factor (5 cos^ 6—3 cos 6) has a maximum value of 2 when 6=0,
decreases to —0.894 when 6=Q3°2&',

increases to 0.894 when ^=116°34'

and again decreases to a minimum
of —2 when 0=180°, repeating this

variation in the third and fourth

quadrants. This part of the equili-

brium tide is shown, on a greatly

exaggerated scale, in figure 8.

It will be noted that the equili-

brium tide dependent upon the

fourth power of the moon's parallax

goes through three fluctuations from
maxima to minima as 6 goes through

a cvcle from to 360°; but that its
^'°'''^"

'i~'T"l°!7'T''ZJ^^^^^^
°°

"
_

' lourtn power of moon s parallax.

maximum range is but one-quarter

of an inch. It is superimposed upon and produces but an immaterial

distortion of the principal equilibrium tide due to the tliird power of

the moon's parallax, previously developed.

Since the ratio of the radius of the earth to its distance to the sun

is but l/389th of its ratio to the distance to the moon, the equilibrium

tide dependent upon the fourth power of the sun's parallax is too

small to be considered.
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EFFECT OF ROTATION OF THE EARTH AND THE MOVEMENT OF THE MOON
AND THE EARTH IN THEIR ORBITS

33. The effect of the rotation of the earth.—As shown in paragraph 25,

the lunar and solar tide-producing forces each create two areas of high

potential on the surface of the earth, one facing the moon, or sun,

and the other opposite. As the earth spins around its axis, these

areas make the circuit of the earth and set up the slight oscillations of

the oceans which make the tides. The rise and fall of the actual tide

at any locality, and the times of high water and low water, depend on

the conformation of the ocean shores and beds and on the momentum
of the water masses as well as on the tide-producing potential. The
equilibrium tide affords a measure of the effect of tide-producing

potentials alone. The variations of equilibrium tides resulting from

the movements of the moon and earth in their orbits indicate the

variations to be expected in the actual tides because of these move-

ments.

34. Efied of the declination of the moon and sun.—The surface of

equiUbrium of the oceans due to the lunar tide-producing potential

Figure 9. Figure 10.

Effect of moon's declination on tides.

has been shown to be a prolate spheroid, with its axis pointing to the

moon (par. 26). When the moon is in the plane of the earth's equator,

as shown in figure 9, the equilibrium tide at any point P on the earth's

surface quite evidently goes through two equal fluctuations during

one rotation of the earth around its axis NS, as measured from the

position of the moon; i. e., two equal lunar equilibrium tides then

occur each lunar day. At the earth's equator the range of these two

tides is 1.75 feet when the moon is at its mean distance from the earth

(par. 30), this range decreasing with the latitude of the tidal station.

When, on the other hand, the moon is above or below the plane of the

earth's equator (fig. 10) the two daily fluctuations of the lunar equi-

librium tide quite obviously are unequal, except on the earth's equator,

the inequality depending on the latitude of the tidal station, and the
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angular distance of the moon from the equator. This angle is the

declination of the moon. The solar equilibrium tides vary similarly

with the declination of the sun. It may be noted that the solar

equilibrium tides are equal when the days and nights have the same
length, and that the inequality of the two daily tides when the moon
or sun are off the equator is for a cause analogous to that of the

inequality of the days and nights.

35. Periodic variations in the declinations of the sun and moon.—The
changes in the form and range of the equilibrium tide at a given station

produced by the changing declinations of the moon and sun, and the

corresponding changes in the actual tides, obviously run through

cycles whose respective periods are the periods of the declinations.

It will be recalled that as the sun moves along the ecliptic, its apparent

path on the celestial sphere, it crosses the celestial circle of the earth's

equator, and has therefore a zero declination, at the vernal equinox,

passing this point yearly in the latter part of March. It then ascends

north of the equator and its declination reaches a maximum angle of

23°.452 at the summer solstice, late in June. Tliis angle is the in-

clination of ecliptic to the equator, and may be considered as constant

so far as tidal computations are concerned. At the summer solstice

the sun is directly overhead at noon on the tropic which separates the

torrid from the temperate zone in the northern hemisphere. The sun

again crosses the equator at the autumnal equinox in late September,

and reaches its maximum negative (south) declination of — 23°.452 at

the winter solstice in late December. The period of its travel from

vernal equinox to vernal equinox is the tropical year of 365 days^

5.813 hours.

The moon, in its movement along the celestial circle marking its

orbit, similarly crosses the earth's celestial equator monthly at the

ascending intersection, reaches a maximum north (positive) declination

in about a week, again crosses the equator at the descending intersec-

tion in another week, to reach its maximum south (negative) declina-

tion . The period of its travel, from ascending intersection to ascend-

ing intersection, is the tropical month of 27 days, 7.718 hours.

The points at which the moon's celestial orbit crosses the ecliptic

are called its ascending and descending nodes, respectively. The plane

of the moon's orbit has a constant inclination of 5°. 145 to the plane

of the ecliptic, but because of a slow retrograde movement of the

moon's nodes along the ecliptic, the inclination of the moon's orbit to

the equator, and hence the maximum montlily declination of the

moon, slowly varies. The moon's node makes the circuit of the eclip-

tic in approximately 19 years.
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Figure 11.—Moon's orbit and the

ecliptic.

In figure 1 1

:

U is the vernal equinox.

the moon's ascending node.

/ the intersection of the moon's

orbit with the equator.

UO the echptic.

UI the celestial equator.

10 the moon's orbit on the celestial

sphere.

When the moon's ascending node coin-

cides with the vernal equinox the inchna-

tion of the moon's orbit to the equator has

its maximum value of 23°.452+ 5°.145= 28°.597. When 9K years

later it coincides with the autumnal equinox the inclination of the orbit

has a minimum value of 23°.452-5°.145=18°.307. The maximum
monthly declinations of the moon, both positive and negative, range

between the same limits.

36. Longitude oj the moon's node.—The angular distance on the

ecliptic from the vernal equinox U to the moon's ascending node 0,

figure 1 1 , is the longitude of the moon's node, and is designated by the

letter N. It determines the inclination, I, of the moon's orbit to the

equator. The value of / may be found from A^ by the solution of the

spherical triangle lUO, since in this triangle the angle lUO is the

known inclination of the ecliptic to the equator and 10U is the known
inclination of the orbit to the ecliptic. The values of / in terms of N
are tabulated in manuals on tidal analysis.

37. The lunar equilibrium tide in terms of the latitude of the tidal

station and the moons declination.—In figure 12, CN is the axis of the

earth, iVits north pole,

PiMi the equator, the

angle PxCP the lati-

tude, X (lambda), of a

tidal station P, NPPi
the meridian through

P, the angle M^OM
the declination, S

(delta), of the moon,

NM'Mi the hour cir-

cle through the fine CM joining the centers of the earth and

the moon, and the spherical angle PNMi the hour angle, H, of the

moon with respect to the meridian through P. The angle PCM' is

then 6, the zenith distance of the moon.

From the spherical triangle PNM' :

cos 0=cos (90°-X) cos (90°-5)+sin (90°-X) sin (90°-5) cos i?

=sin X sin 5+cos X cos 5 cos H (21)

Figure 12.
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The expression for the equilibrium tide, u, in terms of cos 6 is given

in equation (16)

:

u=y2{Ma?IEm) (3 cos^ d-l)a=^a{Ma^lER^) (cos^ d-]i)

Substituting the value of cos Q given in equation (21)

:

u=^a{MayER^) (cos^ X cos^ 5 cos^ H+2 cos X cos 8 sin X sin 5 cos H
+sin2 Xsin^S-Zs) (22)

Since cos^ i?=K (1+cos 2IT), sin X cos X=K sin 2X etc., this equation

reduces to:

^=% a{Ma?IER^) (cos^ X cos^ 5 cos 2iJ+sin 2 X sin 2 5 cos H
+ cos^ X cos^ 5+2 sin^ X sin^ 8-)i) (23)

Substituting for cos^ X and cos^ 5 in the third term their equivalents,

1— sin^ X and 1— sin- 5 respectively, and reducing, the equation for u
becomes:

u=%a {Ma^lER^) cos^ X cos^ 5 cos 2H+ % aiMa^ER^) sin 2 X sin 2 5 cosH

+ % a{Mo?IER^) (1-3 sin^ X) (1-3 sin^ 5) (24)

38. Semidiurnal and diurnal parts of the lunar tide.—Equation (24)

shows that the lunar equilibrium tide at any tidal station is composed

of the following parts:

(a) That represented by the term % a{Ma^/ER^) cos^ X cos- 5 cos 2H.

Since the angle 2H obviously goes through two complete cycles from

to 360° while H is making one cycle in a lunar day, tliis part goes

through two cycles every lunar day and is therefore called the semi-

diurnal part of the tide.

(b) That represented by the term % a{Ma^/ER^) sin 2 X sin 5 cos H.
This part goes through one cycle each lunar day and is the diurnal part

of the tide.

(c) That represented by the term

:

Yi a{MayER^){l-3 sin^X) (1-3 sin^ 8).

Since this term is independent of the angle H, it imdergoes no change

because of the rotation of the earth. It is therefore the height of the

daily mean sea level above that of a sea undisturbed by tidal forces.

Its variation due to the changing declination of the moon will be

later discussed (par. 42).

39. A typical example of the diurnal and semidiurnal fluctuations

of the lunar equilibrium tide, and of the total tidal fluctuation re-

sulting therefrom (disregarding the variation due to the changing

distance between the moon and the earth) is illustrated in figure 13,

which shows these fluctuations at a station at 40° north latitude during

£L luLtiar day in which the declination of the moon increases from 7°

to 13°.
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O so- SBO" 8,10"

Lunar hour angle

Figure 13.—Diurnal, semidiurnal, and resultant tides.

It will be noted that the semidiurnal part of the lunar equilibrium

tide follows the sinusoidal curve of the cosine function, with a very

slight skew because of the change in the moon's declination during the

day. The skew of the diurnal part of the tide because of this change

is more pronounced. The combination of these two parts produces

the inequalities of the daily tides inferred in paragraph 34. The

ranges of the two parts of the equilibrium tide are affected differently

by the latitude of the tidal station. At high latitudes the diurnal

part may mask the semidiurnal fluctuations and produce an equili-

brium tide which is predominantly or wholly diurnal.

40. Variations in the amplitude of the diurnal and semidiurnal parts

of the lunar equilibrium tides with the moon's declination.—The ampli-

tude of the fluctuations of the semidiurnal part of the lunar equilib-

rium tide evidently varies with the coefficient of cos 2H in the first

term of equation (24) . At a tidal station whose latitude is X, it con-

sequently varies with cos^ 5. It is therefore a maximum when the
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declination of the moon is zero, as the moon crosses the ascending
intersection of the moon's orbit with the celestial Equator. The
amplitude then decreases to a minimum when, a week later, the moon
has its maximum north declination; again increases to a maximum
when, in another week, the moon is at its descending intersection;

and decreases to a second minimum when the moon reaches its maxi-
mum south declination. The amplitude of the fluctuations of the
semidiurnal part of the lunar equilibrium tide therefore varies between
a maximum and a minimum twice during a tropical month.
The amplitude of the fluctuations of the diurnal part of the lunar

equilibrium tide at any tidal station (except those on the earth's

Equator) varies with sin 2 8. It therefore increases twice during the

tropical month from zero, when the moon has a zero declination, to a
maximum when the moon has its maximum declination north or south

of the Equator.

The amount of the variation in the amplitudes of the fluctuations

both of the semidiurnal and the diurnal parts of the lunar equilibrium

tide slowly changes with the inclination of the moon's orbit to the

Equator (par. 35) and hence with the longitude of the moon's node
(par. 36).

41. Variations in the range of the actual tide with themooii's declina-

tion.—Since the equilibrium tides are a measure of the astronomical

causes of the actual tides, it may be expected that the part of the actual

tide due to the moon is made up of diurnal and semidiurnal elements,

each varying with the declination of the moon in the same manner
maimer as the equilibrium tides; the amount of the variation slowly

changing with the longitude of the moon's node. It does not follow

however that the diurnal and semidiurnal parts of the actual tides

change with the latitude in the same manner as the parts of the

equilibrium tide; for the latter, while affording a measure of the

astronomical causes of the variation in the tide at a particular station,

afford no indication of the relationship between

the tides at two different stations.

42. Lunar jortnightly tide.—In figure 14, IMi
is the celestial Equator, IM the celestial circle

of the moon's orbit, / the intersection, M the

position of the moon at any time, NMMi the

hour circle through M. MiM is then the moon's

declination, 8. Let IM, the angular distance of

the moon from the intersection, be represented

hjl. Then in the right spherical triangle IMiM:

sin 5= sin I sin / (25)

where / is the inclination of the moon's orbit to the Equator.

Substituting this expression for sin 8 in the last term of equation

(24), % a (Ma^/ER^) (1-3' sin^ X) (1-3 sin^ 5), this becomes
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% a (MaySE^) (1-3 sin^ X) (1-3 sin^sin^ I). Again substituting for

sin^ I its equivalent, ji (1— cos 21) the term reduces to the two terms:

% a {Ma'/ER') (1-3 sin^ X) sin^ / cos 2l

-\-%a{Ma'/ER') (1-3 sin^ X) (1-3/2 sin^ I)

The first of these terms evidently goes through two cycles from

to 360° while I is making one cycle in the tropical month. It is called

the lunar fortnightly component of the tide.

The last term remains constant as the earth revolves about its

axis and the moon changes its declination. It represents therefore a

permanent distortion of the ocean surface, so far as these movements
are concerned.

The substitution of the numerical of the constants in the expression

for the lunar fortnightly equilibrium tide shows that, at the earth's

Equator, its range varies from 0.086 foot when the inclination of the

moon's orbit is a minimum, to 0.20 foot when the inclination is a

maximum. The range decreases to zero at a latitude of 35°16' north

or south of the Equator, increasing again toward the poles. The
actual fortnightly tide is correspondingly small. At most tidal sta-

tions tliis component produces, however, a fortnightly fluctuation of

an inch or more in the daily mean height of the sea.

43. Effect of eccentricity of the moon's orbit.—As the moon travels its

orbit, its distance, R, from the earth varies. The point at which it is

nearest the earth is its perigee, and the point at which it is the most

distant is its apogee. Because of the disturbing effect of the attraction

of the sun, the moon's orbit varies somewhat, but its distance from the

earth at apogee ordinarily exceeds by more than 10 percent the dis-

tance at perigee. The moon makes the circuit from perigee to perigee

in the anomalistic month of 27 days, 13.309 hours. Since the coeffici-

ents of the terms in equation (24) each contain the factor l/i?^ the

amplitudes of the diurnal and semidiurnal parts of the lunar equilib-

rium tides, as derived from these terms, tend to vary from a maximum
to a minimum once during the anomalistic month, as well as varying

twice during the tropical month because of the changing declination

of the moon. A corresponding variation may be expected in the actual

tides.

To gage the amount of the variation in the tides because of the

elliptical form of the moon's orbit, let P be the distance of the moon
at perigee and ^=P+c^ its distance at apogee. The ratio of the ampli-

tude of the equilibrium tides at perigee to those at apogee is then

{}iMayEP')/(%MayEA')=AyP'={P^dYIP^
= 1+3 d/P+d (d/Py+{dJPY (26)
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Neglecting the squares and cubes of tlie ratio djP, it is apparent
that the variation in the equihbrium tide is three times the variation in

the distance to the moon. As the ratio djP usually exceeds 10 per-

cent, the amplitudes of the diurnal and semidiurnal lunar equilibrium

tides are subject to a variation of 30 percent or more during the

anomalistic month. This variation is sometimes called the parallax

inequality, since the distance to the moon is measured by its parallax

(par. 15).

The lunar fortnightly component of the tide is so small that its

parallax inequality is not taken into consideration. The variation in

B, produces, however, a variation in the fixed term:

)ia{Ma^lEB')l{l-^ sin' X) (l-^sin^ /)

developed in paragraph 42, giving rise to a small monthly tidal com-
ponent with the period of an anomalistic month.

44. The solar equilibrium tides.—The equilibrium tide due to the

sun is similarly made up of a semidurnal part, which goes through

two complete cycles in a mean solar day of 24 hours; a diurnal part

which goes through one cyle per day; both of which vary with the

declination of the sun ; together with a semiannual component of rela-

tively small range. Since the eccentricity of the earth's orbit around
the sun is much less than the eccentricity of the moon's orbit, the

parallax inequalities of the solar equilibrium tides are small m compar-
ison with those of the lunar equilibrium tides.

45. As will be shown in the following chapter, the varying semi-

diurnal and diurnal fluctuations of the tide, because of the changing

declinations of the sun and the moon, and the varying distances

of the earth from these bodies, may be resolved into components of

fixed amplitudes with periods not far from 12 hours and 24 hours

respectively.

THE ACTUAL TIDES

46. The actual fluctuations of the surfaces of the oceans because of

the tide-producing forces are somewhat akin to the slopping around
of the water in a basin on a moving train. The momentum of the

moving masses in the deep seas tends to pile up the water in the

shallow depths along the coasts, producing tides whose ranges may
greatly exceed the range of the equlibrium tide. The tidal ranges at

different points along the shores, and the times of high and low water,

depend upon the contour of the ocean beds and the conformation of

the coasts and cannot be determined by abstract calculation. The
relation of the times of the actual to the equilibrium tides may possibly

be more apparent if the varying pull upon the waters of the oceans

due to the attraction of the moon and sun be conceived to be replaced
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by the varying push that would come from a heaving of the beds of

the oceans of the magnitude and sequence of the equihbrium tides.

Since the equihbrium tides move across the oceans at the same speed

as the moon and the sun, or upward of 660 miles per hour in the

range of latitudes of the United States, the actual tides generally lag

behind the equilibrium tides by a substantial interval of time. But
while the range and the times of high and low water vary widely

from those of the equilibrium tide, the jjeriods of the fluctuation of the

components of the actual tide must clearly be exactly the same as

the periods of the forces which cause them, and consequently conform

exactly to the periods of the equilibrium tides. Since however the

oceans may be expected to respond differently to the diurnal fluctua-

tions of the tide producing forces than to the semidiurnal fluctuations,

the diurnal and semidurnal elements of the actual tides are generally

displaced with respect to the respective timing of these elements of the

equilibrium tides. Similar displacements may be expected in the

various components into which the diurnal and semidurnal tides may
be resolved. Last of all the ranges of the various components of the

actual tides bear a definite relationship to the range of the like com-

ponents equilibrium tides, in that small components of the latter will

produce small fluctuations in the actual tide; and the variations of the

various components at any tidal station, due to the longitude of the

moon's node (par. 36) correspond to the variations in the equilibrium

tide.

47. Meteorological tides.—Besides the systematic fluctuations due to

the tide-producing forces, irregular fluctuations of the oceans are

caused by winds and the varying barometric pressure over their sur-

face. These accidental fluctuations are called meteorological tides.

48. Examples of tides.—The recorded tides at a few representative

places are shown in figure 15. It is apparent that these tides vary

widely as to type. The effect of the diurnal tidal variations in tlie

tide at San Francisco and Galveston may be especially noted.
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49. Harmonic components of the tide.—It is reasonable to assume,

and will later be shown, that, except as affected by irregular meteoro-

logical disturbances, the tide curve at any station is the resultant of

a limited number of sinusoidal (cosine or sine) curves, whose periods

are determined by the periods of the tide-producing forces. This

relation is expressed by the equation:

y=Ho-i-Ai cos (ai^+aO+^aCOs (^2^+ 0:2) +^3 cos (asti-aa)^ • ' (27)

in which y is the height, at the time t, of the tide above an arbitrarily

chosen datum, Hq is the height of mean sea level above this datum,

and the subsequent terms in the form A cos (at-\-a) are the component

tides. Of each component the coefficient A is the amplitude or

semirange, a is the speed, the angle at-\-a is the phase at the time t, and

a (alpha) is the initial phase. Placing:

a=3607T orar=360° (28)

it follows that at increases from zero to 360° as t increases from zero

to T; and again as t increases from T to 2T, and so on. Tis therefore

the period in which the component goes through its cycle of fluctua-

192750—40 3 (27)
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tion. From the discussion in paragraph 46 it is clear that the speed,

a, of each component is determined by the astronomical movements

of the moon or sun, or both. The amplitude A, and the initial phase

a may be determined from the recorded tides at the place, by a

method hereinafter described. In the ensuing discussion, the ampli-

tude A will be expressed in feet ; the time t and the period T, in mean
solar hours; the speed, a, in degrees per hour (unless otherwise indi-

cated) and the initial phase a in degrees.

Each component is graphically represented by the projection on the

Y axis (fig. 16), of a generating radius CP, of length equal to the

Figure 13. —Generating radius and tide curve of a component.

amplitude of the component, rotating at the constant speed of the

component around the origin, C, its initial angle with the Y axis being

the initial phase of the component.

The direction of the rotation of the generating radius is taken as

positive in a counterclockwise direction, in accordance with the usual

trigonometric convention.

The graph of the component is the sinusoidal cosine curve shown

on the right in figure 16, in which the abscissas represent time and the

ordinates the height of the component above mean sea level.

It is sometimes more convenient to write equation (27) in the form:

y=HQ+A^ cos (ai^-ri)+^2 cos (aoi-r2)+^3 cos (a3^-f3)+ ' • • (29)

in which the angles designated as f (zeta) are numerically equal to the

respective initial phases, a, of the several components but opposite

in sign. Since each component reaches its maximum when at — f=0,

and hence when t= ^/a, it is evident that f/a is the time of high water

of the component next after the origin of time.

50. "Astres Fidijs."—The tide represented by a single component

would have high waters and low waters of constant heights occurring

at equal intervals of time. Such a tide would be generated by a

moon traveling at a constant angular speed along a circular orbit in

the plane of the earth's Equator. Each component of the tide is

therefore sometimes treated as the tide due to a fictitious moon, or

"astre fictif," moving at a uniform speed along the earth's celestial



29

Equator. This conception appears, however, to compUcate rather

than to simpUfy a consideration of the tidal components and is not

herein pursued.

51. Comhination oj components.—A consideration of the manner in

which two or more components combine with each other will afford

a basis for the selection of the speeds of the particular components

which reproduce the tide at any station as it varies with the changing

positions and distances of the moon and sun.

Taking the two components:

yi=Ai cos (rti^+ai) y2= A2 cos {a-it-^ao^ (30)

let CPi and CP^ (fig. 17) be the positions of their generating radii at

FionRE 17.—Resultant of components of unequal speeds.

any instant of time. Completing the parallelogram CP1P3P2 it is

at once apparent that the projection on the Y axis of the resultant

vector CP3 is the algebraic sum of the ordinates of the two compo-
nents yi and ?/2 at that instant. This resultant vector CP3 will there-

fore generate the tide curve of the resultant of the

two components, as shown on the right of the

figure.

If CPi, CP2, and CP3 (fig. 18), are the generat-

ing radii of three components at any instant,

the length and position of the resultant vector

is given by the line CP, found by drawing P1P2

parallel and equal to CP2, and Po P parallel

and equal to CP3. The resultant vector of any

number of components may be drawn in a similar manner.

52. Two components of the same speed.—If two components have

the same speed, the angle between the generating yadii CPi and CP2

(fig. 17), remains constant, the parallelogram CP1P3P2 does not change

its shape as the radii rotate around O, and the resultant vector CP3

therefore remains of constant length and rotates at the constant

speed of the two components. It will therefore generate a sinusoidal

curve as shown in figure 19.

Figure IS. -liesultant vector

of three components.
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Figure 19.—Resultant of two components of the same speed.

Designating the common speed of the two components by a, the

constant length of the resultant radius by A^, and its initial angle

with CY (when ^=0) by a^, it follows that

Ai cos {at-\-ai)-{-A2 cos {at-\-a2)=A^ cos (a^+^s) (31)

It will be seen therefore that any two components having the same

speed unite into a component of the identical speed.

53. Two components oj different speeds.—If two components have

different speeds, the faster of the two generating radii CPi or CP2 is

continuously gaining on the slower, the angle between these radii

progressively changes, the parallelogram CP1P3P2 steadily changes

its form, and the length of the resultant vector CP3, together with

its speed, varies with the time. The curve generated by the result-

ant vector takes various forms, depending on the amplitudes and

speeds of the components; but the periodic variations in the length

and speed of the resultant vector only need be here considered.

54. Variation in the length of the resultant vector.—When the ampli-

tudes of the two components differ, A^ may be taken as the amphtude

of the major component, ai its speed; and A2 the amplitude of the

minor component. Let b be the algebraic difference between the

speeds of the components, so that a2=ai-\-b. The faster of the gener-

ating radii of the two components evidently will overtake and pass

periodically the slower. Taking for convenience the origin of time

at a moment when the generating radii coincide, the two components

then have the form

yi=Ai cos ait 2/2=A cos {ai-'rb)t (32)

In figure 20, CPi and CP2 are the positions of the generating radii

of the two components at any time t, and CP3 the resultant. Since

the angle YCPi represents ait and the angle YCP2 represents (ai+ 6)#,

the angle between the radii, P1CP2, is {ai-{-b)t—ait=bt.
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Figure 20.

\
\

N./
/

Variation in length of resultant vector.

If then in figure 20A, Oj)i is laid off equal to Ai, the angle MpiPs
equal to bt, and pip^ equal to A2, the triangle OprPs in figure 20A
reproduces the triangle CP1P3 in figure 20, and Op^ is the length of

the resultant vector CP3. As the time increases the point jh evi-

dently describes a circle of radius A2 around pi as a center. The
length of the resultant vector fluctuates between 0M=^i+^2 and

0N=Ai—A2. The period in which the point p^ completes the circuit

around pi as a center obviously is 360°/6. This interval is called the

synodic period of the two components, and, without regard to the

algebraic sign of b, is the interval between the successive times at

which the resultant vector reaches its maximum length, and also

between the times at which this vector has its minimum length.

55. Variation in the speed of the resultant vector.—A consideration

of figure 20A makes it apparent that the resultant vector alternately

leads and lags behind the radius vector of the major component; and

that its mean speed is the speed of the major component. A study

of the figure shows fin-ther that when b is positive, the point ^3 rotates

around pi in the same direction that CPi rotates around C, and the

speed of the resultant is a maximum at the point M, when the length

of the resultant is a maximum. When b is negative, ps i^otates in the

opposite direction and the speed of the resultant is a maximum at

the point N, when the length of the resultant is a minimum.

56. Speed of the resultant of two components of equal amplitudes.—If

the amplitudes of the two components are equal, the resultant CP^

(fig. 20), evidently bisects the angle PiCPo, and the angle YCP3 is

therefore equal to (ai+ }^6)f. The speed of the resultant therefore

has the constant value of ai-\-%b, the average of the speeds of the two

components.

57. Form of resultant of two components whose speeds are nearly

equal.—If the difference between the speeds of two components is

relatively small, so that the length of their resultant vector changes
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little during one revolution of the component radii, the curve repre-

senting the resultant of the two components evidently takes the general

form of a sinusoidal curve, with an amplitude slowly fluctuating be-

tween the sum and difference of the amplitudes of the components,

as shown in figure 21.

Figure 21.—Tide curve of two components whose speeds are nearly equal.

If Ay is the amplitude of the major component and b the numerical

difference between the speeds of the two components, the equation of

the resultant has the form:

y^Ai cos (ait-\-ai)-\-A2 cos [(ai+ ^)^+«2] (33)

when the speed of the minor component is the greater, and

:

y=Ai cos {ait-i-ai)-\-A2 cos [((21— 6)^+0:2] (34)

when the speed of the minor component is less than that of the major.

From the discussion in paragraph 55 it is apparent that in the first

case, (equation 33), the speed of the resultant is greater than that of

the major component when the amplitude of the resultant is large,

and less when it is small. The high and low waters of the resultant

shown in figure 21 will then progressively lead those of the major com-

ponent when the amplitude of the resultant is large, and progressively

drop back again when its amplitude is small. In the second case

(equation 34), the high and low waters of the resultant will progres-

sively lag behind those of the major component when the amplitude

of the resultant is large, and progressively catch up with them when
the amplitude is small. By taking the sum of the three components:

y=AiCOS {ait-^a])+A2C0s [(ai+ 6)^+ 0:2] +^3 cos [(«!— 6)^+ 0:3] (35)

the timing of the high and low waters of the resultant may be made,

by the selection of the relative values of A2 and A3, to conform to a

systematic variation from the timing of the high and low waters of the

principal component. If A2 is equal to A3, the timing of the high

and low waters of the resultant will conform exactly to those of the

simple harmonic component Ai cos (ait-{-a), since the speed of the

resultant of the last two terms in equation (35) is, as shown in para-

graph 56:

}U(«i+&) + («i-&)]=«i. (36)
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58. If the amplitudes of two components are equal, Aj—A=
and if their speeds are nearly equal, the curve of the resultant takes

the form shown in figure 22.

Figure 22.—Tide curve of two components of equal amplitudes.

Since the speed of the resultant in this case is the average of the

speeds of the two components, the equation of the resultant con-

veniently may be written:

y=A cos [(a+/2&)^+«i]+^ cos [(a-K6)«+a2] (37)

where a is the speed of the resultant and 6 the difference in the

speeds of the two components.

59. The form of the curves shown in figures 21 and 22 indicates the

manner by which the periodical variations in the semidiurnal and

diurnal parts of the tidal fluctuations at any station, due to the

changing declinations and distances of the moon and sun (pars.

40-44), may be represented by a combination of components of prop-

erly chosen speeds, fixed by the accurately established periods and

speeds of the movements of the moon and sun.

ASTRONOMICAL PERIODS DETERMINING THE SPEEDS OF

TIDAL COMPONENTS

60. Mean solar and lunar days.^The intervals between the suc-

cessive transits of the true sun across the meridian of a place vary

slightly with its declination and distance, increasing as its declination

increases either north or south of the equator, and increasing also as

its distance decreases. The mean interval is the mean solar day of 24

mean solar hours. The speed at which the hour angle of the true sun

increases obviously must be the least when the interval between its

transits is the greatest. The speed of the hour angle of the true sun,

in degrees per mean solar hour, as influenced by the declination, is

therefore a maximum when the declination is zero, and a minimum

when the declination is at its maximum. As uifluenced by the

distance, the speed is a minimum at perihelion, when the distance to

the sun is the least, and a maximum at aphelion, when the distance

is the greatest. The angular speed of the hour angle of the moon goes

through simflar but more rapid changes, with further disturbances

because of the attraction exerted by the sun on the moon. The mean
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interval between the upper, or visible, transits of the moon across the

meridian of a place is the mean lunar ofay of 24.841,202,4 mean solar

hours.

61. It may be noted that the slow tilting to and fro of the plane of

the moon's orbit with respect to the plane of the earth's Equator

because of the changing longitude of the moon's node (par. 36) does

not affect the length of the mean lunar day, the mean speed of the

lunar hour angle, or the mean period of the travel of the moon from

intersection to intersection. The intersection moves to and fro along

the Equator in a small arc on either side of the equinox, its mean posi-

tion being the equinox itself.

62. The mean periods and the speeds, or mean angular changes per

mean solar hour, of the movements of the sun and moon pertinent to

the development of the speeds of the tidal components are as follows:

Table I

Cycle
Period in
mean solar

hours

Speed in
degrees per
solar hour

Mean solar day
Mean lunar day
Tropical month—moon's travel from intersection to corresponding intersec-

tion
Anomalistic month—moon's travel from perigee to perigee (par. 43)

Synodic month—full moon to full moon
Tropical year—sun's travel, equinox to correspondin;; equinox
Anomalistic year—sun's travel, perihelion to perihelion

24
24.841,202,4

655. 717. 96
661. 309, 20
708. 734, 1

8765. 812, 7

8766. 230, 9

15

14. 492, 052,

1

. 549, 016, 5

. 544, 374, 7

. 507, 947,

9

. 041, 068, 6

. 041, 066, 7

63. The "speeds" in the preceding tabulation are the quotients of

360° divided by the corresponding period, in accordance with the de-

finition expressed in equation (28). The speed of the mean lunar

day is the mean hourly change in the angle between the hour circle

through the moon and the meridian of the place. The speed of the

tropical month is the mean hourly change in the angle between the

hour circle through the moon and that through the intersection of the

moon's orbit with the Equator. The sum of these two speeds is

therefore the mean hourly change between the meridian and the inter-

section. Similarly the sum of the speeds of the solar day and the

tropical year is the mean hourly change between the meridian of the

place and the equinox. Since the mean position of the intersection

is at the equinox, the two sums are the same, i.e.,

15.000,000,0 14.492,052,1

.041,068,6 .549,016,5

15.041,068,6 15.041,068,6
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SPEEDS OF THE TIDAL COMPONENTS

64. Semidiurnal lunar components.— It has been shown m para-

graphs 40 and 41 that the amphtude of the semidiurnal part of the

lunar tide increases and decreases twice during the tropical month
because of the changing declination of the moon, and in paragraph 43

that it increases and decreases once during the anomalistic month
because of its changing distance. Since the effect of one of these

variations on the other is small, these variations may be reproduced

by a combination of a major component and two pairs of minor com-
ponents in the form indicated in paragraph 57; i. e.,

y=M.2 cos (m2^+Q:i)+K2 cos [(m2+6)^+Q!2]+K2 cos[(m2— 6)^+q!3]

+L2 cos [(m2+ c)i+«4] + N2 cos [{m.2—c)t+a^] (38)

In equation (38), M2 is the amplitude of the major component.

Its speed m2 is the mean speed of the semidiurnal component of the

tide, and is therefore twice the speed of a lunar day, or 28. °984, 104,2

per mean solar hour (par. 55)

.

Either or both of the next two terms will produce a variation in

the amplitude of the resultant, of the same period as the varia-

tion in the amplitude of the actual tide due to the changing decli-

nation of the moon, if 360°/6 is made equal to that period (par. 54).

Since the period of these fluctuations is one half of a tropical month,

h is twice the "speed" of the tropical month, or l.°098,033,0 per

mean solar hour. The relative amplitudes of this pair of minor

components should produce a variation in the speed of the resultant

conforming to the variation in the speed of the semidiurnal tide, and

hence in the true speed of the hour angle of the moon, due to the

changing declination of the moon. Since, when the effect of the vary-

ing declination is alone considered, the hour angle reaches its maxi-

mum speed when the declination is zero (par. 60) and the ampli-

tude of the semidiurnal part of the lunar equilibrium tide is then

a maximum (par. 40), the component with the greater speed,

K2 cos [{m.2-^ h)t+ ao] must be the dominant one of the pair (par. 57).

A mathematical derivation of the tidal components, later outlined,

shows that this component correcth^ reproduces the entire variation

in the amplitude of the semidiurnal part of the lunar equilibrium tide,

and hence of the actual tide as well, because of the changing declina-

tion of the moon. The third term in equation (38) therefore dis-

appears.

Similarly either or both of the fourth and fifth terms of equation

(38) will produce a variation in the amplitude of the resultant of the

same period as that of the actual tide due to the changing distance

of the moon if 360°/c is made equal to the anomalistic month, or if c

is the speed of the anomalistic month, 0.°544,374,7 per mean solar hour.
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Since the speed of the hour angle of the moon tends to become a

minimum at perigee, when the increase in the amphtude of the semi-

diurnal part of the lunar equilibrium tide because of the decreased

distance of the moon is a maximum, the component with the lesser

speed, N2 cos [(jn.2—c)t-\-a5], is the larger. Both of this pair of com-
ponents are found necessary, however, to represent the variations in

the tide because of the changing distance of the moon.

65. Writing then equation (38) in the form:

2/=M2 cos (m2/+Q!i)+K2 cos (1^2^+ 0:2) +L2 cos (l2#+«3)N2 cos (n2^+o!4)

(39)

m2= 28°.984, 104,2 per mean solar hour.

k2=m2+6= 30°.082, 137,2 per mean solar hour.

I2=m2+c=29°.528,478,7 per mean solar hom\
n2=m2—c=28°.439,729,5 per mean solar hour.

The detailed mathematical analysis shows that components having

these speeds are sufficient to reproduce with substantial accuracy

the lunar semidiurnal part of the tide. Certain other small compo-
nents are developed by that analysis, principally to account for the

variations in the tides due to the irregularities in the movement of

the moon because of the sun's attraction, but these are of no sub-

stantial importance.

66. Designation of components.—The capital letters designating the

amplitudes of the components whose speeds are identified in the pre-

ceding paragraphs are those conventionally assigned to these com-

ponents. The subscript 2 indicates that the component is a semi-

diurnal one; i. e., that its speed is in the vicinity of 30° per mean
solar hour. Diurnal components, with a speed not far from 15° per

hour, are given the subscript 1. The speed of the component is

conventionally designated by the corresponding small letter of the

alphabet, and is given the same subscript. Components are custom-

arily referred to by the letter and subscript designating the amplitude;

i. e., as the "M2 component," and "K2 component," etc. The com-

ponents previously identified are named as follows

:

M2, the principal lunar component,

N2, the larger lunar elliptic, semidiurnal,

L2, the smaller lunar elliptic, semidiurnal,

K2, the discussion in paragraph 63 indicates that a solar com-

ponent of the same speed is to be anticipated. This

component is therefore called the lunar portion of the

lunisolar semidiurnal.

67. Solar semidiurnal components.—^The speeds of the solar semi-

diurnal components corresponding to the lunar semidiurnal compo-
nents already identified may be written at once by substituting the



37

solar for the lunar day and the tropical year for the tropical month.
These components are:

So, the principal solar. Since its speed is twice that of a mean
solar day, S2=30° per hour.

T2, the larger solar elliptic, semidiurnal. Its speed is the differ-

ence between that of the principal solar and that of the

anomalistic year and is therefore t2= 30— 0°.041,066,7=
29°.958,933,3 per hour.

R2, the smaller solar elliptic, semidiurnal. Its speed is the sum
of that of the principal solar and of the anomalistic year,

and is therefore r2= 30+ 0°.041, 066,7= 30".041, 066,7

per hour.

K2, the solar portion of the lunisolar semidiurnal. Its speed is

twice the sum of the speeds of the solar day and the

tropical year, and is therefore 30°.082, 137,2 per hour.

Since the eccentricity of the earth's orbit around the sun is rela-

tively small, the T2 and R2 components are small in comparison with

the N2 and L2 components respectively. Since the lunar and solar

parts of the lunisolar semidim'nal components have the same speed,

they unite into a single component of that speed (par. 52), designated

as the lunisolar semidiurnal component K2.

68. Lunar diurnal components.—The amplitude of the lunar diurnal

part of the tide has been shown to increase from zero to a maximum
and back again to zero twice during a tropical month because of the

changing declination of the moon. This part of the tide follows

therefore a curve of the characteristic form shown in figure 22. Such

a curve is represented by the sum of the two components:

y=Acos [{a+%b)t^ai]+A cos [(a-}^6)«+a2] (40)

in which a is the speed of the resultant of the two components, and

360°/6 is the period of the fluctuation of the resultant (par. 58) . The
speed of the resultant lunar diurnal tide is the speed of the hmar day,

designated as mi. If T is the period of the tropical month

SQQ°lb=%T
whence 8607/26=

^

It follows from the definition in paragraph 63 that K^ is the "speed"

of the tropical month.

The data given in paragraph 62 show that the numerical values of

the speeds of the two components in equation (40) are respectively

:

mi+ }26= 14°.492,052,l+0°.549,016,5= 15°.041,068,6

mi-K6=14°.492,052,l-0°.549,016,5=--13°.943,035,6
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The first of these speeds is one half of the speed of the hmisolar semi-

diurnal component K2. It is therefore designated as ki. The second

is conventionally designated as Oi.

Since the amplitude of each of the lunar diurnal components just

developed also fluctuates during the anomalistic month because of the

varying distance between the earth and the moon, each should be

made up of a principal and two minor components, giving the six

components in the form

2/=Ki cos (ki#+a)+K'i cos [(ki+c) t-\-a]+ K'\ cos [(ki-c)^+a]

+ 0i cos (0i^+ a)+ 0'i COS [(oi+ c)i+ a]+ 0"iCos[(oi-c)i+a] (41)

where c is the speed of the anomalistic month, and the value of a in

the various terms is not generally the same.

The speeds of the minor components then have the values:

ki+ c=15°.041, 068,6+ 0°.544,374,7= 15°. 585,443,

3

ki-c=15°.041,068,6-0°.544,374,7= 14°.496,693,9

Oi+c= 13°. 943,035,6+ 0°.544,374,7= 14°.487,410,3

Oi-c=13°.943,035,6-0°. 544,374,7= 13°.398,660,9

The component having the speed ki+ c is designated as the Ji com-

ponent and that having the speed of Oj— c the Qi component. The
other two have speeds so close to that of the lunar day, besides being

intrinsically small, that they are replaced by a component designated

as Ml, with the speed of the lunar day.

69. The components identified in the preceding paragraph are

named as follows:

Ki, lunar portion oj the lunisolar diurnal, whose speed is the

sum of those of the lunar day and tropical month.

Oi, lyrincipal lunar diurnal, whose speed is the difference

between those of the lunar day and tropical month.

Ji, small lunar elliptic, whose speed is the sum of those of the

lunisolar diurnal and the anomalistic month.

Qi, larger lunar elliptic, whose speed is the difference between

those of the principal lunar diurnal and of the anomal-

istic month.

Ml, smaller lunar elliptic, whose speed is that of the lunar day.

70. The corresponding solar diurnal components are:

Ki, solar portion oj the lunisolar diurnal, whose speed is the

sum of those of the solar day and the tropical year, or

15°.041,068, 6. This unites with the lunar tide of the

same speed to form the lunisolar diurnal component.
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Pi, principal solar diurnal, whose speed is the difference

between those of the solar day and tropical year,

15-0°.041,068,6= 14°. 958,931,4.

The solar elliptic diurnal components corresponding to Ji and Qi
are too small to be recognized. Daily land and sea beeezes and daily

variations in atmospheric pressure may however give rise to small

fluctuations having the period of the mean solar day. A meteoro-
logical component. Si, with a speed of 15° per hour is therefore

recognized.

71. Long period components.—The following long period compo-
nents have already been developed in the discussion of the solar and
lunar equilibrium tides:

The lunar fortnightly (par. 42).—Tliis component is conventionally

represented by the symbol Mf . Its speed is twice that of the tropical

month, or 1°. 098, 033,0 per mean solar hour.

The lunar monthly (par. 43).—Conventionally represented as Mm.
Its speed is that of the anomalistic month, or 0°. 544, 374, 7 per mean
solar hour.

The solar semiannual (par. 44).—Conventionally represented as Ssa.

Its speed is twice that of the tropical year, or 0°. 082, 137,2 per mean
solar hour.

In addition, recurring seasonal meteorological effects produce a
solar annual component, designated Sa, whose speed is that of the

tropical year, or 0°.041,068, 6 per solar hour.

72. Overtides.—A distortion of the tides is produced in the compara-
tively shallow waters of estuaries and other coastal areas. This dis-

tortion gives rise to tidal components whose speeds are multiples of

the speeds of the astronomical components heretofore developed.

They are called overtides because of their analogy to overtones in the

theory of musical tones. The only overtides of sufficient magnitude
to be of importance are those of the principal lunar and solar com-
ponents M2 and S2. They are designated M4, Me, Mg, and S4 and

Se, the subscripts denoting the ratio of their speeds to that of the mean
lunar or solar day.

73. Compound tides.—Besides producing overtides, the distortion

of the tides in shallow water gives rise to components whose speeds

are the sums or differences of the speeds of the elementary components.

The recognized compound tides are MS, with a speed of m2+S2; MN
with a speed of m2+n2, MK with a speed of m2+ki, 2MK with a

speed of m4— ki, and 2 SM with a speed of S4— m^. These components
are generally quite small. Certain other compound tides have the

same speed as some of the primary components and therefore unite

with them.

74. Tide depending on the fourth power of the moon's parallax.—It

has been shown in paragraph 32 that the lunar equilibrium tide due to
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the fourth power of the moon's parallax is very small, and that it goes

through three maxima and minima as the zenith distance of the moon
makes a cycle from 0° to 360°; wliile the principal part of the tide,

due to the third power of the moon's parallax, goes through two

maxima and minima during this cycle. It is not difficult to see,

therefore, that the fluctuations of both the equilibrium and the actual

tides due to the fourth power of the moon's parallax go through three

fluctuations each lunar day. This tide is therefore approximated by
the component:

y=Ms cos (ms^+a) (42)

where nis is three times the speed of the lunar day, or 43°.476, 156,3 per

mean solar hour. Additional components to account for the variations

in this part of the tide due to the changing declination and distance of

the moon, and other variations from this primary component, are too

small to be recognized.

75. Resume of components identified.—For the purpose of harmonic

analysis, it is convenient to group together the components whose

speeds are multiples of another. The components identified in the

preceding paragraphs fall into groups and individual components as

follows

:

Table II

Symbol

Mi
M2
Ms
M4
Me
Ms

O,
Pi
Qi
Ji

N2
L2
T2
E2

Name

Smaller lunar elliptic, diurnaL
Principal lunar semidiurnal
From 4th power moon's parallax.
Lunar overtide
.-._do._

do

M Group

Meteorolog'ica]
Principal solar semidiurnal.
Solar overtide

do

S Group

Lunisolar diurnal
Lunisolar semidiurnal.

K Group

Individual Diurnal Components

Principal lunar diurnal
Principal solar diurnal
Larger lunar elliptic diurnal-
Small lunar elliptic diurnal..

Individual Semidiurnal Components

Larger lunar elliptic semidiurnal.

-

Smaller lunar elliptic semidiurnal.
Larger solar elliptic semidiurnal...
Smaller solar elliptic semidiurnal-

,

Speed in

degrees per
mean solar

hour

14. 492, 052,

1

28.984,104,2
43.476,156,3
57. 968, 208,

4

86. 952, 312,

6

115.936,416,8

15.000,000,0
30.000,000,0
60.000,000,0
90.000,000,0

15.041,068,6
30. 082, 137, 2

13. 943, 035,

6

14.958,931,4
13. 398, 660,

9

15.585,443,3

28. 439, 729, 5

29. 528, 478,

7

29. 958, 933,

3

30.041,066.7
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same solar hour each succeeding day. The progressive variation of

the M2 component, whose period is 12.420 hours, is illustrated for

example, in figure 23, in which Pi P2, and P3, etc., show the relative

values of the component at 3 a. m. on 3 successive days; the amphtude

and initial phase of the component being taken at random. In this

3 6 9



43

by averaging the hourly tidal heights at the 12-hour period of this

component. For example, the hourly tidal heights at Sitka. Alaska,

for the first 3 days, and the average of both the morning and after-

noon hourly tides for a 15-day period beginning July 1, 1893, are shown
below, the heights during the other days of the period being omitted

for brevity.

Hourly height of tide, in feet

Day
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ponent is not affected by overtides of any substantial amplitude.

A complete analysis for a year confirms this fact. This symmetry

shows also that a summation for even this short period nearly elimi-

nates the other components.

82. The computation of the S2 component in paragraph 80 is ar-

ranged to illustrate the process most directly. In the conventional

form of computation, the observed hourly heights, numbered from

to 23 each day, are entered in daily vertical columns on standard

sheets. The S group of components is computed by summing the

observed heights horizontally, the aggregates of these sums being

checked against the aggregate of the sums of the daily columns.

The amplitude and the initial phase of each component of the S

group are then computed from the average hourly heights of the whole

set of observations by a method to be explained later.

83. Separation oj other components.—The observed tidal heights at

each mean lunar hour similarly could be taken off and tabulated by

lunar days, and the M group of components segregated by averaging

the tidal heights at each hour of the lunar day. In like manner all

of the components could be determined by averaging the tidal heights

at their component hours, tabulated by component days. The process

of taldng off new observed tidal heights for each of the several com-

ponents would be a laborious one. Instead, the height at each lunar

or other component hour is taken as the observed height at the nearest

mean solar hour. These heights are sometimes a little greater and

sometimes a little less than the true heights at the component hour,

but their average over a sufficient number of days closely approximates

the average at the given component hour. The same process of averag-

ing which separates the component sought from the others, reduces

the observed heights as taken at the nearest mean solar hour to the

heights at the component hour. The correction for a small systematic

error resulting from the process is developed in paragraph 97.

84. Component days and hours.—To select the observed mean solar

hourly heights which are to be taken as the component hourly heights,

a tabulation is prepared showing the component hour nearest to each

solar hour on each successive calendar day. For diurnal components,

the component day is the period of the component, and the component

hour, one twenty-fourth part of that period. For semidiurnal com-

ponents, the component day is twice the period of the component,

and the component hour is one-twelfth of the period. For components

of shorter periods, the component day is that multiple of the period

nearest to a mean solar day. It will be observed that the com-

ponents Ml, M2, M3, M4, Me, and Mg aU have the same component

hour; and that the components Ki and K2 similarly have the same
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component hour. Since the period, in mean solar hours, of a com-
ponent whose speed is a, is 360°/a, the length of the component hour
of a diurnal component is 360/24a=15/a solar hours, and 1 solar

hour is a/15 component hours. For semidiurnal components, 1 solar

hour is a/30 component hours.

85. Tabulation of component hours.—A tabulation of the mean
lunar hours corresponding to mean solar hours will illustrate the

process of preparing such a tabulation for any component. Since

the speed of the lunar day (and of the Mi component) is 14°.492, 052,1

per hour, 1 solar hour is equal to 14.492,052,1/15= 0.966,136,8 lunar

hours. In the tabulation at the end of this paragraph, the left-hand

column lists the mean solar hours each day. The next column gives,

in parentheses, the corresponding lunar hours, to three places of

decimals, for the first 15 hours of the first calendar day, and the third

column, the corresponding nearest whole lunar hour. Succeeding

columns give these whole lunar hours on the following calendar days.

It will be observed that the values of the corresponding lunar hom's

diminish hourly by 1.-0.966,136,8= 0.033,863,2. Between the four-

teenth and fifteenth mean solar hours the cumulative diminution

passes half a unit, so that in whole numbers the fourteenth lunar hour

corresponds to both the fourteenth and fifteenth mean solar hours.

Obviously from the fifteenth solar hour on, until the progressive

diminution passes 1.5, the corresponding lunar hours are 1 hour less

than the solar hours. After 1.5/0.033,863,2= 44.296 hours, i. e.,

beginning with the twenty-first hour of the second day, the corre-

sponding lunar hours drop back another unit, and may be found by
subtracting 2 from the solar hour (or adding 22 if the remainder

would be negative), and so on. To fill out the tabulation it is neces-

sary only to find the solar hours at which the lunar hours drop back a

unit. These occur at intervals of 1/0.033,863,2= 29.53058 hours begin-

ning with 0.5/0.033,863,2=14.76529 hours. They are, therefore, the

integers following

:

14.76529, or 1st day—15 hours. (-1)

44.29586, or 2d day—21 hours. (— 2)

73.82644, or 4th day— 2 hours. (— 3)

and so on.

The hours beginning at which successive numbers are to be added or

subtracted to give the nearest component hour of each of the har-

monic components are tabulated in Manuals of Harmonic Analysis

of Tides under the heading "Tables for the Construction of Primary

Stencils; " from which the data for the AI group of components, up

to the twenty-ninth day, is extracted.
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M components

Differences
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The heights of the M components thus computed, and for compari-

son the recorded heights for the first day's observations are shown
in figure 25.

15-

n

M Components

Lunar Hours
9 le is

r
21 8.^

2^

3 6 Q le 15- 18

Mean Solar Hours
Figure 25.—M components at Sitkr, Alrska.

87. Stencils.—The summation of the hourly heights is faciUtated by

the ingenious device of cutting stencils which, when laid over the

tabulated observed heights on a sheet in standard form, show through

the openings the heights to be added to give the sums for each com-

ponent hour. Two stencils are prepared for each successive 7-day

period shown on a standard sheet, one for the even component hours

and one for the odd, lines being drawn on the stencil to connect the

observations to be taken for each component hour.

88. The stencils ordinarily used are prepared for the program of

computation illustrated for the M component, in which each observed

height enters once and only once in the summations of the 24 com-

ponent hours. On the stencils for those components whose component

hour, like the lunar hour, is longer than the mean solar hour, a com-

ponent hour is repeated at the intervals at which its tabulation must

shift back a unit to most nearly correspond to the mean solar hour;

and both of the observed values so indicated are included in the sum-

mation for the component hour. If the component hour is shorter

than a mean solar hour, a component hour is omitted from the stencil at

the corresponding intervals at which the tabular values must shift

forward a unit. The aggregate of the sums for the 24 component

hours taken from stencils in this form may be checked against the

sum of all of the observations for the period, but the divisors for com-

puting the averages may not be the same as the number of component
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days in the period. Stencils may be prepared in wiiich the summations,

are made for 1 and only 1 component hour in each component day.

In such stencils 1 of the observed heights is omitted at the shifts of the

component hour when it is longer than the mean solar hour, and 2 com-

ponent hours are assigned to the same observed height at the shifts

when the component hour is shorter than the mean solar. The latter

system is not generally favored.

89. Secondary stencils.—The speed of the Ki component is so nearly

that of the solar day that its component hours shift with respect to

the solar hours but once in about 8 days. To facilitate the computa-

tion of this component from a year's observations, it is permissible to

assemble on standard sheets the 7-day sums of the observed hourly

heights, and to use these sums, instead of the daily observations, in

computing the hourly heights of this component. A number of com-

ponents similarly have speeds so close to those of others that they may
be computed from the 7-day hourly sums of their primary component.

The stencils prepared for such computations are called secondary

stencils.

90. Number of days of observations required.—To eliminate a com-

ponent by harmonic analysis, the tidal observations should extend

over a period, or multiple thereof, in which the successive values of

the component to be eliminated, at the component hours of the com-

ponent sought, run through their entire range of values, both positive

and negative (par. 78). If a is the speed of the component A, which is

to be segregated, and b the speed of a component B which is to be

eliminated, component B gains b — a degrees on component A each

solar hour. Its successive daily values at any component hour of A
will then run through their whole range of values in 360°/24 (b — a) =
15/(6 — a) days, or 360/(6 — a) hours, the synodic period of the two

components (par. 54). A consideration of the relative speeds of the

tidal components establishes a minimum period of 14 days for diurnal

and 15 days for semidiurnal components. The periods adopted by the

United States Coast and Geodetic Survey are 14-15, 29, 58, 87, 105,

134, 163, 192, 221, 250, 279, 297, 326, 355, and 369 days. The stand-

ard period for a complete analysis for tide predicting purposes is 369

days. A period of 29 days affords, however, fair determinations if

corrections are applied to eliminate the residual effect of interfering

components.

91. Computation of amplitude and initial phase.—The determination

of the heights of the various components at their component hours has

been described in the preceding paragraphs. The amplitude and initial
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phase of each component are computed from its hourly heights by a

process based on the arithmetical integration of the coefficients of

Fourier's series. Components having the same component hour are

separated by the process.

92. Using the form indicated in equation (29), the height, at any
time t, of the resultant of a group of components having the same
component hour is given by the equation:

y=H^-\-A, cos (a^-rO+A cos {2at-l2)+A^ cos {?>at-^^)+ . . .(43)

where Ho is the height of mean sea level above datum, Ai the ampli-

tude of the diurnal component, a its speed, and f/a the time of its

high water (par. 49); A2 is the amplitude of the semidiurnal compo-
nent and f/2a, the time of its high water; and the other terms similarly

represent minor components and overtides. But a few terms are

needed in any group of components having the same component hour,

and for single components the equation reduces to one variable term

in addition to the constant term Hq.

The expansion of the cosines in equation (43) gives the equation:

y=Ho-\-Ai cos at cos fi+^i sin at sin fi+-A2 cos 2at cos fo

-{-A2 sin 2at sin ^2+^3 cos Sat cos ^3-\-As sin Sat sin ^3 . . . (44)

Placing:

Ai cos fi= Ci, A sin fi= Si, A2 cos ^2=02, A2 sin ^2=52, etc. (45)

equation 44 becomes:

y=Ho-\-Ci cos at-\-Si sin at-\-C2 cos 2a^+S2 sin 2at-\-Cs cos Sat

+S3 sin Sat+ . . . (46)

The values of the angles and coefficients in equation (43) may be

found readily from the coefficients Ci, Si, C2, §2, C3, S3, etc., of equation

(46), since, from equations (45):

tan ti^sjci tan f2=^2/^2 tan ^3=83/03, etc. (47)

and:

-4i=Ci/cos fi=Si/sin fi ^2=<?2/cos f2='S2/sin ^o, etc. (48)

It may be noted that by expressing equation (43) in the form indi-

cated by equation (29), rather than equation (27), negative signs are

avoided in equations (46), (47), and (48).
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93. The demonstration of Fourier's series shows that if y is any

function of x, its values between the hmits of a:=0 and x=l are given

by the series:

y=Boi-B, cos {Trx/l) + Ci sin (xx/O+^a cos (27rx/Z)+(72 sin (2tx!1)

+^3 cos (3 xj-//) + 03 sin {3wx/l)+ . . . (49)

in which:

Bo

B

{llT)^'^ydx,

j=(2/Z) y cos (Txll)dx, Ci=(2ll) \ y sin {Trxfl)dx,

B2^(2/l)
I y cos i2Trxll)dx, €2= (2/1) y sin {2irxll)dx,
Jo Jo

B^= (2/1)
j

?/ cos (3Trx/l)dx, (73= (2//)
)

'

y sin (3Tx/l)dx, (50)

and so on. The angles in these equations are expressed in radians.

94. If T is the length (in mean solar hours) of the component day,

then since 2t radians=360°, 27r/T=a, the speed of the diurnal com-

ponent.

Placing x=t and l=T, equation (49) becomes:

y=BQ-\-Bi cos }{at^Ci sin ){at-{-B2 cos a^+C'2 sin at-^B^ cos 3/2 at

-\-C3sm3/2 at+Bi cos 2at-\-Ci sin 2at+ . . . (51)

Equation (51) is the development of any function of t. It becomes

the development of the particular function of t expressed by equation

(46) if it is identical with the latter, i. e., if the coefficients of the identi-

cal terms in the two equations are equal, the coefficients of the terms

in equation (51) not appearing in equation (46) becoming zero. It

follows therefore that

H,^B,= (l/T)^'^ ydt,

rr rr
Ci—B2—(2/T)\ y cos at dt, Si= C2= \ y sin at dt,

C2=Bi= (2/T) ?/ cos 2 at dt, s2=Ci= \ y sin 2 at dt, etc. (52)

An examination of the form of the integrals in equations (52) dis-

closes that (1/T)
I

ydt is the mean value of y between the limits of
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and T; (2IT) y cos at dt is twice the mean value of y cos af
J

between the same hmits ; and that similarly all of the remaining values

of the coefficients are twice the mean values of the expressions inte-

grated. If then the values of y, or the determined heights of the

component at its successive component hours, are designated as ho,

hi, A2 ^23, it immediately follows that:

Ho=y2,(ho+k+ h2-{- ... +/i23) (53)

The angle at has the value of —15° at the end of the first com-
24

ponent hour, 30° at the end of the second component hour, etc.

Twice the average values of y cos at; y sin at; y cos 2at; y sin 2at

are then:

Ci= }i2(ho cos + Ai cos 15°+ /i2 cos 30°+ .+ A23 cos 345°) (54)

Si^Yniho sin O+ Ai sin 15°+ /i2 sin 30°+ .+A23 sin 345°) (55)

C2=}U{ho cos + Ai cos 30°+ /i2 cos 60°+ .+A23 cos 330°) (56)

S2=yi2(ho sin + Ai sin 30°+A,2 sin 60°+ .+ /^23 sin 330°) (57)

and so on.

Equation (53) merely expresses the evident fact that the elevation

of mean sea level is the mean of the heights at the component hours.

The amplitude and initial phase of the diurnal component are de-

termined by computing C] and Si from equations (54) and (55) and

applying to them the relations expressed by equations (47) and (48).

The amplitude and initial phase of the semidiurnal component are

similarly derived from the computed values of Co and ^2; and those of

other components from the corresponding coefficients, the equations

for determining which may be written by analogy to equations (54)

to (57).

The computations of the coefficients from equations (54) to (57)

may be greatly abbreviated by combining the terms whose sine or

cosine factors have the same numerical value. For example, in find-

ing the values of C2 and S2 from equations (56) and (57), it is apparent

that these factors for A, 2 are respectively cos 360° and sin 360°, those

for ^13 are cos (360°+ 30°) and sin (360°+ 30°) and so on. The suc-

cessive factors for the last 12 terms are consequently the same as for

the first 12 terms. Furthermore, the factors for h^ are cos 180° and

sin 180°, respectively. Since cos (180+ 0) = — cos0 and sin (180°+</))

=— sin 0, the successive factors for the second 6 terms are equal but

opposite in sign to those of the first 6 terms.

95. Example.—Taking the heights of the M group of components

at their component hours at Sitka, computed in paragraph 86, the

computation of the amplitude and initial phase of the AI2 component
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at this station and at the period of the observations may be arranged

as follows

:

(1) Hourly heights Ao-ftn 11- 55 12.77 13.21 12.82 11.51 9.9? 8.27 7.03
(2) Hourly heights fti2-/i23 11. 54 12.76 13.32 12.89 11.77 9.99 8.34 7.12

6.46
6.51

6.79
6.81

8.06
8.15

9.72

<3) Sums 23.09 25.53 26.53 25.71 23.28 19.91 16.61 14.15 12.97 13.60 18.21 19.

(4) Sums fte to /ill 16.61 14.15 12.97 13.60 16.21 19.68

<5) Differences 11.38 13.56 12.11 7.07

1
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that the complete analysis of the M group of components at a station

includes the separation of six components. Computation programs
for this purpose are shown on standard forms of the United States

Coast and Geodetic Survey. The analysis of the S group of com-
ponents includes the separation of four components; and of the K
group 2. All other components require but a single analysis.

97. Augmenting factors.—In the computations of the components
(except those of the S group) the tidal height at each component
hour is taken as the average of the observed heights at the nearest

mean solar hour (par. 83). When the computation is made from
stencils in the form ordinarily used (par. 88), these observed heights

are scattered quite uniformly over an interval extending from one-

half a component hour before to one-half a component hour after

the exact com.ponent hour.

It is graphically apparent from

figure 27 that on a sinusoidal curve

the average of these heights is

always somewhat less, numeri-

cally, than the height at the

middle of the period, and that a

small systematic error is intro-

duced by using the average value.

This error is readily corrected,

since on a cosine curve the mid
height has a constant ratio to the mean height over an arc of given

length. This ratio is called the augmenting factor.

98. To determine the augmenting factor for a component wdiose

equation is y=A cos (at-\-a), let r be the length of the componen thour.

The average value of y, between the limits of to—Yor and to-\-}iris then:

Figure 27.

,J.+
..

(1/r) °^'- A cos {at+a)dt

= (^/ar)[sin (afo+/2a?*+«)— sin (a^o— /2«^+a)]

= {Ajar) [sin (afo+«+ /sar) — sin {atQ-\-a— %ar)]

=2 {Alar) cos (a^o+«) sin )iar (58)

The ratio of the mid value to the mean value is then:

A cos {atQ-\-a)l{2Alar) cos {at^-^-a) sin }2ar= ar/2 sin jiar (59)

in which ar is an angle expressed in radians, whose equivalent, in

degrees, is xar/180°. The expression for the augmenting factor is

therefore:

7r(ir/360° sin jiar
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For diurnal components, the length of the component hour, r, is

15° /a, for semidiurnal components 30°/a, and so on. The values of

the augmenting factor are then:

Diurnal components, 94~~-—700^/ = 1 .00286

2x
Semidiurnal components, th

——
tfo =1.01152

^
' 24 sm 15

M3,
24sin22°30-= ^-°^'^'^

^'- 24stn30- ='°^^^°

Ma, 24sl%5° -=^-"°^"

^- 2^0^=1-20920

99. A review of the process by which the amplitude and initial

phase of each component are found (par. 94), shows that the appli-

cation of the augmenting factor to the hourly component heights

(above mean sea level) will increase the amplitude in the same ratio,

but will not affect the initial phase. The augmenting factor is there-

fore applied directly to the computed amplitude. The application

of this correction to the amplitude of the M2 component at Sitka,

for example, gives a corrected value of 3.391X1.01152= 3.430 feet.

Evidently, no augmenting factor should be applied to the S com-

ponents. The more complicated factors for computations from

secondary stencils are given in the Manual of Harmonic Analysis

of Tides.

100. Elimination.—The hourly component heights derived from

the process of averaging that has been described will contain the

residuals of components other than that sought. After a first deter-

mination has been made of the amplitudes and initial phases of the

several components, corrections may be computed from them to

eliminate from each the effect of the other components. The process

is explained in the Manual of Tides, but is not of sufficient general

interest to be here included.

101. Long period components.—The components listed in para-

graphs 75 and 76 include 2 having a fortnightly, 1 a monthly, 1 a

semiannual, and 1 an annual period. The first 3 of these are too small

to be of much importance, but periodic meteorological causes may
produce substantial annual and semiannual variations in the sea

level. Since a long period component does not change appreciably

during a calendar day, the daily averages of the observed tidal heights,

instead of the hourly heights, may be used for its determination, or

the daily sums may as well be used, the final result being divided by"
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24. The computation of the amphtude and initial phase follows the

general method heretofore described for the diurnal, semidiurnal,

and short-period components. For the fortnightly and monthly
components, a component month replaces the component day. It is

divided into 24 parts, corresponding to the component hours. A pre-

pared tabulation designates the daily sums to be taken as the height

at each component "hour." These heights are then summed and
averaged, and the amplitude and phase of the component computed
therefrom. For the annual and semiannual components, the com-
ponent year similarly replaces the component day. Since the average

of the observed heights during a calendar day contains residuals of

the short-period components (other than the S components) the

amplitudes and phases of the long-period components are corrected

by the process of elimination heretofore referred to.

MEAN VALUES AND EPOCHS OF COMPONENTS

102. Mean values.—The amplitude of each component of the actual

tide increases and decreases with the changing inclination of the

moon's orbit to the plane of the earth's Equator, and the amplitudes

computed from a particular set of observations must therefore be

corrected before they may be used at another period. The correction

is based on the logical assumption that the change in the actual

components is proportional to the change in the corresponding equilib-

rium components. For convenience, the amplitude of each com-
ponent of the actual tide is reduced to its mean value, which is obvi-

ously independent of the period from which it was derived.

103. Epochs.—The computed initial phase of each component is

that at the beginning of the particular set of observations from which

the component was derived. The phase of a component of the actual

tide depends upon the accidental configuration of the sea bed, while

that of the corresponding component of the equilibrium tide is depend-

ent upon astronomical causes alone. Since both components have

the same speed, the difference in their phases, at any tidal station,

is constant at all times. This difference is called the epoch of the

component and is conventionally represented by the general symbol k

(kappa). It may readily be found by taking the difference between

the initial phase of the equilibrium component, at the zero hour of the

observations (as determined from astronomical data) and the initial

phase of the actual component, as determined from the observations.

The phase of the actual component at any other origin of time can

then be found by applying its epoch to the phase of the equilibrium

tide at that time. The epoch of a particular component is designated

by the symbol for its amplitude with a degree mark. Thus the epoch

of the M2 component is designated as M2°.
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104. Mathematical derivation of lunar equilibrium tide.—To derive

the formulae for reducing the components of the actual tide to their

mean values, for converting these mean values to the amplitudes

applicable at any given period, and for determining the epochs of

the components, it becomes necessary to develop the mathematical

expressions for each component of the equilibrium tide in terms of

astronomical constants. The expressions for the lunar and solar

equilibrium tides in terms of the hour angle and declination of the

moon and sun, derived in equation (24), afforded the means for

developing the characteristics of the tide, and for inferring therefrom

the speeds of most of the components. The much more elaborate

expression necessary to develop the coefEcients and phase relations

of the components of the lunar and solar equilibrium tides will now
be developed in outline.

105. In figure 28, A^is the north pole of the earth's axis on the celes-

tial sphere, UISiMiPi the

celestial Equator, UOS
the ecliptic (the path of

the sun), U the vernal

equinox and S the posi-

tion of the mean sun

at a given instant; lOM
the moon's path (orbit),

/ its intersection with

the Equator, the

moon's node, M the

position of the moon,

P the zenith of a tidal

station, NPPi its celes-

the hour circle of the moon, NSSi the hour

and L'l the foot of the great circle drawn

Figure 28.

tial meridian, NMMi
circle of the mean sun

through the vernal equinox perpendicular to the moon's orbit.

Then:

d (theta), the arc PM, is the zenith distance of the moon.

8 (delta), the arc MiM, the declination of the moon.

X (lamda), the arc PiP, the latitude of the station.

H, the angle PNM, the hour angle of the moon.

N, the arc UO, the longitude of the moon's node.

I, the angle MJM, the inclination of the moon's orbit.

The symbols conventionally assigned to other arcs and angles,

and to pertinent astronomical constants are:

T, the arc PiSi, the hour angle of the mean sun.

s-\-k, the arc UiM, the true longitude of the moon.

s, the mean longitude of the moon; i. e., the longitude which it

would have it if travelled at the average rate along its orbit.
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k, the correction to be added to the mean longitude of the

moon to give its true longitude.

h, the arc USi, the mean longitude of the sun.

p, the mean longitude of lunar perigee, the arc measured from
Ui to the position of lunar perigee, if the latter moved at its

mean rate.

^ (xi), the arc UJ, the longitude, in the moon's orbit, of the
Intersection.

V (nu), the arc UI, the right ascension of the Intersection.

6= 0.05490, the eccentricity of the moon's orbit.

m= 0.074804, the ratio of the mean motion of the sun to that

of the moon.

R, the true distance from the center of the earth to the center

of the moon at a given moment.
c= 238,857 statute miles, the mean distance, earth to moon.
a=3,958.89 statute miles, the mean radius of the earth.

The values of e and m given are those for January 1, 1900, but
they change but little mth the time.

106. The height of the lunar equilibrium tide is, from equation (16):

u=y2{Ma'/ER')a{3 cos^ ^-1) (16)

In which M is the mass of the moon and E the mass of the earth.

The ratio M/E has a value of 1/81.45.

As shown in equation (21):

cos 0=sin X sin 5+cos X cos 8 cos H (21)

From the right spherical triangle IM^M:

sin 5=sin / sin IM (60)

From the right spherical triangle MM^Pi

cos 5 cos H=cos PiM (61)

And from the spherical triangle IPiM:

cos PiM=cos IM cos 7Pi+sin IM sin IP^ cos / (62)

From the figure:

IM= U,M- UJ=s+k-^ (63;

and:

IP,= US,-\-S,Pr- UI=h+T-v (64)
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107. By substituting, in equation (21), the expressions for sin 8, and

€os 8 cos H, derived from equations (60) to (64), an expression for

cos d may be derived in terms of s, k, h, T, ^, and v.

The astronomical formula for the correction k (in radians) is:

k= 2e sin (.s— ;p) + 5/4 e^ sin 2(s— 2>) + 15/4 me sin {s— 2h+p)

+ 11/8 m^ sin 2 {s-h) (65)

and since k is small, its angle, in radians, may be substituted for its

sine.

The astronomical formula for IjR, in equation (16) is

l/i^=l/c+ e cos (s-p)/c(l-e-)+e2 cos 2{s-p)lc{l-e')

+ 15/8 me cos {s-2h^-p)lc{\-e'')+m^ cos 2{,s-h)lc{l-e'') (66)

108. The expression for the lunar equilibrium tide in terms of the

angles X, T, s, h, ^, and v, and astronomical constants, is then derived

by substituting these expressions for cos 9 and l/R in equation (16)

and successively converting the products of the sines and cosines of

the angles T, s, h, ^, and v, into sines and cosines of their sums and

differences, by the application of the elementary trigonometric for-

mulas:

cos X COS y—Yi cos {x—y)-\-% cos {x-\-7j)

sin X sin y=}i cos {x—y) — ^ cos (x+i/)

sin x cos y=y2 sin (j^+?/) + /2 sin (x—y)

cos X sin y=% sin ix-^y) — }^ sin (x— ?/) (67)

cos^ a;=K(l+cos 2x)

sin^ a;=K(l— cos 2x)

sin a; cos x=K sin 2a:;

109. The result is an equation for u which contains 63 terms, and

which would cover more than a printed page. It is not here repeated.

But 21 of the variable terms have coefficients of sufficient numerical

value to require consideration. These give the following working

equation for the lunar equilibrium tide, now designated as y:

?/=3/2 {Ma'lEc')aX

{cos^ X cos* %! [Oi-5/4: e') cos {2T^2h-2s+ 2^-2v) Mg
+ 7/4 e cos (2r+2/i-3s+i?+ 2^-2v) Na

+ 1/4 e cos (2T+2h-s-p-{-2^-2p+180°) [U]

+ 17/4 e^ cos- {2T+2h-4s+2p+ 2^-2v) 2N
+ 105/32 me cos {2T+4:h-3s-p+2^—2v) v-i

+ 15/32 me cos (2r-s+ 2?+2^-2;^+180°) X2
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+ 23/16 m^ cos (2T+47i-4s+2^-2j/)] ^2

+ cos2 X sin^ / [(1/4+ 3/8 e') cos (2r+2A,-2j;) [K2]

+3/8 e cos {2T+2h-s-\-p-2v)] [L2]

+sin 2X sin 7 cos^ %I [(1/2-5/4 e^) cos (r+/i,-2s+2^-i.+90°) d
+7/4 e cos (r+/^-3s+2>+2^-v+90°) Qi
+ 1/4 e cos (T+/i-s-:P+2^-v-90°) [Mi]

+ 17/4 e^ cos (r+/i-4s+2^+2|-j'+90°) 2Q
+ 105/32 me cos (7+3/^—3s-p+2^-j/+90°)] pi

+ sin 2X sin 7 sin^ jil (1/2-5/4 e^) cos {T+h+2s-2^-v-90°) 00
+ sin 2X sin 27 [(1/4+ 3/8 e^) cos (r+/i-z/-90°) [Ki]

+ 3/8ecos (T+/^+s-2?-i'-90°) Ji

+3/8 e cos {Ti-h-s+p-u-90°)] [Mj]

+ (1/2-3/2 sin^ X) sin^ 7(1/2-5/4 e') cos (2s-2^) Mf
+ (1/2-3/2 sin2 X) (1-3/2 sin^ 7) [e cos (s-p) Mm

+m' cos (2s-2/i)]}. [Msf]

(68)

110. Solar equilibrium tide.—The corresponding equation for the

solar equihbrium tide may be written at once from equation (68) by
substituting:

S, the mass of the sun, forM the mass of the moon.

Ci, the mean distance of the sun, for c.

ei, the eccentricity of the sun's orbit, for e.

CO (omega), the obliquity of the ecHptic, for 7.

Pi, the longitude of the sun's perigee, for p.

The angle s, the mean longitude of the moon, becomes identical

with h, the mean longitude of the sun. The angles ^ and v, the longi-

tude and right ascension of the intersection, become zero, as does m,

the relative motion of the moon and the sun; and ei is so small that a

number of terms dependent upon this constant may be dropped.

The equation of the sohir equihbrium tide then becomes:

7/=3/2 {Sa'/Ec{')a{cos' X cos^ %c^ [(1/2-5/4 e^') cos 2T S2

+ 7/4 61 cos {2T-h+py) T2

+ 1/4 ei cos {2T+h-p,+ lS0°)] R2

+ cos^ X sin- CO (1/4+ 3/8 e,^) cos {2T+2h) [Ko]

+ sin 2X sin cos^ Kco(l/2-5/4 e^^) cos (7^-/^+ 90°) Pi

+ sin 2X sin 2co(l/4+ 3/8 e,^) cos (r+A-90°) [KJ

+ (1/2-3/2 sin- X) sin- co(l/2-5/4 O cos 2h]. Ssa

(69)

111. Tide depending on fourth power of moort's parallax.—This may
be derived by substituting in the second term of equation (20) an

192750—40-
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expression for cos d derived as explained in paragraph 107 and reducing,

by the general method pursued in determining the tides due to the third

power of the moon's parallax. All of the resulting terms are very

small, the only one recognized being:

y=3/2(MayEc')a[5ll2 cos^Xcos-^ jilcos (3r+3/i,-3s+ 3^-3v)]. MsCTO)

112. Equilibrium argument.—E?ich term of equation (68) contains

the general factor 3/2 {Ma^jEc')a, which has a constant value of 1.7527

feet; a factor composed of a function of the latitude of the tidal sta-

tion, which is constant at a given station; a factor composed of a

function of /, which changes very slowly, a constant factor containing

e and m, and the cosine of an angle formed by the algebraic sum of

simple multiples of the angles T, h, s, p, |, and v. This angle is called

the equilibrium argument. The term in equation (70) is in the same

form but with a different general factor.

Similarly each term of equation (69) contains the general factor

3/2 {Sa^/Eci^)a, which has the constant value of 0.8091 feet; a factor

composed of a function of the latitude of the tidal station; a factor

composed of a function of co, which does not change ; a constant factor

containing ei and the cosine of an equilibrium argument containing T,

h, and jpi only.

113. Since Tis the hour angle of the mean sun at the tidal station,

it is zero at noon, mean local time, at the station, and increases at the

rate of 15° per mean solar hour.

The values of the angles h, s, p, and pi, the longitudes of the mean
sun, moon, and lunar and solar perigee, respectively, at the beginning

of each calendar year at Greenwich are given in Manuals on Harmonic

Analysis of Tides. Their rates of change remain practically constant

for a century of time, and are as follows

:

Angle
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114. The remaining part of the equihbrium argument is made up

of simple multiples of the angles v and ^, the longitude and right

ascension of the intersection, represented by the arcs UI and UJ,
figure 28. The arc UO is the longitude of the moon's node, conven-

tionally represented as A^^; the angle MOS=IOU is the constant angle

i between the moon's orbit and the ecliptic, and the angle lUO is the

constant angle co between the equator and the ecliptic. The value of

V in terms of N and these known angles may therefore be determined

by the solution of the spherical triangle 10U and the value of ^ then

found from the right spherical triangle lUUi. As the moon's node,

0, makes the circuit of the ecliptic in its period of 19 years, the ascend-

ing intersection, /, moves to and fro over a comparatively small arc

on either side of the vernal equinox, U, the angle v increasing slowly

from to 13°.02, then decreasing to —13°.02 and increasing again to

zero. The angle ^ similarly fluctuates between the limits of 11°.98

and —11°.98. The maximum change in these angles during a year is

about 5°. The slowly fluctuating part of the equilibrium argument

formed by these two angles is conventionally designated by the

symbol u. The total equilibrium argument is then represented by
V+u.
The value of A^ at the beginning of each calendar year at Greenwich

is tabulated with those of h, s, p, and pi. Its rate of change is

— 19°.326,19 per calendar year, or — 0°.002,206,41 per mean solar

hour. Its value at any instant is therefore readily found. The
values of v and ^ at that instant can then be found from a table giving

these angles for each degree of N.

115. Components of the equilibrium tide.—If Vo is the value of V at

any given instant, taken as the origin of time, then at any time t there-

after,

V=Vo+at,

in which a is a constant whose value is:

a=Wi0+n2^/+^3O'+^4co+ n5wi (72)

Each term of equations (68), (69), and (70) then has the form:

y=A cos (V+u)=A cos [at+{Vo-\-u)] (73)

The form of this expression shows at once that each term represents

a component of the equilibrium tide. For lunar components the

values of A and u change slowly with the longitudes of the moon's

node, but may be considered as constant during a limited period of

time such as a month or even a year. For solar components, A is

constant and u is zero.

116. The numerical value of the speed of each component of the

equilibrium tide may be readily computed from the speeds of the
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constituents of V given in paragraph 113. Thus the speed of the

component represented by the first term of equation (68), viz,

3/2{Ma^/Ec^)a cos^ X cos'' }a(l/2-5/4 e') cos (2T+2h-2s+2^+2v)

is

a=2e+ 27?-2(7=30°+ 0°.082, 137,28- 1°.098,035,06= 28°.984, 104,22

This is then the M2 component of the equihbrium tide, its speed

being identical with that previously identified for that component
(par. 75). All of the other terms in equations (68), (69), and

(70) may be similarly identified as the equilibrium components corre-

sponding to the components listed in paragraphs 75 and 76. Their

conventional symbols, conforming to those previously listed, are shown
opposite each term. It will be noted that the semidiurnal components

are those whose arguments contain the term 2T; the diurnal compo-

nents are those whose arguments contain the term T, and the long-

period components are those in whose arguments T does not enter.

The lunar and solar components designated as K2 and Ki, each have

the speed of 2d-\-2'>] and 6-\-7], respectively. As previously pointed

out, these pairs each unite into a single component. Their symbols

are therefore enclosed in brackets to indicate that they are parts of a

combined component. Two other lunar components, L2 and M2,

appear twice in the list in brackets. The speed of the L2 component
represented by the third term in equation (68) is 2d-\-2r]—a—u=
29°. 528,478,92 and that of the ninth term is 20+27?— (t+ w=
29°.537,762,58. The difference in these speeds is evidently 2w =0.00928366

and the synodic period of the two components (par. 90) is

1 5/0.009,283,66 days= 1 ,720 days. They therefore cannot be separated

by analysing observations over a period of even a year, and conse-

quently are treated as a single component. The evaluation of the

coefficients of the two terms shows that the first is the larger, and its

speed is therefore assigned to both. The speed of the Mi component
represented by the twelfth term is similarly + 77— cr—w while that of

the eighteenth term is 0+77-0-+ w. Since the difference in these

speeds is also 2<5 they also cannot be separated by a year's observa-

tions. For convenience they are treated as a single component having

a speed of 14°.492,052,1 whose component hour is the same as that

of the principal lunar diurnal component Mi. The speed of the lunar

fortnightly component MSf is exactly the same as that of a compound
tide whose speed is the difference of the speeds of the M2 and S2

components, and this component is therefore also bracketed.

117. Determination of the epoch of a com'ponent of the actual tide.—

As shown in paragraph 103, the phase of a component of the actual
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tide differs from that of the corresponding equilibrium component by
a fixed angle, which is designated as its epoch, and is conventionally

represented by the symbol k. If then the equation of the equilibrium

component is (equation (73))

:

y=Ai cos [at+(Vo+u)]

the equation of the component of the actual tide is:

y=A cos [af+ (Vo+u-k)] (74)

Comparing this equation with the equation for a component of the

actual tide in the form given in equation (29)

:

y=A cos (ai— f), (75)

it is evident that

:

Vo+u-K=-^, (76)

whence

:

K^Vo+u+t (77)

The computation of f from a series of tidal observations was shown

in paragraphs 94 and 95, the origin of time being taken at the beginning

of the series. To determine the value of k, the value of Vq at the same

origin of time must be computed. Since u is regarded as constant

during the period of the observations, its value is taken as that at the

middle of the period.

118. Computation of Vo-\~u.—For simplicity, the hourly tidal

heights from which the components of the actual tide are computed

begin at hour (midnight). The time is usually the standard time

at a time meridian, whose longitude, S, differs from the longitude, L,

of the tidal station. Taking longitude west of Greenwich as positive,

and east as negative, the Greenwich time of the beginning of the

observations is then the S/15th hour of the initial date. The expres-

sion for Vq-{-u for each component is in the form:

Vo-\-u=niTo+n2ho-^niSo-\-niPo+n5ipi)o+nfi90°+ Ji:^i-{-nsVi (78)

in which To, ho, So, Po, and (pi)o are the values of the respective angles

at hour on the initial date of the observations, and ^i, and Pi are the

values of ^ and v at the middle of the period.

Since T, the hour angle of the mean sun, is zero at noon, mean

local time of the tidal station, it is ±180° at midnight (0 hour) mean

local time, and (S'—i)±180° at midnight, standard time. For

dirunal components, ni=l, and niTo=S—L±180°; for semidiurnal

components n,=2, and nrTo=2iS-L)±3Q,0°= 2{S-L).
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As has been stated, the values of h, s, p, pi, and A^, at hour Green-

wich mean civil time on January 1 of each calendar year are given in

tables contained in manuals for the harmonic analysis of tides, to-

gether with the differences to be added successively to give these values

on the first day of each month, on each day of the month, and at

each hour of the day, Greenwich time. The values of ho, Sq, po, and

(Pi)q are the values of h, s, p, and pi, at Greenwich time of hour on

the initial date of the observations. The value of N, the longitude of

the moon's node, is similarly taken off for the middle of the period of

observations, and from it the values of ^, and v, taken from the table

showing the value of these angles for each degree of A^. Entering these

values in equation (78), the value of Vq-^-u is immediately determined.

This value, added (algebraically) to the value of f found from the

observations, gives the value of k. The value of k so derived is, it

may be observed, independent of the meridian on which the times of

the observations are based.

If the observations are made on local time, instead of standard

time, S=L, and the angle S—L becomes zero.

119. Example.—The computation in paragraph 95 shows that for

the Ms component of Sitka, Alaska, long. 135°20' W.,for the 29-day

period beginning at hour, mean local time, July 1, 1893, f=61° .6.

The Greenwich time of the beginning of the period is then 9.02h,

July 1. The equilibrium argument for the M2 component is from

equation (68):

V+u=2T+2h-2s+2^-2v.

Since the observations are on mean local time, 2T=0. The values

of h and s, at 9.02^, July 1, 1893, Greenwich time, found from the

tables, are:

ho=99°M So=308°.03

and the value of A^ for 9.02^ July 15, 1893, is 24°. 17. The corre-

sponding tabular values of vi and ^1 are:

vi=4°.45 ^i=4°.01.

Then

yo+w=0+ 199°.28-256°.06+ 8°.02-8°.90=-57°.66= 302°.34

K= 61°.6+ 302°.3-360°= 3°.9.

The value of k derived from observations for a year is 3°. (Table

V, par. 134.)

120. Greenwich epochs.—The Greenwich epoch of a component at a

station is the difference between the phases of the equilibrium com-

ponent at Greenwich and of the actual component at the station.
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At any given origin of Greenwich time, the initial phase of the equihb-

rium component at Greenwich is, since S and L are both zero

:

Vo+u=n^(±180°)-\-n2ho^n,So+n,p,-^n,{p,)o+n,90°+u (79)

while the initial phase of the actual tide at a station whose latitude

is i is

:

Vo+u-K=?h{-L±180°)+n2ho+nsSo+niPo+ns(p,)o,i-nSO°+u (80)

The difference is

:

G=n,L-^K. (81)

It may be observed that n-i is the same as the subscript of the com-

ponent. The formula for Greenwich epoch is usually written

:

G=pL-^K. (82)

In which G is the Greenwich epoch, p the subscript of the component,

L the west longitude of the station and k the local epoch.

The difference between the Greenwich epochs of a component of

the tide at any two stations is the constant difference between the

phases of the component at the two stations.

121. Equilibrium arguments of overtides and compound tides.—The
equilibrium argument of an overtide is taken as the indicated mul-

tiple of that of the primary tide. The equilibrium arguments of com-

pound tides are the sums or differences of those of the components com-

pounded,

122. Expression jor u of the Ki, K2, L2, and Mi components.—

A

reference to equations (68) and (69) shows that the Ki component is

the resultant of a lunar component whose

equilibrium argument is T-\-h— v— 90° and a

solar component whose argument is 2"+^— 90°.

The relation of the resultant to the components A
is graphically shown in figure 29, in which CPi
is the amplitude of the lunar component, CP2
the amplitude of the solar component, and CP3
the amplitude of the resultant. The angle

YCPi is T+h-90°-v, the angle YCP2 is

T+^- 90°, and the angle PiCPs is v. Placing figure 29.

the angle PzCP2=v' the equilibrium argument

of the resultant is T+/i— 90°— v'. If^ is the foot of the perpendicular

drawn from P3 to CP2 produced, then

sin /=AP3/CPs=P2P3smplCPs=CP,smvlCPs (83)

cos /= {CP2+P^)/CPz= {CP2+CP1 cos v)ICPz. (84)
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whence

tan v'^'CPi sin vjiCPi+CPi cos j')=sin v/(cos v+'CP./CPi) (85)

The amplitude CP2 is, from equation (69), after substituting the

numerical value of the general factor of this equation (par. 112):

0.8091(1/4+3/8 e\) sin 2co sin 2X,

and the amplitude CPi is, from equation (68)

:

1.7527(1/4+3/8 e^) sin 27 sin 2X

The substitution of these values in equation (85) gives, after

applying the numerical values of e, ei and co

y^^f^-n-i ^^^ ^ sin 2/ (86)

cos V sin 27+0.3357

The equilibrium argument for the K2 component may similarly be

shown to be: y+^=2r+2A— 2j^", where

g,//_Hn-i sin2vsin^7 (87)
zu -tan

cos 2vsin2 7+0.0728

Since v and 7 are both functions N, the longitude of the moon's

node, v' and 2v'^ are also functions of N. The values of v' and 2i/"

for each degree of A^^ are included in the tables showing the values of v

and ^ (par. 114).

The equilibrium arguments for the L2 and Mi components are taken

from special tables, contained in Manuals for the Harmonic Analysis

of Tides. These components are not important, and the derivation

and application of these tables is here omitted.

MEAN VALUES

123. Equilibrium components.—Each component of the lunar

equilibrium tide developed in equation (68) is in the form:

y=Jcos{V+u) (88)

in which J is made up of factors formed by astronomical constants ; a

factor formed of a trigonometric function of X, the latitude of the

tidal station, which is constant at any given station; and a factor

formed of a trigonometric function of 7, the inclination of the moon's

orbit to the Equator, which slowly changes with the longitude of the

moon's node. If this last factor is represented by ^ (7), then

J=C 0(7) (89)
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In the first term of equation (78), for example:

C=3/2(Ma7£'c3)a(l/2-5/4 e") cos^ X, and (/.(/)=cos^ ){!.

The ampHtude, J, of the equilibrium component fluctuates slowly

between fixed limits with the changing values of I. A rigid analysis,

which need not be here repeated, shows that the mean value of J
during the circuit of the moon's node around the ecliptic, is

Jo=C [<^(7)]oX[cos 'A,=CM (90)

where [^(/)]o is the mean value of <^ (7), [cos ti]o is the mean value of

cos li, and M is the numerical value of their product.

From equations (89) and (90)

Jo/J=M/0(/) (91)

124. Mean value of amplitudes of the actual components.—As a basic

assumption, the fluctuation of the amplitude of a component of the

actual tide with the changing values of I is proportional to the con-

current fluctuation of the corresponding equilibrium component

(par. 102). If then R is the value of the amplitude of a component

of the actual tide as determined from a particular set of observations,

H the mean value of the amplitude, and J the amplitude of the

corresponding component of the equilibrium tide when I has the value

prevailing during the period of the observations:

H/R=Jo/J=Mfct>{I) (92)

The factor Ml<j>{r) is conventionally designated as F. Its recipro-

cal, <^(/)/Mis designated as/. Hence

H=FR R=-JH. (93)

125. Expressions for F.—A reference to equation (68) shows that

the expressions for (/) and for u in the terms representing the

various components are as follows:

Components 4>(I) u

Mo, Na, 2N, V2, X2, M2, cos* )il, 2^-2v

Oi, Qi, 2Q, pi, sin I cos2 YJ, 2^-v

00, sin/sin^K/, -(2^+p)

Ji, sin 2 7, —V
Mf, sin2 7, -2g
Mm, 1-3/2 sin^ 7,

The mean values of these functions of 7, and of the corresponding

expressions for cos u are found by deriving the expressions for 7, ^,

and V in terms of A^from the spherical triangles OUI and lUUi, figure
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28 ; transforming the functions of /, and the expressions of u above

listed into functions of A^; and finding the mean value of these

expressions as N varies from to 360°. This somewhat lengthy-

derivation, which need not be here repeated, shows that the prod-

ucts of these mean values are as follows:

Function
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The value of N at the middle of the period was found in paragraph
119 to be 24°. 17. The corresponding tabular value of /is 28°.22;

and for tliis value the tabular value of log F for the M2 component is

0.0148.

Then log i?=0.5353

log F= .0148

logiJ= .5501

iJ=3.549

The value of H derived from a year's observation is 3.591 (table V,

par. 134).

Since solar components do not vary with I, no reduction factor is

to be applied to them.

128. Reduction factors for other components.—It has been seen that

for the M2 component

ct>ir)=cos^ %I u=2^—2v

The corresponding expressions for the M3 component are, from

equation (80):

0(/)=cos*^ yj w=3^— 3^

Since cos® /2/= (cos^ ){!) ^''^^ it may be presumed that the reduction

factor for the M3 component is

F= (F of M.y'

and this relation is established by a detailed analysis.

Similarly the reduction factor for the lunar overtides are taken as

the squares, cubes, etc., of the fundamental tide. These factors are

then:

For M4, F= {F of M2)-; M„ F= (F of M2)^ and so on.

No reduction factors are to be applied to the solar overtides.

The factors for compound tides are taken as the products of the

factors of the components compounded, the factor for any solar

component entering into the compound tide being unity.

129. "Mean values of coefficients."—An examination of equations

(68) and (69) shows that the amplitude of each semidiurnal com-

ponent of the equilibrium tide is the product of a coefficient, whose

numerical value may be determined from astronomical data, times

cos^X; the amplitude of each diurnal component is a coefficient times

sin 2X; and the amplitude of each long period component a coefficient

times (1/2—3/2 sin-X). The mean values of these coefficients there-

fore show the relative magnitudes of the mean values of the ampli-

tudes of the semidiurnal, diurnal, and long-period equilibrium com-

ponents, respectively, at a given station. The "mean values of the
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coefficients" conventionally used, and shown in table IV at the end

of this paragraph, are the complete coefficients divided by 1.7527,

the numerical value of the general factor 3/2 {Ma^/Ec^)a, in equation

(68) ; but these afford an equally good measure of the relative magni-

tudes of the mean amplitudes of the equilibrium components in the

three classes. Thus the mean value of the coefficient of the M2 com-

ponent is (1/2—5/4 e^)M, in whichM has the numerical value of 0.9154

derived in paragraph 125. The mean value of the coefficient of the

S2 component is 6^(1/2—5/4 e\) cos* jio), in wliich 6^ is the ratio of the

general factor in equation (69) to the general factor in equation (68),

this ratio beino- 0.46164.

T
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ure, the systematic variation sought for, and the amphtudes and

epochs derived by inference may be preferable to those determined

by direct analysis, particularly if the period of observations is short.

A considerable number of these small components are customarily

determined by inference.

SUMMARY OF THE METHOD OF HARMONIC ANALYSIS

132. The harmonic analysis of the tide at a station comprises:

(a) Some six or more separate summations of the observed hourly

tidal heights for a period generally of 369 days to obtain the hourly

component heights of the S, M, and K group of components, and the

larger individual components (pars. 78 to 89).

{b) The computation of Vq for each component at the initial hour

of the observations and of u at the middle of the period (par. 118).

(c) The prelimmary determination of the epochs, k, and of the

amplitudes, R (corrected by the augmenting factor) of the compo-
nents of each group, and the larger individual components, from their

computed hourly component tidal heights (pars. 91-99, and 118),

and the preliminary inference of the remainder for use in elimination

(par. 130).

(d) The elimination of the effect of one component on another

(par. 100).

(e) The reduction of the corrected amplitudes to their mean values,

H (par. 127) and the final inference of the constants of the compo-

nents not analyzed.

133. Standard forms to systematize these computations, and tables

giving the requisite data are published in the Manual of Harmonic
Analysis and Prediction of Tides of the United States Coast and Geo-

detic Survey. The labor entailed in the analysis of the tide at a

station is apparent. The dependability of the results of a tidal

analysis is illustrated by a comparison between the separate deter-

minations of the harmonic constants at Fort Hamilton, New York
Harbor, for three periods of 369 days beginning January 1, 1900, 1904,

and 1928, respectively. Omitting the constants derived by inference,

the determinations are as follows:
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134. Principal tidal components at representative stations.—^The

harmonic components of the tide have been determined at a large

number of tidal stations throughout the world. The amplitudes, in

feet, and the epochs, in degrees, of the five principal components at

stations used in the ensuing chapters to illustrate the characteristics

of the tide and the determination of tidal datums, are abstracted as

follows from the extensive data given in Special Publication, No. 98,

United States Coast and Geodetic Survey (1924).

Table V.

—

Principal tidal components

Station
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The times of high water and of low water are those at which ?/ is a

maximum or minimum respectively, and therefore at which dy/dt=0.

They are then given by the equation:

dy/dt=-UfJr sin (ji^+yo+^-Ji°)-ki/Ki sin (k:t+Vo+u-Kr°)
- -kg/Kasin (k2^+Fo+^-K2°)+ • • • =0 (97)

136. Tide-predicting machine.—The arithmetic evaluation of y for

successive values of t from equation (96) would be too laborious to

be practicable. The solution of equation (97) for the successive

values of t at high and low water could be accomplished mathematically

only by an even more laborious process of successive approximations.

An elaborate machine, called the tide-predicting machine, has been

devised and constructed, by which the values of y and of dy/dt in

these equations are mechanically summed for values of t measured

by the angular travel of the mechanism. The height of mean sea

level, Ho, the values, JH, of the amplitudes of the several components
for the year of prediction, and the values of the initial phases,Fo+'M—k
of the several components at the beginning of the year, are all set

on the dials of the machine. The machine is then put in motion.

When the pointer indicating the value of dy/dt (the sine summation)

crosses its zero mark, the machine is stopped, the height of the tide is

read off the dial which indicates the summation of y, and the time of

the tide is read off a dial which indicates the time corresponding to

the angular travel of the mechanism. These are the height and time

of the first high or low water of the year. The machine is again set

in motion, the height and time of the next low or high water read off,

and the process continued until the predictions for the year are

completed.

137. Tide Tables published annually by the Coast and Geodetic

Survey give the predicted heights and times of the tides at some one

hundred reference stations throughout the world, with data showing

the corrections to be applied to give these heights and times at nu-

merous secondary stations.

138. Accuracy of tide predictions.-—^The predicted times of high and

low water which are published in the tide tables, obviously must be

those which would occur without the accidental disturbances due to

winds and other meteorological causes. A comparison between the

actual and the predicted tides at Portland, Maine, and at Seattle,

Wash., in May and November 1919, shows that the maximum de-

parture in the time of the actual from the predicted high and low

waters was 24 minutes; but that the times were generally in much
closer agreement. The height of one of the tides at Portland differed

by 1.9 feet from the predicted height; and it was not unusual for the
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tides at both stations to differ by more than half a foot from those

predicted; but most of the observed heights were within half a foot

of the predictions (The Tide, Marmer, p. 205, et seq.).
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FiGUEE 30.—Recorded and predicted tides, San Francisco (predicted tides enclosed in circles).

The plot in figure 30 of the recorded tides and the predicted high

and low waters at San Francisco, Calif., on 2 days chosen at random,

indicates the correspondence ordinarily to be expected.
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CHARACTERISTICS OF THE TIDES
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Types of tides 139-140
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1 153
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139. Types of tides.—The tides throughout the world are of three

general types, which are determined by the relative magnitude of the

semidiurnal part of the tide (as indicated by the amplitudes of the

principal semidiurnal components, M2, S2, and N2) and of the diurnal

part of the tide (as indicated by the principal diurnal components,

Ki and Oj). These types are:

(a) The semidiurnal or semidaily tides.—Tides of this type have two

nearly equal high waters and two nearly equal low waters each lunar

day of 24 hours 50 minutes. They occur when the amplitudes of the

diurnal components are small in comparison with those of the semi-

diurnal components. This type is found along both coasts of North

and South Atlantic Oceans, and at other places as well.

(6) Mixed tides.—This type is characterized by two markedly un-

equal high waters, or two markedly unequal low waters, or both, on

each lunar day, during most of the month. Tides are of this type

when the amplitudes of the diurnal components are considerable in

comparison with those of the semidiurnal components, but do not

greatly exceed the latter. Such tides are common, but not universal,

along the coasts of the Pacific Ocean.

(c) Diurnal tides.—Tides of this type have but one high water and

but one low water each day during a substantial part of or all of the

month. Such tides are common along the coasts of large enclosed

seas with restricted entrances, such as the Gulf of Mexico, the Carib-

bean, the waters of the East Indies, and the Mediterranean; and some-

times at oceanic islands. Diurnal tides are usually quite small and

irregular.

140. Tides of the semidiurnal type usually have some diurnal in-

equality during the two periods in each month when the moon is

192750—40 6 (75)
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farthest from the Equator and the diurnal tidal impulses are conse-

quently a maximum (paragraph 40) . In tides of the mixed type, the

two daily high waters and the two daily low waters become nearly

equal when the moon is near the Equator, and the diurnal tidal im-

pulses are a minimum. When the moon is at its maximum declina-

tion, near the celestial tropics, one of the two daily low waters or high

waters of tides of the mixed type occasionally may disappear, pro-

ducing a diurnal tide. On the other hand, tides of the diurnal type

usually break down into two daily tides during a part of the month,

although in the Gulf of Tongking in Indo-china, the tide remains

diurnal throughout the month.

Obviously the types of tide merge into each other. The accepted

criterion distinguishing the types is the ratio (Ki+ Oi)/(M2+S2),

derived from the harmonic components at the station. If this ratio

is less than 0.25, the tide is classed a semidirunal; if between 0.25 and

1.25 as mixed; and if over 1.25 the tide is classed as diurnal.

THE EFFECT OF THE PRINCIPAL SEMIDIURNAL COMPONENTS
ON THE TIDES

141. The M2 component, semidiurnal tides.—When the tide is of

the semidiurnal type, the M2 component, with rare exceptions, is the

dominant one, with an amplitude nearly but not quite one-half of the

mean tidal range. Generally, its amplitude may be taken as 0.47

times the mean range.

142. Relation of epoch 0/M2 component to lunitidal intervals.—As has

been seen (paragraph 117), the expression for the M2 component of the

actual tide may be written in the form

:

y=M2 cos (m2t+Vo+u-M2°) (98)

in which

m2 is the speed of the component, and has the numerical value

of 28.984° per solar hour.

Vq-^u is the value of the equilibrium argument at any arbi-

trarily chosen origin of time.

M2° is the epoch of the component.

The expression for the M2 equilibrium component is

y=M2 cos im2t+Vo+u) (99)

At the high water of the actual tide

m2t+Vo+u-M2°=
whence

t=[M2°-Vo-u]/m2 (100)
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Similarly, at each high water of the equilibrium tide

t=-{y^-{-u)jm2 (101)

The nature of the equilibrium tide is such that the high waters of

its M2 component must occur at the moon's transits across the meri-
dian of the tidal station. When the origin of time is taken at a lunar

transit, equation (101) shows that V^-^rU must be zero. The time of

high water of the M2 component of the actual tide is then, from equa-
tion (100), M2°/m2 hours after a lunar transit.

The M2 component is the dominant one when the tide is of the semi-

diurnal type, and largely determines the time of high water of the

entire tide. The other semidiurnal components, alternately advance
and retard the time of high water. The diurnal components and lunar

overtides may produce a systematic difference in the time of high

water. Denoting this systematic difference by M, the average inter-

val between a lunar transit and the time of high water at a station is

then (M2°/m2) + M. This average interval is the high-water interval at

the station (paragraph 8) and is designated as HWI. It follows

therefore that:

M2°=m2(HWI-A0 (102)

The low water of the Mo component similarly occurs when:

m2#-M2°=±180°
or when

«=(M2°±180°)/m2 (103)

Since the diurnal components and lunar overtides retard (or

advance) the time of low water by the same amount that they advance

(or retard) the time of high water

M2°=m2(LWI+A0T180° (104)

where LWI is the low-water interval at the station.

Combining equations (102) and (104) to eliminate M, and sub-

stituting for m2 its numerical value:

M2°= 14°.492(HWI+LWI)T90° (105)

The negative sign is applied to the last term when the HWI is less

than the LWI.
For example, at Fort Hamilton, New York Harbor, the high-water

interval is 7.67 hours and the low-water interval is 1.64 hours. The
epoch of the M2 component, from formula (105), then is:

14°.492 (7.67+ 1.64) +90°=225°

Its values from harmonic analysis is 221°.
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At Pliiladelphia, the high-water interval is 1.49 hours, and the

low-water interval 8.97 hours. The epoch of the M2 component

from formula (105) then is

14°.492(1.49+ 8.97)-90°= 62°

Its value from harmonic analysis is 49°.

Formula (105) gives evidently only an approximate value of the

epoch of the M2 component.

143. The S2 component—spring and neap tides.—At stations having

a tide of the semidiurnal type, the amplitude of the S2 component is

generally from one-sixth to one-half of that of the M2 component.

Since the difference in the speeds of these two components is relatively

small, the resultant of the two fluctuates slowly from a maximum
of M2+ S2, when the generating radii of these components coincide,

to a minimum of M2— S2 when they are 180° apart (par. 54), the period

of the fluctuation, from maximum to minimum, being the synodic

period of the two components, or 360°/(s2—m2)= 354.367 hours.

This period is one-half of the lunar synodic month, the average

interval from full moon to full moon.

Other tidal influences disregarded, the high and low waters occur-

ring nearest the time at which the resultant of the M2 and S2 com-

ponents is at a maximum are respectively higher and lower than at

other times, and the tidal range is the greatest. These are the spring

tides, and their range is the spring range (pars. 2 and 20). The tides

nearest the time at wliich the resultant is a minimum are similarly

the neap tides. The times at which the generating radii of the M2
and S2 components are in coincidence, and their resultant a maximum,
may be called the time of spring tides, although this time is not

generally the exact time of either spring high water or spring low water.

Similarly, the time at wliich these generating radii are opposed may
be called the time of neap tides. Because of the effect of the other

components, the average spring range somewhat exceeds 2 (M2+S2)

and the average neap range somewhat exceeds 2 (M2— S2).

144. Phase age.—The interval between the instant of full or new
moon, and the time of spring tides is called the phase age. At the

instant of full or new moon, the S2 and M2 components of the equilib-

rium tides quite evidently are in conjunction, and the difference in

their phases is zero. Since the phases of the corresponding com-

ponents of the actual tides differ from those of the equilibrium com-

ponents by their respective epochs, 82° and M2°, the difference in the

phases of these components of the actual tides at the instant of full

or new moon is 82°— M2°; and since the S2 component gains on the

M2 component at the rate of S2— m2° per hour, they are in conjunction
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(S2°— M2°)/(s2—m2) hours after the time of full or new moon. There-

fore :

Phase age (in hours)

= (S2°-Mo°)/(30°-28°.984) =0.984(S2°-M2°) (106)

It is easily shown that tliis expression gives also the time of neap tides

after the instants at which the moon is in quadrature.

For example, at Fort Hamilton, New York Harbor, 82°= 248° and

M2°=221°. The phase age is therefore 0.984 (248-221) hours= 26.5

hours. At this station therefore spring tides occur a little more than

one day after the moon is at full or change (new), and neap tides at

the same interval after the moon is at quadrature.

The phase age at tidal stations tlu-oughout the world ranges up

to 3 days. It rarely is negative.

145. The N2 component—perigean and apogean tides.—The ampli-

tude of the N2 component generally is between one-sixth and one-

third of that of the M2 component. At stations on the Atlantic

coast of the United States, the N2 component usually has a larger

amplitude than the S2 component, but at stations on the Atlantic

coast of Europe, and along the British Isles, the amplitude of the

N2 component is materially less than that of S2.

It is evident from the preceding paragraphs that the resultant of

the M2 and N2 components fluctuates between a maximum of M2+ N2

and a minimum of M2— N2, the period from maximum to maximum
being

360°(m2-n2) = 3607(28.9841 -28.4397)= 36070.5444= 661 hours.

This is the length of the lunar anomalistic month (par. 62).

The maximum amplitude of the resultant obviously is due to the

maximum attraction of the moon at perigee, and is called the perigean

tide. Its minimum amplitude results from the minimum attraction

of the moon at apogee, and is called the apogean tide. The average

perigean range of the entire tide slightly exceeds 2 (M2+N2) and the

average apogean range 2 (M2— N2).

146. Parallax age.—The interval between lunar perigee and the

time of perigean tides is called the parallax age. Since the M2 and

N2 components of the equilibrium tides are in conjunction at lunar

perigee, the phases of these components of the actual tides then differ

by the difference in their epochs, M2°— N2°; and these components

of the actual tides come into conjunction (M2°— N2°)/(m2— n2) hours

later. The expression for the parallax age is then:

Parallax age (in hours)=(M2°-N2°)/0.5444= 1.837 (M2°-N2°) (107)

As is readily shown, the parallax age gives also the interval between

lunar apogee and apogean tides.
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For example, at Fort Hamilton, New York Harbor, M2°=221°
and N2°==204°. The parallax age is therefore

1.837 (221°-204°)= 31 hours.

Perigean tides occur at this station, therefore, a little more than one

day after lunar perigee ; and apogean tides a little more than one day
after lunar apogee.

The parallax age at stations throughout the world ranges up to

3 days. In some regions it has a negative value.

147. Combined effect of S2 and N2 components.—Perigean and apogean

tides tend to obscure the spring and neap tides at stations at which

10-
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The tidal datum plane at Boston is mean low water, and the times

of high and low water are on the standard time of the 75th meridian.

At Sheerness the tidal-datum plane is mean low water of spring

tides, and the time is Greenwich time.

The harmonic constants of the tliree principal semidiurnal com-
ponents at these stations are taken as follows from table V, paragraph
134. The last two columns show the phase and parallax ages, com-
puted from the epochs as indicated in equations (106) and (107).
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As the length of the anomahstic month is approximately 21 ){ days

while that of the synodic month is 29K days, lunar perigee gains 2

days a month on the moon's phases. It follows therefore that perigean

tides will most nearly coincide with spring tides at intervals of 7

months. Similarly, at stations having tides of the semidiurnal type,

an exceptionally small tidal range is to be anticipated once during

the month at 7 month intervals, occuring half way between the

months at which exceptionally high and low waters occur.

EFFECT OF THE PEINCIPAL DIURNAL COMPONENTS

149. The Ki and Oi com'ponents—tropic tides.—Since the difference

between the speeds of these components is relatively small, they

combine to form a diurnal tidal fluctuation with an amplitude ranging

from a minimum of Ki— Oi to a maximum of Ki+d. The period

from maximum to maximum is

:

3607(ki-Oi)= 3607(15.041,068,6-13. 943,035,6)
= 360°/1.098033= 327.859 hours.

This period is one-half of the tropical month (par. 62)

.

When the amplitide of the resultant of these two diurnal compo-

nents is a minimum, the tides are called equatorial tides, since the

moon is then near the Equator. When it is a maximum, the tides are

called tropic tides, since this maximum results from the maximum in-

equality of the two daily tidal impulses, and therefore occurs when
the moon has its greatest declination, near the celestial Tropics (par.

40).

150. Effect of the diurnal com'ponents on high and low waters.—Since

the diurnal part of the tide rises once and falls once daily, it has a zero

elevation (at mean sea level) at semidaily intervals approximating the

period of the semidiurnal components. If the epochs of the Ki, Oi,

and Ma components are such that the resultant ordinate of the diurnal

components is nearly zero at the two daily low waters of the M2 com-

ponent, the diurnal part of the tide evidently increases one of the two

daily high waters and decreases the other, producing a diurnal in-

equality of the high waters, as may perhaps be seen more clearly by
turning back to figure 13, page 22. Similarly, if these epochs

are such that the diurnal part of the tide is nearly zero at the two daily

Iiigh waters of the M2 component, a diurnal inequality of the low waters

is produced. Obviously, both the high and the low waters usually

will show an inequality because of the diurnal components, but the

inequality of the high waters is not, in general, the same as that of the

low waters. As has been shown, these inequalities in the two daily

tides vary from a minimum at the time of equatorial tides to a maxi-

mum at the time of tropic tides.
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A characteristic fluctuation of tides of the mixed type is exempHfied
by the tide curve at San Francisco, CaHf., at the time of a tropic tide,

June 29, 1935, shown in figure 33.

Hour-s.

Figure 33.—Tropic tide, San Francisco, June 29, 1935.

A is the lower low water (LLW), B the lower high water (LHW), Cthe

higher low water (HLW) , and D the higher high water (HHW)

.

151. As shown in paragraph 68, the mean speed of the lunar diurnal

part of the tide is mi, the speed of the lunar day. It is therefore

exactly one-half of the mean speed, m2, of the lunar semidurnal part.

Consequently, the resultant of the lunar diurnal components keeps in.

general step, from month to month, with the resultant of the lunar

semidiurnal components. In most regions, the lunar components

are so much larger than the solar that they determine the general shape

of the daily tide curves. Usually, therefore, the higher and lower high

and low waters at a tidal station always follow one another in the same

sequence. If the higher high follows the lower low water, the lower

high must follow the higher low, and vice versa, so that the sequence

is established either as "HHW to LLW" or as "LLW to HHW."
At San Francisco, for example, the sequence is HHW to LLW. At
some stations, but exceptionally, the sequence changes during the

5^ear. Such a condition is to be anticipated when the principal solar

diurnal component, Pi, is relatively large.

152. Tropic and diurnal ranges, high- and low- water inequalities.—
The average difference, from month to month, in elevation between

the higher high and the lower low waters of tropic tides is called the

great tropic range, and the corresponding difference between the lower

high and the higher low waters of tropic tides is called the stnall tropic

range. The difference in the average heights of all higher high waters

and the average heights of all of the lower low waters from day to day
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for one or more tropical months is called the great diurnal range, or

the diurnal range. The corresponding difference between the average

heights of all of the lower high waters and the higher low waters is

called the small diurnal range. These are all called declinational

ranges, since they depend on the declination of the moon.

The diurnal high water inequality (DHQ) is defined as the difference

between mean higher high water and mean high water. The diurnal

low water inequality (DLQ) is similarly the difference between mean
low water and mean lower low water. It is apparent that the great

diurnal range is equal to the mean range plus (DHQ+DLQ) and the

small diurnal range is equal to the mean range minus (DHQ+DLQ).
153. Diurnal age.—The diurnal age is the interval between the in-

stant at which the moon is at its maximum monthly declination, either

north or south of the Equator, and the time of tropic tides.

Since the Ki and Oi components of the equilibrium tides are in con-

junction when the moon is at its maximum declination, the phases of

these components of the actual tides then differ by the difference of

their epochs and these components of the actual tides are in con-

junction (Ki°— Oi°)/(ki— Oi) hours later. Therefore:

Diurnal age (in hours)= (K°i-Oi°)/l.098= 0. 911 (Ki°-Oi°) (108)

For example, at Fort Hamilton, New York Harbor, Ki°=:104°

and Oi°=98°. The diurnal age at this station is therefore

0.911 (104-98) =5.5 hours.

The diurnal age at a station may amount to several days, and not in-

frequently is negative.

154. As was shown in paragraph 40, the amplitude of the semi-

diurnal part of the tide decreases as the declination of the moon
increases, while that of the diurnal part increases with the declination.

As a consequence the mean daily tidal range tends to decrease with

the declination, but this decrease is overshadowed by the increasing

range from lower low to higher high water. In tides of the semidiurnal

type, the diurnal components do not obscure, to any marked degree,

the spring and neap, perigean, and apogean variations due to the

S2 and N2 components. In tides of the mixed type the variations

in higher high and lower low waters, culminating twice a month in

the tropic tides, become the outstanding characteristic, and obscure,

more or less completely, the spring, neap, perigean, and apogean

tides. In tides of the diurnal type, the diurnal components completely

dominate the semidiurnal during a considerable part of the month.

The fluctuations of the diurnal tides are, however, frequently so small

that meteorological disturbances become their outstanding

characteristic.
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EFFECT OF OVERTIDES

155. Since the periods of tlie lunar overtides are one-half, one-third,

and one-fourth of the period of the M2 component, they unite with

the latter to produce a tidal curve which is distorted from a sinusoidal

curve, but is repeated without change in each successive period of that

component. The form of the curve resulting from the combination

of the M2 and M4 components at Philadelphia is shown in figure 34.

At this station the amplitude of the M2 component is 2.367 feet, and of

the M4 component 0.368 feet, their epochs being 49° and 7°, respectively.

+3-

Lunar Hour«.
Figure 34.—Resultant of M2 and Mt components at Philadelphia.

The effect of the overtide in this case in increasing the interval from

high water to low water and in decreasing the interval from low water

to high water is apparent.

156. If a high water of the M4 component nearly coincides with a

high water of the M2 component, the next high water of the overtide

will nearly coincide with the low water of the primary component.

The overtide will therefore raise the elevation of both the high and

low waters with respect to mean sea level. Similarly if the epochs

are such that a low water of the overtide nearly coincides with the

high and low waters of the primary component, it will lower both the

high and low waters of the resultant tide with respect to mean sea

level. In the case illustrated in figure 34, the epochs differ by about

45° and the overtide has little effect in altermg the relation of the

high and low waters of the resultant with respect to mean sea level.
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TIDAL DATUM PLANES
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Low and high water datums in general 165-168
Mean low and high water 169-180
Correction for longitude of moon's node 171-180

Mean low and high water of spring tides 181-185

Mean low and high water of neap, perigean, apogean, and tropic tides. 186

Mean lower low and higher high waters 187-192

Other datum planes ^ 193-194

Typical relation between datums 195

Determination of datums by comparison 1 96-207
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157. Princiiml tidal datums.—The mean height of sea level, and the

mean heights of low or high waters of various descriptions, afford the

datums to which the elevations of upland areas, and of the bottom of

the sea and of tidal waterways, ordinarily are referred. The datums
which need be especially considered, and the abbreviations by which

they are designated, are as follows:

Mean sea level, MSL.
Halj tide level, HTL.
Mean low water and mean high water, MLW and MHW.
Mean lower low water and mean higher high water, LLW and

HHW.
Mean low and high water oj spring tides. In England, these

datums are taken as mean low and high water of ordinary

spring tides, after rejecting any spring tides which differ

substantially from the usual, and are designated as LWOST
and HWOST respectively.

In some cases channel depths at foreign ports are referred to mean
high or low water of neap tides. Mean low and high waters of peri-

gean, apogean, and tropic tides are rarely if ever used as a reference.

158. Tidal ranges.—The symbols conventionally assigned to the

tidal ranges determined by the datums listed in the preceding para-

graph, are as follows:

Mean range, Mn=MHW—MLW.
Diinnal or great diurnal range, Gt=HHW—LLW.
Spring range, Sg, mean low water to mean high water of spring

tides.

(87)
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MEAN SEA LEVEL

159. Use.—This datum is the basic plane of reference and the zero of

the ordinates of the harmonic components of the tide. It is deter-

mined by averaging the observed hourly tidal heights, measured from

a fixed bench mark, over a sufficient period of time. Because of the

variation in the density of the waters of the oceans with changes in

their temperature and salinity; because of the variation in the mean
barometric pressure upon them; and because of the effect of winds,

evaporation, and precipitation; mean sea level at different tidal sta-

tions may not be on precisely the same geodetic level surface. Thus

mean sea level at Balboa, at the Pacific entrance to the Panama Canal,

as determined from observations extending over 25 years, is nearly 0.7

foot higher than at Cristobal at the Atlantic entrance. In general,

however, mean sea level at tidal stations which have a free connection

with the sea, when determined from observations extending over a

number of years, are so nearly on the same level surface that the

difference between the elevation of any point on land above mean
sea level at one station, as determined by a line of levels from that

station, and the elevation of the same point above mean sea level at

another station, is within the error inherent in long lines of levels.

Mean sea level is therefore the standard reference datum for land

elevations. At tidal stations on tidal rivers, or on land-locked bays

and sounds with restricted entrances, the mean tidal height may be

above mean sea level and is more correctly designated as mean river (or

bay) level.

160. Fluctuations in mean sea level.—Small fortnightly, monthly,

and semiannual fluctuations of mean sea level result from the long

period harmonic components established by the attraction of the sun

and moon (par. 71). These are, however, completely overshadowed

by the disturbances resulting from storm tides, and smaller systematic

meteorological disturbances.

161. Storm tides.—Occasional violent fluctuations of the water

levels at a tidal station result from strong onshore or offshore winds.

When these are of hurricane velocity, the water may be raised many
feet. In the long run, storm disturbances raise (or lower) both the

high and the low waters by substantially the same amount, and may
be considered, therefore, as affecting primarily the heights of mean
sea level.

162. Systematic meteorological variations in mean sea level.—Lesser

atmospheric disturbances produce a less apparent, but more con-

tinuous, variation in mean sea level. The seasonal variations in the

density of the water on the continental shelf and in the mean baro-

metric pressure over wide areas of the oceans, with concurrent varia-

tions in the prevailing winds, and perhaps other meteorological causes,
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result in fairly regular and consistent seasonal variations in the
monthly mean sea level, even at stations not affected by the varying
inflow from large rivers. A study of these variations at stations on
the coasts of the United States, contained in Special Publication, No.
135, United States Coast and Geodetic Survey, shows that at North
Atlantic ports mean sea level is quite consistently 0.2 feet or more
higher dm^ing the summer months than during the winter months.
The annual variation in mean sea level at the South Atlantic ports of

Charleston and Fernandina approximates a foot, the highest eleva-

tions occurring in the fall. On the Gulf coast, the annual variation is

about three fourths of a foot; and on the Pacific coast about half a

foot. A comparison between the monthly changes in mean sea level

at Portsmouth, N. H., and at Ketchikan, Alaska, and the monthly
mean barometric pressure in the two regions, shows a strildng corre-

spondence in each case (Special Publications, No. 150 and 127, U.
S. Coast and Geodetic Survey). At Balboa, at the Pacific entrance

to the Panama Canal, an annual variation of about a foot in the eleva-

tion of the monthly mean sea level follows closely an annual variation

of about 15° F. in the monthly mean water temperature. These
seasonal variations are reflected in the values of the long-term com-
ponents Sa and Ssa derived from harmonic analysis.

163. Variations from year to year.—Because of varying occurrence

of storm tides from year to year, and the varying intensities of the

causes of the seasonal variations in mean sea level, the mean annual

sea level at a station varies from year to year. At stations on the

coasts of the United States, where long-term observations have been

made, these variations are, however, not often greater than 0.1 feet.

The variations from year to year are quite uniform at all stations on

the same sea coast.

Because of these small meteorological variations, mean sea level at

a tidal station cannot be expected to be identically the same during

any two periods, no matter how long these periods may be. A 9-year

average is accepted by the United States Coast and Geodetic Survey

as a primary determination which gives the elevation of mean sea

level with sufficient accuracy for all practical purposes of that

survey. Strictly speaking, however, it should be designated as the

mean sea level during the particular period from which it was derived

HALF TIDE LEVEL

164. This datum is the elevation midway between mean low water

and mean high water. Because of the distortion of the tide curves

by the diurnal components and the lunar and solar overtides (par.

156), half tide level generally does not coincide exactly with mean sea

level. On the Atlantic coast of the United States it usually is below
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mean sea level, while on the Pacific coast, except in Alaska, it usually

is above. Thus at Fort Hamilton, New York Harbor, it is 0.05 feet

below mean sea level, at Philadelphia 0.16 feet below, and at San

Francisco, 0.06 feet above that datum. Quite obviously, half tide

level varies from month to month and from year to year by amounts

that closely approximate the variations in mean sea level. Half tide

level is rarely if ever used as a datum plane for land elevations and

soundings, but affords a convenient reference for the correction of

mean high and mean low waters.

LOW AND HIGH WATER DATUMS IN GENERAL

165. Since it clearly is desirable that the soundings on navigation

charts, and the designated depths of improved channels, show the

depths that generally can be counted on by navigators, they ordinarily

are referred to one of the low water tidal datums, and not to mean sea

level. Different low water datums are used for this purpose in dif-

ferent countries. The datums adopted in the United States are the

most definitely determinable, but are not as low as those generally

used in other countries. When comparing the channel depths in

foreign ports with those in this country, the respective datums must

be taken into consideration. Thus a channel 28 feet in depth at the

adopted datum in a Canadian port might be 30 feet or more in depth

if referred to the low water datum officially adopted in the United

States for the region in which the harbor lies.

High water datums, while not suitable for charting, establish the

tidal ranges, which are usually noted on charts to indicate the depths

available at high water. In regions where the range between spring

and neap tides is considerable, the elevation of neap high water is of

especial importance, since it indicates the least depths at high water

which can be counted on throughout the month.

166. Low and high water datums do not establish a level surface.—
Obviously, as any of the several low and high water datums may be at

a different height below or above mean sea level at different stations,

these datums do not establish the same level surface from station to

station, and are applicable only to the area in the vicinity of each

station. Thus mean low water at the head of the Bay of Fundy is

some 15 feet below the level of mean low water at the entrance to the

bay. The change in the elevation of each of these datums, from

station to station is, however, generally so gradual as to present no

practical complications.

167. Meteorological variations in high and low water datums.-—The
variations in mean sea level from month to month, and from year to

year, produce nearly identical variations in the several low and high

water datums. They do not, however, produce any substantial
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variation in the height of these datiims with respect to mean sea

level or to half tide level. The variations peculiar to the low and
high water datums, and the corrections to be made therefor, may
therefore be determined by taking the height of these datums with
respect to mean sea level, or half tide level, dm^ing the period of the

observations. The corrected heights, subtracted from or added to

the elevation of mean sea level, give them the corrected elevations of

the datums.

168. Changes caused by channel improvements.—A major enlarge-

ment of a tidal waterway, by dredging for the improvement of its

navigability, may change materially the elevations of the low and
high water datums along it. A classic example is the effect of the

improvement of the Clyde in Scotland, which during the last century

was converted from a shallow stream, fordable at low tide, to a water-

way for deep-draft vessels. The enlargement lowered the low water
levels at Glasgow by more than 8 feet, raised the high water levels by
some 2 feet, and consequently lowered the midtide level by 3 feet.

In exceptional cases, the low water datum may even be raised by
channel enlargement. Extensive channel improvements may there-

fore require a revision of established tidal datum planes.

MEAN LOW AND MEAN HIGH WATER

169. Definition.—Mean low water is, as its name implies, the

average height of ail low waters over a long period of time, and mean
high water is the average height of all high waters. Because of

variations in the heights of high and low waters between springs and
neaps in the half synodic month, between perigean and apogean tides

in the anomalistic month, and between tropic and equatorial tides

in the half tropic month, a determination of mean high or low water,

with respect to mean sea level, from observations extending over a

day or a week, might differ quite widely from the long time mean.
To eliminate these variations the tides must be averaged over a

period in which these variations go through almost, if not quite, their

entire range one or more times. For a determination of mean low

or mean high water, the shortest period suitable for this purpose is

29 days. This period, which is sometimes called a lunation, is so

close to the synodic month of 29 K days as to practically eliminate the

spring and neap variations. It is sufficiently close to the anomalistic

month of 27 days, 13 hours, to nearly eliminate the perigean variation,

and to the tropical month of 27 days, S hours, to nearly eliminate the

declinational variation. Longer periods theoretically should be multi-

ples of 29 days. For convenience of computation it is more usual to

take successive 29-day periods, beginning say on the first of each

192750—40 7
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month. If the observations extend over a year, no sensible error is

introduced by taking all of the low or high waters for the 365 or 366

days.

170. Use.—Mean low water datum is the most readily determined

of the several low water planes, and adequately serves as a plane of

reference for navigation charts and for the designation of channel

depths when the tidal range is moderate. It is the official reference

plane for navigation charts and for federally improved channels on

the Atlantic and Gulf coasts of the United States. Obviously low

water of the varying tides is as often as not below this datum. At
Eastport, Maine, where the mean tidal range is 18.2 feet, the normal

tide occasionally falls 3 feet or more below mean low water datum;

but at most of the other stations on the Atlantic coast of the United

States, where the tidal range is much less, such minus tides (except

those due to storms) do not often exceed 1 or 2 feet, and ordinarily

are less.

171. Correction for longitude of the moon's node.—Because of the

variation in the amplitudes of the tidal components with the chang-

ing inclination of the moon's orbit to the Equator (par. 102), the

several tidal ranges and high and low water datums go through a

small variation in a period of 19 years. The mean range derived

from observations extending over a month or a year may be reduced

to its true mean value by applying a reduction factor, conventionally

designated as F{Mn). The corrected mean low water datum is

then found by subtracting one-half of the corrected mean range from

half tide level; and the corrected mean high water datum by the

corresponding addition. These corrections are called the corrections

for the longitude of the moon's node, since this longitude determines

the inclination of the moon's orbit.

172. The numerical values of the reduction factor i^(Mn) are

derived by deducing an expression for the mean range, Mn, in terms

of the amplitudes of the tidal components, and applying to these

amplitudes the reduction factors derived in paragraphs 124-126,

determined by the inclination, /, of the moon's orbit during the

period of the observations. To simplify the correction, the ampli-

tudes of the semidiurnal components are assumed to be proportional

to the mean values of the coefficients of their equilibrium components^

given in table IV, paragraph 129; and the amplitudes of the diurnal

components also proportional to the mean values of the correspond-

ing coefficients. The relation between the amplitudes of the diurnal

and semidiurnal components is established by the ratio, (Ki4-Oi)/M2,^

of these actual components at the station, as determined by harmonic

analysis, or inferred from available data. The derivation of these

factors is explained at length in appendix II.
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173. The accepted values of i^(Mn) corresponding to successive

values of I, and of (Ki+0i)/M2 ranging from to 1, are shown in

table VI. This table is abstracted from table 14 of the Manual of

Tides by Harris, published in the Report of the United States Coast

and Geodetic Survey for 1894, part II.

Table VI. •

—

Factor f(Mn) for correction of Mn for longitude of the moon's node

7=
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177. The annual mean tidal ranges at Fort Hamilton, as observed,

and after correction for the longitude of the moon's node, for the years

1893 to 1932 are plotted in figure 35 from the data given in Special

Publication, No. Ill of the United States Coast and Geodetic Survey

(1935 edition).

The variation in the observed annual ranges with the longitude of

the moon's node, A^, is apparent in the figure. The increase in the
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Figure 35.—Observed and corrected annual mean tidal range Fort Hamilton, New York, Harbor.

corrected ranges between 1902 and 1912 coincides with the major
enlargement of the harbor entrance in the dredging of the Ambrose
Channel during this period.

178. Table VI is not extended to give the values of i^(Mn) for values

of (Ki+0i)/M2 in excess of unity. When this ratio exceeds unity the

tides are decidedly of the mixed type, and the diurnal inequalities

become their important feature. A study included in Special Publica-

tion, No. 115, United States Coast and Geodetic Survey, of the annual

mean tidal ranges at San Francisco, Calif., where the ratio (Ki +0])/M2
is 1.1, shows that any effects of the longitude of the moon's node on the

annual mean tidal ranges during the 26-year period from 1898 to 1923

are completely overshadowed by accidental variations in the ranges,

and that the correction of the observed ranges for the longitude of

the moon's node serves little purpose in reducing the observations to

better concordance.

179. The correction for the longitude of the moon's node is applied

only in an independent determination of mean low and high water

datums at a station. Ordinarily these datums are determined by a

comparison of the high and low waters with those at an established

base station (par. 196 et seq.) at which the correction already has

been applied. The approximations inherent to this correction are

practically eliminated when the datums are determined from observa-

tions extending over nine years, the period in which the moon's node
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retrogresses through substantially 180°. The corrections are of im-

portance in a close study of the effect of a channel improvement upon

the mean tidal ranges.

180. Precision of observations.—Observations extending over 9 years

are considered by the United States Coast and Geodetic Survey to

afford a primary determination of the mean low and high water datums

at a tidal station. In general observations for a year, corrected for

the longitude of the moon's node, determine the relation of these

datums to mean sea level, or half tide level, at the station, within

0.05 foot of the 9 year mean; and observations for a month within 0.1

foot (Special Publication 135, U. S. Coast and Geodetic Survey,

p. 107).

MEAN LOW AND HIGH WATERS OF SPRING TIDES

181. Dirffering definitions.—Spring low waters and high waters are

most accurately defined as the low waters and high waters nearest

the time of conjunction of the principal lunar and solar semidiurnal

components of the tide. Ma and S2 (par. 143) ; but muiy be more loosely

taken as the lowest low waters and highest high waters occurring

semimonthly soon after new and full moon. At English ports and in

other regions where the lowest low waters and highest high waters

follow consistently the conjunction of these components, and the

tides run through a regular variation from springs to neaps, with small

diurnal differences, spring tides are readily identified in the recorded

low and high waters, and their means over a number of months afford

fairly definite datums. Because of the small number of spring tides

in a half year or a year, a single abnormal tide would have a relatively

large effect on the mean value. Thus a storm disturbance of 3 feet

would change the mean low water of spring tides during a 6-month

period by a quarter of a foot, while it would change the mean of all

low waters during the same period by less than one hundredth of a

foot. It is therefore the English practise to reject abnormal spring

tides from the computations, and to designate the datums as mean
low and high water of ordinary spring tides. These datums depend

to some extent, consequently, on the judgment of the computer.

182. In regions where the tides have a considerable variation from

apogee to perigee, or from equatorial to tropic tides, the spring tides

may not be as readily identified; and when the diurnal components of

the tide are large, the low and high waters occurring next before the

time of conjunction of the M2 and S2 components may differ widely

from those next following. In some countries the datums designated

as mean low and high waters of spring tides are in fact the means of

the lowest low and highest high waters which occur soon after the

successive full and new moons. Such determinations obviously are

somewhat haphazard, but afford a low water datum below which the



96

tide does not often fall. It might be better named the mean lower

low water of spring tides.

183. In the United States, mean low water of spring tides is taken

by the Coast and Geodetic Survey as the average of the two low waters

nearest the successive times of spring tides, these times being deter-

mined by adding the phase age (par. 144) to the hour of new or full

moon. The variations in the diurnal inequality at the times of spring

tide are thereby eliminated. With this procedure four tidal heights

per month enter the computation both of mean low water and of mean
high water of spring tides; but observations must extend over a long

period to afford a mean in which the other systematic and the acci-

dental variations in the tide are satisfactorily eliminated.

184. Approximate values.—It is shown in appendix II that the

height of mean high water above half-tide level, and of mean low

water below half-tide level is equal to the amplitude of the M2 com-
ponent increased by a relatively small correction due to the displace-

ment by the other components of the time of high and low water.

The S2 component does not have, therefore, any large effect on the

elevation of mean high or low water or the mean tidal range. At the

time of spring tides, however, the S2 component is in conjunction with

the M2 component, and the height of high water is increased, and of

low water decreased, by substantially its amplitude. It follows there-

fore that mean high water of spring tides, as the term is used in the

United States, is closely approximated by adding the value of S2, as

computed by harmonic analysis, to the corrected elevation of mean
high water, as determined by observaction ; and mean low water of

spring tides by subtracting this value from the established mean low

water. In other words:

LWOST-MLW-S2 (109)

HW0ST=MHW+S2 (110)

Sg=Mn+2S2 (111)

For example, the elevation of mean low water below half-tide level

at Fort Hamilton, New York Harbor, is determined from observations

extending over a long period, to be 2.37 feet, and the value of S2 at this

station is 0.44. The elevation of low water of spring tides, from equa-

tion (109) is then 2.81 below half-tide level. Its value computed
directly from observations extending over several years is 2.79. Sim-

ilarly at the Presidio of San Francisco, the elevation of low water of

spring tides from equation (109) is 2.37 feet below half-tide level,

whUe its elevation from direct observation, is 2.36 feet. The corre-

spondence is, therefore, very close at these stations.
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If then the harmonic components at a station have been computed,

and a good determination made of the mean low water datum,

formula (109) generally affords a satisfactory determination of the

mean low water of spring tides. After a satisfactory determination of

mean low water of spring tides has been made at one station, that at

other stations m the vicinity may be derived by comparison (par. 202).

185. Use.—Mean low water of ordinary spring tides is the reference

plane for the British Admiralty charts and generally for works of

harbor improvement in the British Empire. It is used in some other

countries as well. In Canada, low water datum is taken as from 0.5 to

1.5 feet below the mean of the lowest low waters of spring tides. In

the United States, mean low water of spring tides is used as a datum

by the Coast and Geodetic Survey only on the Pacific coast of the

Panama Canal Zone, where the range from springs to neaps is marked

and regular.

MEAN HIGH AND LOW WATERS OF NEAP, PERIGEAN, APOGEAN AND
TROPIC TIDES

186. These datums are determined in the same manner as the high

and low waters of spring tides. Thus the mean high water of neap

tides is taken as the mean of the successive pairs of high waters nearest

the time of neap tides, and is approximately equal to MHW— S2, the

neap range being approximately equal to Mn— 2S2. Mean high

water of perigean tide is similarly the mean of the successive pairs of

high waters nearest the time of perigean tide, as determined by adding

the parallax age to the time of lunar perigee. It is approximately

equal to MIIW+N2, whUe mean high water of apogean tide is approxi-

mately equal to MHW— N2. The lower low, higher high, higher low,

and lower high waters of tropic tides are the averages of the lower low,

higher high, higher low, and lower high waters at the time of tropic

tides as derived from the diurnal age. As has been stated, these

datums are rarely if ever used as reference planes for charts. The
elevations of mean high and low waters of neap tides, are however of

importance at stations having a marked and regular range from springs

to neaps, and especially at ports where navigation is on the tide.

MEAN LOWER LOW AND HIGHER HIGH WATERS

187. These planes are sometimes called declinational planes, since

the lower low and higher high waters vary with the declination of the

moon and sun. Mean lower low water is the average height of the

lower of the two daily low waters of tides of the semidiurnal and mixed

types. Since the lunar day is longer than the calendar day, occasion-



98

ally but one low water occurs (about noon) during the calendar day

even when the tide is wholly semidiurnal. It is included in, or ex-

cluded from, the summation according to its relation to the preceding

low water. If two low waters of the same height occur on a calendar

day, but one is included. When, however, the tide becomes tempo-

rarily dirunal, each low water is included in the summation. Mean
higher high water is similarly computed.

188. Use.—Where the tides are of the mixed type, mean lower low

water affords a more suitable reference plane than mean low water,

and is the official reference plane for navigation charts and channel

improvements on the Pacific coast of the United States. While this

datum is below mean low water (by as much as 1.8 feet at Seattle) yet

one of the two daily tides is as like as not to fall below it, sometimes

considerably. Thus at Seattle normal tides occasionally fall as much
as 3 feet below mean lower low water.

At localities having a tide which is wholly diurnal, mean low water

and mean lower low water become synonomous. On the Gulf of

Mexico, where the tides are generally of the diurnal type, but small and

irregular, mean low water affords a more satisfactory reference plane

than mean lower low water, and is the officially adopted plane in the

United States.

189. Corrections to short term determinations.—An independent

determination of mean lower low or higher liigh water at a station,

like that of mean low or high water, must extend over a minimum
period of 29 days to eliminate the monthly variations in the tidal

range. Furthermore, the elevations of mean lower low and higher

high waters vary with the changing declination of the sun from month
to month during the year, as well as varying with the changing incli-

nation of the moon's orbit during a period of 19 years. The correc-

tions to reduce to their true mean values, determinations based on

observations during a month or a year, are derived by applying a

reduction factor, conventionally designated 1.02 Fi, to the diurnal

low and high water inequalities, DLQ and DHQ (par. 152). The
corrected diurnal low water inequality is then subtracted from the

corrected mean low water datum, derived as explained in paragraphs

171 to 177; and the corrected diurnal high water inequality added to

the corrected mean high water datum.

190. The derivation of the reduction factors, 1.02 Fj, is explained

in appendix II. The computed values for each month of the year

from 1891 to 1950, are given in table 7, Special Publication No. 135,

United States Coast and Geodetic Survey (Tidal Datum Planes),

pages 114-115. The values from 1921 to 1950 are extracted there-

from in the following table:
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Table VIII
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From table V, paragraph 134:

Ki= 1.648 Oi=1.014 M2=:6.138

Whence (Ki+Oi)/M2=-0.43.

From table VII, paragraph 174, /=18°.3.

From table VI, paragraph 173, i^(Mn)= 0.971.

Corrected Mn=13.32X0.971= 12. 93.

Correction to MHW and MLW=K(13.32- 12.93) =0.20.

Corrected MHW above HTL=6.66-0.20=6.46.
Corrected MLW below HTL=6.46.
1.02 F, (from table VIII)= 1.177.

Corrected DHQ= 0.80 XI. 177= 0.94.

Corrected DLQ=1.38X1. 177=1. 62.

Corrected HHW above HTL= 6.46+ 0.94= 7.40.

Corrected LLW below HTL=6.46+ 1.61=8.08.

Corrected HHW on staff=14.09+7.40=21.49.

Corrected LLW= 14.09-8.08= 6.01.

It may be noted that in this case the corrections to DHQ and
DLQ nearly counterbalance the corrections to Mn. The correction

factor 1.02 J^i to the mean annual diurnal inequalities decreases with

/, whUe the correction factor i^(Mn) to the mean range increases

with that angle. A glance at table VIII shows, however, that the

plane of lower low water goes through marked variations from month
to month.

192. Precision oj determinations.—As with the other datum planes,

a determination of mean lower low or higher high water from corrected

observations extending over a period of 9 years is considered by the

Coast and Geodetic Survey as a primary determination. In general,

observations for a year, similarly corrected, determine the relation of

these datums to mean sea level, or half tide level, within 0.1 foot of

the 9 year determination; and observations over a month with a

quarter of a foot. At least 3 days observations should be used to

determine this datum within a foot of the long term value. (Special

Publication 135, U. S, Coast and Geodetic Survey, p. 124.)

OTHER DATUM PLANES

193. Harmonic tide plane.—A tidal plane often referred to, and used

at some ports in India, is that at an elevation of M2+S2+K1+O1
below mean sea level. It nearly coincides with what might be called

tropic lower low water of spring tides. It has the advantage of being

so low that normal tides rarely fall below it.

194. Arbitrary datum planes.—As will later be shown, the tidal

datums herein before listed, after being determined from a more or

less extended set of observations, are referred to standard bench marks
which thereafter become the controlling reference for charts, tide

tables, and channel depths. In some countries local datum planes,
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established by reference to such a bench mark, are arbitrarily adopted

for these purposes, without particular relation to one of the character-

istic tidal planes.

TYPICAL RELATIONS BETWEEN DATUM PLANES

195. The relations between these planes at Fort Hamilton, New
York Harbor, where the tide is of the semidiurnal type, and at the

Presidio, San Francisco Harbor, where the tide is of the mixed type,

are as follows:
Elevations below mean sea level {feet)

New York San Francisco
{1912-30) {1898-1923)

Mean low water 2.^2 1.87

Mean lower low water 2. 64 3. 02

Low water of spring tides 2. 88 2.26

Harmonic tide plane 3.20 4.14

DETERMINATION OF TIDAL DATUMS BY COMPARISON

196. Because of the variation from day to day, from month to

month, and from year to year in the elevation of mean sea level, and
the periodic variations in the height of the successive high and low
waters with respect to mean sea level, long-continued observations are

necessary to establish, with good precision, the several tidal datums
at a station; but after these datums have been established at one

primary or base station they may be determined at other stations in

the same region, where the tidal variations are due to like causes, by
comparing, during a relatively short period, the high and low water

elevations at the secondary station with those at the base station.

This method is applicable only when the tides at the base and second-

ary stations are similar; i. e. when the ratio 2 (DHQ+DLQ)/Mn at

the two stations is substantially the same, and the higher high and
lower low waters are in the same sequence (par. 151). Such condi-

tions are to be anticipated at stations on the same general embayment
of the coast line, and with free connections with the sea. They may
be fulfilled at stations several hundred or even a thousand miles apart.

The method of comparison is not applicable to stations on tidal rivers

and estuaries in which the water levels are sensibly affected by the

inflow from large rivers.

197. Establishment of half-tide level by comparison.—While the violent

disturbances produced by storms may vary considerably even at

stations in the same bay, the ordinary fluctuations of mean sea level,

and of half-tide level, when averaged over a sufficient period of days,

generally affect the elevations of these datums by substantially the

same amount over quite extensive areas. To determine the half-tide

level at a secondary station from the established datum at a base

station, concurrent observations are therefore made for a suitable
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period of the heights of high and low waters above arbitrarily selected

zero elevations at the two stations. These heights are called the

respective high and low waters on the staff. The mean high and low

waters, and the half-tide levels on the staff at the two stations during

the period of observation are computed. The difference between the

established half-tide level and the observed half-tide level at the pri-

mary or base station gives the correction to be applied to the observed

half-tide level at the secondary station.

198. Mean sea level by comparison.^-li the base and secondary sta-

tions both have a free connection with the sea or are freely connected

with each other by deep water, so that they both may be presumed to

have the same overtides, the difference between mean sea level and
half-tide level should be the same at both. This difference, as deter-

mined at the base station, applied to the corrected half-tide level at

the secondary station, gives mean-tide level at the secondary station.

199. Mean high and low waters by comparison.—Wliile the tidal

range often varies materially from station to station in the same region,

the heights of the successive low and high waters with respect to half-

tide level at one station are proportional to those at another if the

amplitudes of the components of the tide at one of the two stations

have a constant ratio to those at the other, and the epochs of the

several components at one station differ from those at the other by
a constant angle. These conditions are to be expected when the tides

at the two stations are both produced by the same offshore fluctua-

tions of the ocean. They are exemplified by the relationship of the

principal tidal components at stations on the New England coast

north of Cape Cod. Harmonic constants have been determined at

Portland, Maine, at Pulpit Harbor, 80 miles to the northeast, at East-

port, 190 miles northeast, and at Boston, 90 miles to the south of Port-

land. The ratio of the amplitudes of the principal tidal components at

these stations to those at Portland, and the difference in the epochs

of the respective components, are shown in the following tabulation,

prepared from the data set forth in table V, paragraph 134. To
extend the comparison, the ratios of the amplitudes of the principal

components at Fernandina, Fla., 1,000 miles to the southward, to

those at Portland are added, together with the difference in their

epochs.
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It may be noted that the ratios of the amphtudes of the semidiurnal

components at Eastport to those at Portland are quite consistent, as

are the ratios of the diurnal components, but the ratios of the semi-

diurnal differ widely from the diurnal. At Fernandina a similar

divergence occurs in the differences of the epochs.

200. Since the successive heights of high waters and low waters

with respect to half-tide level at one station are found to have a

substantially constant ratio to these heights at another station in

the same region, the long-term means of the high and low waters at

the two stations are proportional to the respective mean values

during any period of concurrent observations. The ratio of the

mean range at the primary station during a period of concurrent

observations to its established long-term mean, applied to the mean
range during the same period at the secondary station, gives therefore

the corrected mean range at the secondary station. The corrected

heights of mean high water and mean low water on the staff are then

obtained by adding and subtracting one-half of the corrected mean
range to the corrected height of half tide on the staff.

201. It may be observed that a comparison, if based on a fairly long

set of concurrent observations, will give reliable results even when
the timing of the components is not the same at the two stations,

for, as shown in appendix II, mean range at each station depends on

the M2 component and the ratios of the other components thereto,

and not on the epochs of these components.

202. Mean low water and mean high water of spring tides by com-

parison.—It has been shown (par. 184) that the spring range may be

taken as Mn+2S2. Since the amplitude, S2 ordinarily has a constant

ratio to the amplitudes of the other principal components at stations

in the same region, and hence to the respective mean ranges at these

stations, the ratio of the spring range to the mean range should be

the same at all such stations. After this ratio has been determined

at a base station, it may be applied to the corrected mean range at

any secondary station, as derived by comparison, to determine the

spring range at the secondary station. Mean low water of spring

tides at the secondary station is then one-half the spring range below

the corrected half-tide level, and mean high water of spring tides

one-half of the spring range above the corrected half-tide level. At
stations on the Pacific coast of the Panama Canal Zone, for example,

the ratio of spring range to mean range is 1.26, and the elevation of

low water of spring tides is taken as HTL— 0.63 Mn.
203. Mean lower low and mean higher high waters by comparison.—

It has been seen that the elevation of mean higher high water exceeds

that of mean high water by the diurnal high water inequality, DHQ,
and the elevation of mean lower low water is that of mean low water

less the diurnal low water inequality, DLQ. The elevation of mean
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high water and of mean low water depends principally on the semi-

diurnal components of the tides, while the diurnal inequalities depend

wholly on the diurnal components. Since the ratio of the amplitudes

of the diurnal components at two stations tends to differ from the

ratio of the amplitudes of the semidiurnal components, even when
the two stations are in the same region, the diurnal inequalities are

separately compared. The ratios of the observed mean inequalities

at the base station, during a period of concurrent observations, to the

established long term mean values of these inequalities at the base

station, applied to the observed mean inequalities at the secondary

station, give the corrected values of the inequalities at the secondary

station. These, added to and subtracted from the corrected mean
high and low waters on the staff, give the corrected mean higher

high and lower low waters on the staff at the secondary station.

204. Example.—The computation of the mean lower low water

datum at Anacortes, Wash., from concurrent observations extending

over 7 days at this station and at a base station at Seattle is shown

below. The "accepted datums" in the second column are the estab-

lished long-term means at Seattle.
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mil give the datum with the precision to which the gages can be read.

To estabUsh the datum for a project survey of a harbor or waterway
where no rehable datum is available, the observations should extend

over at least one period of 29 days. Such a comparison should es-

tablish the datum within a tenth of a foot if the base station is not too

remote. If less accuracy is needed, a comparison for a week may be

sufficient.

207. In general a comparison with a suitable base station extending

over a year will give a determination of mean sea level within 0.05

foot of the long-term mean at the secondary station, and a comparison

extending over 4 years within 0.02 foot. (Special Publication 135, U. S.

Coast and Geodetic Survey.) The determination of mean sea level

at a station where a long record is not available is always improved by
comparing it with a primary station.

FIXATION OF DATUM PLANES

208. It has been seen that even the long-term means of the eleva-

tions of the various tidal datums change slightly as the records are

extended. Since changes in the datum on which successive surveys

are based tends to confusion and error, and makes a comparison be-

tween surveys a difficult and laborious process, an accepted elevation

of the adopted datum is established with respect to a stable bench
mark, or preferably a group of bench marks, as soon as this datum is

determined with sufficient precision. This datum is not thereafter

changed, unless new conditions make it grossly erroneous.

209. Accuracy required.—So far as the usual purposes of navigation

and of harbor improvement are concerned, no high degree of precision

is required in the determination of a reference datum. The surface

of tidal waters is constantly changing in elevation, and may occasion-

ally be a foot or more below any of the datums used in the United

States. The squat of a vessel underway, and its pitch in rough water,

also render useless any refinements in the indicated depths. Hydro-
graphic charts therefore show the depths of inshore soundings to the

nearest foot, and offshore soundings in shoal areas to the nearest

quarter fathom (1.5 feet), and to the nearest fathom in deep water.

Channel depths are usually laid out to the nearest foot, although ordi-

narily the sounding from which estimates of dredging are prepared

are taken to the nearest tenth of a foot. The fixation of the reference

datum within a tenth of a foot or more of its true long-term mean is

therefore ordinarily sufficient. The stabilization of the datum is more
important than its inherent accuracy.

210. Datumsfor dredging contracts.—In the administration of dredg-

ing by contract the definite fixation of the datum plane to cited shore

bench marks is essential. If the material removed is measured and
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paid for in place, as computed from soundings taken before and after

dredging, the systematic error introduced by the variation of even a

tenth of a foot between the datums of the two surveys might, in a large

contract, result in overpayments or under payments amounting to

thousands of dollars. Even when the material is measured in the

scows into which it is loaded, the difference in the deductions made for

material removed below the plane of tolerance for payment might

amount to a considerable sum. The reference bench marks cited in

the specifications should be verified before the specifications are issued.

211. Unless the tidal range differs materially in different parts of a

harbor or waterway, the datum for harbor improvement is taken as

that at one selected tidal station. The datum at all other points is

then taken as at the same elevation, this elevation being determined

either by lines or levels on shore, or by water levels established by the

half tide level corrected by comparison with tile base station. Wlien,

however, the tidal range, and consequently the elevation of the adopted

low water datum below mean sea level, differs materially along the

waterway, a succession of reference planes should be used, each appli-

cable to definitely defined sections or areas, and all correlated to a

common datum, preferably mean sea level. Thus on successive sec-

tions of the East River, N. Y., some 8 datum planes of mean low water

are used, varying in elevation from 1.96 to 3.51 feet below mean sea

level.

TIDAL OBSERVATIONS

212. Staf and automatic gages.—Tidal observations to establish

tidal datums, to provide the data for the harmonic analysis of the

tide, or to show the varying height of the water with respect to the

datum during surveys and dredging operations, are taken on staff

or on autorriatic gages. The staf gage is a graduated board, usually

set vertically, on which the height of tide is read by an observer. It

is ordinarily graduated in feet and tenths, with bold markings so

that it can be read at a distance. An automatic gage is a device by

which the elevation of a float is recorded, on a reduced scale, on a

moving paper driven by clockwork. The float is enclosed in a box

or pipe, with a restricted entrance near the bottom, to dampen the

fluctuations due to wind waves. In cold climates this box is filled

with kerosene to prevent freezing. A staff gage is always installed

with an automatic gage, the zero of the staff establishing by direct

comparison the zero of the record. Two types of automatic gages

have been developed by the United States Coast and Geodetic Survey,

one a more elaborate instrument for permanent stations at which

long-term records are maintained, and the other a portable type for

the temporary occupation of a station.
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213. Uses.—The automatic gage is especially useful for the estab-

lishment of tidal datum planes, for securing the data for the harmonic

analysis of the tides, and for hydrographic surveying when it is not

possible to establish a gage within sight of the area surveyed. The
staff gage is usually more convenient for determining the varying

elevation of the water during surveys made in the vicinity of the

gage, and for regulating the operation of dredges, since the elevations

are immediately available and can be read from a distance. For

establishing a low water datum by comparison, only the heights of

the high and low waters need be taken off the record; although the

times of their occurrence may be taken off also as a check, or to

determine the lunitidal intervals, if a determination of the latter is

desired.

214. Reference to bench marks.—A staff gage is easily destroyed and

usually lasts for but a short time, unless at least it is built into a per-

manent structure. Even in the latter case the structure may settle

or suffer enough disintegration to displace the zero of the gage. The
record of an automatic gage is dependent on its accompanying staff

gage. No tide gage serves much useful purpose, therefore, unless its

zero is referred to stable shore bench marks, and if a valuable record

is desired it should be referred to at least three bench marks well

separated from each other. Staff gages for surveys and for the opera-

tion of dredges are ordinarily set from bench marks, with their zero

at the established datum.

215. Operation of an automatic gage.—No clock keeps perfect time,

and a clock mechanism driving a relatively heavy recording device

cannot be expected to. The registering apparatus of the gage may
bend or lag or get out of order, the intake and the well may clog, the

float may leak and the wharf or other structure on which the gage is

installed may settle. An automatic gage must therefore be tended

daily to see that it is functioning properly, and the height of the tide

on the staff, with the time at which it is taken, inscribed on the record

of the gage. The gage must be inspected by an engineer at intervals,

and the zero of the staff gage checked against the reference bench

marks. The detailed technique for the installation and operation of

automatic tide gages and the tabulation of the record, is given in a

Manual of Tide Observation, Special Publication 196, United States

Coast and Geodetic Survey. Because of the cost of securing them,

reliable records of the tide over any considerable period are available

only at a relatively limited number of stations in the harbors of the

United States; but these are sufficient to afford a good determination,

by comparison, of the datums at any point on the coast line.

192750—40 8





TIDAL CURRENTS

Chapter V

RELATION OF CURRENT TO SURFACE SLOPE
Paragraphs

General equation of tidal motion 216-223

Friction term for harmonically varying current 224-226

Surface, velocity, acceleration and friction heads 227-233

Entrance and recovery heads 234-235

Contraction heads 236

Currents due to harmonically varying head 237-253

Lag of tidal currents 254-255

"Hydraulic" or frictional flow 256

Frictionless flow 257-258

Distortions of primary current 260-277

Actual velocity curves 278-282

Limitations on computation of current from surface heads 284r-286

Relation of current to surface head and slope when flow is frictionless __ 287-290

Component currents 29 1-294

216. General equation jor varying flow in a channel.—The velocity

of the current in a tidal channel is continuously increasing or decreas-

ing, and the direction of the flow is periodically reversed. To become
applicable to tidal flow, the famihar equations for steady flow must
therefore be elaborated to account for the work done in the accelera-

tion and deceleration of the current. The most casual consideration

of tidal flow shows, however, that in a channel whose width and

depth are small in comparison with the length, the lateral and vertical

movements of the water may be neglected, as they are in the equations

for steady flow. Similarly, in the derivation of the equations for tidal

flow, the velocity at a given instant may be taken as of the same
value throughout a cross section of the channel perpendicular to the

channel axis.

217. Units.—In the ensuing development and application of the

equations for tidal flow, the time, t, will be expressed in seconds, unless

otherwise stated; lengths, heads, and other dimensions in feet; veloci-

ties in feet per second and acceleration in feet per second per second.

Conforming to these units, the speeds of the harmonic components

(par. 49) are derived in radians (or degrees) per second; but in the

application of the formulas, it ordinarily will be more convenient to

convert these speeds into degrees per hour.

(109)
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218. Derivation of equation of motion.—Taking the X axis of coordi-

nates as a horizontal line in the direction of the axis of the channel, and

the Y axis as vertical, let:

V be the velocity of the current at the time t, and at a cross

section of the channel distant x from the origin of coordinates

;

V is taken as positive when the direction of flow is in the

positive direction of x, and negative when the flow is in the

opposite direction.

dv/dt, the acceleration of the velocity at a given cross section

with respect to time.

br/dx, the rate at which the velocity is increasing (algebraically)

at a given instant with the distance of the cross section from

the origin.

dx, the distance, along the direction of the X axis, traveled by
a particle of water during the elementary time interval dt.

{dyldx)dx, the (algebraic) increase in the elevation of the water

surface in the distance dx; this increase being positive if the

slope of the water surface is upward, and negative if down-

ward in the direction x positive.

X, the area of the cross section of water prism of the channel,

at the point x, and at the time t.

Q, the discharge through the cross section.

w, the weight of 1 cubic foot of water.

g, the acceleration due to gravity.

m, the mass of the water discharged through the cross section

during the time interval dt.

r, the hydraulic radius of the channel at the section under

consideration.

C, the Chezy coefficient applicable to this section.

Then: v=dx/dt

Q=Xv=Xdx/dt.

The volume of the discharge, during the time dt is Qdt = Xdx, and

its mass, m, is:

m= wQdt/g= wXdx/g.

The mass of the water in an elementary section of the channel of

length dx is also

:

wXdxlg=m.

219. During the time interval dt, work is done in an elementary

section of the channel of length dx:

(a) In raising the mass of the discharge the distance {dy/c>x)dx in its

passage through the channel.

The work so done is

:

mg{c>ylc)x)dx.
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(6) In increasing the kinetic energy of this mass because of the

increase (dv/dx)dx, in its velocity in the distance dx. The kinetic

energy of the moving mass is mi'^/2. The force required to increase

this energy is:

b(m,v-/2) lbx=mvbvlc)x

and the work done by this force over the distance dx is:

7nv{c>vldx)dx.

(c) In the acceleration of the mass of water in the section, with

respect to time. The work so done is:

m{dv/dt)dx.

(d) In overcoming frictional resistance in the section. The fric-

tional resistance in a channel is due to the turbulence which the flow

produces and is dependent upon the velocity of the current. The
turbulence created at any instant by the slowly varying velocity in a

tidal channel cannot differ sensibly from that wliich would be produced

by the same constant velocity. The work done in overcoming fric-

tional resistance in the section of length dx may then be taken as that

developed from the usually accepted formula for steady flow. This

work is mg{v^lC^r)dx. To become applicable to the reversing flow in

tidal channels, the algebraic sign of this expression must be considered,

since the work is positive when the flow is in the positive direction of

X, and negative when the flow is in the opposite direction. Since y-

does not change its sign in passing through zero, and the other quanti-

ties are not directional, this item of work will be written

:

±mg(v^/C''^r)dx.

The positive sign is to be applied when v is positive, and the negative

sign when v is negative.

220. Each of the items of work developed in the preceding para-

graph may be either positive or negative. The work done in raising

the mass of the discharge (item a) is positive if by/dx is positive, and

negative if negative. Item (6) is positive if the kinetic energy is

increasing in the positive direction of x, and negative if decreasing,

while item (c) changes its sign with br/dt, and item (d) with v.

Since no external work is done by the flow in the channel, the sum
of all of the items must be zero, giving:

mg{dyldx)dx-\-mv{dv/dx)dx-i-'m{dvldt)dx±mg(:v-IC^r)dx=0

Dividing by mgdx, tliis equation reduces to

:

by/dx-\- (v/g) dvlbx+ (l/g) ()v/dt±vyC'r=0. (112)

Thus is the basic equation of motion in a tidal channel.

221. Discussion.—The first term, c>y/dx, in equation (112) is the

slope of the water surface in the channel at the given cross section and
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at the given time. The second term, {v/g)bv/bx, is the rate of change

of v^/2g and may therefore be regarded as the component slope due to

the velocity head. The third term represents the effect of the accelera-

tion or deceleration of the current, and the last term is due to the

frictional resistance.

The velocity, v, at a given instant, varies in fact from point to

point in a cross section of a channel carrying tidal flow, as it does

in a cross section of a channel when the flow is steady. In both cases,

V is taken as the mean velocity at the section.

In the derivation of equation (112) the flow is regarded as contin-

uously turbulent, even during the short interval in which the velocity

becomes very small in passing through zero, as the current reverses.

It is evident, however, that a change in the character of the flow during

so brief a period may be disregarded, even if such change in fact

occurs.

222. Application of general equation to steady uniform flow.—When
the flow is steady and uniform, the velocity throughout the channel

remains constant, and bv/dx and bv/bt are zero. Taking the velocity

as in the positive direction, equation (112) reduces to

by/bx+v'IC'r^O. (113)

Designating the slope of the water surface as s, and observing that

when the flow is steady the slope is downward, so that by/bx=—Sy
equation (113) becomes:

Whence _
v=C^/Fs. (114)

Equation (114) is the generally accepted basic formula for steady

flow, in which the Chezy coefficient, C, may be determined from the

Kutter, Bazin, Manning, or other formulas.

223. Selection of Chezy coefficient for tidal flow.-—It is apparent from

the preceding discussion that the value of C to be used in equation

(112) when the flow is tidal should be that applicable to the channel

were the flow steady. While the value of C determined from the

Kutter formula varies somewhat with the slope in the channel, and this

slope fluctuates between limits when the flow is tidal, this variation in

C is so small with the slopes usually found in tidal channels that either

the maximum or the numerical mean or median slope during the tidal

cycle may be used in the application of the formula without affecting

the value of O to a greater degree than that inherent in the uncertainty

in the selection of the proper coefficient of roughness.

224. Expression for the friction term lohen the velocity has a harmonic

fluctuation.—It has been seen that the friction term in equation (112)

changes its sign in passing through zero, while the expression for the

friction term, v^jC^r, does not change its sign. A mathematically con-
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tinuous expression for the friction term may be derived when the

velocity has the simple harmonic variation:

v=B sin {at-\-^), (115)

in which B is the maximum numerical value of v during the tidal cycle.

Designating the friction term as F, then:

F=±(ByC'r) sin^ {at+^). (116)

The positive sign is to be applied when (ai+jS) has values between

and IT, 2ir and Stt, 47r and Stt, etc. ; and the negative sign when {at-\-0)

has values between tt and 2ir, Stt and 47r, etc.

The graph of such a function is shown by the solid line in figure 36.

-fl
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111 these expressions, n is any integer. Since:

sin^ x=y2 (1 — cos 2x), and cos 2x sin nx^ji sin (2-{-n)x—y2 sin (2— n)x,

An== {21it) I
sin^ X sin nx dx

Jo

= (l/x) I smnxdx—(l/Tr) cos 2^:' sin ?7,a; (/ic

Jo Jo

= (1/t)
I

smnxdx—(ll2Tr) I sin (2-{'n)x dx
Jo Jo

+ (l/27r) I sin {2—n)x dx

_ cos waj'l'^ cos (n-|-2)x~j"" cos {n—2)x~\' (118)
~ ^r^V 2(n+ 2)7r Jo"^ 2(n-2)7r Jo

The vahies of cos nx, cos {n-]-2)x and cos (n— 2)a:; are +1 when
x=0. If n is odd their value is —1 when x=t; but if n is even their

value is +1 when x='ir. Therefore, for values of x between and t,

the value of An is, when n is odd

:

^ __1__J 1 _ 8
,

(119)
" WTT (71+ 2)t {n-~2)T n{n^— 4:)ir

but when n is even, An=0.
Substituting successive odd values of n:

Ai= 8/(3t), A.^-S/ildir), A,= -8/(105it), ^7=-8/(3157r), etc.

Por values of x between and tt, therefore:

sin2a;= (8/37r)(sin a--l/5 sin Sx—l/Zo sin 5a-- 1/105 sin 7a: . . . ) (120)

Similarly, for values of x between x and 2x:

. _ cos nxT'' cos (n+2)a::"|2'' cos (n— 2)xT' non"^'^-
^^J. + 2(n+2)T J. + 2(n-2)7r J.

^^^^^

Since, when n is odd, the functions cos nx, cos (n-\-2)x and cos (n— 2)x

have a value of —1 when x=ir and of +1 when x=2ir, the value of

An becomes, between these limits.

But when n is even the values of these cosine functions is -fl both

when a;=7r and when a;=27r, and the coefficient is zero.

For values of x between tt and 27r, therefore;
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sin^ x= — (8/37r) (sin x- 1/5 sin 3a:- 1/35 sin 5x— 1/105 sin 7/x. ..) (123)

It similarly may be shown that lor values of x between 2ir and Sir

the expression for sin^x is given by equation (120); for values of x

between Sir and 47r, by equation (123) and so on.

226. Therefore, when v=B sin (at-\-^) the value of F is represented

by the continuous function:

F=(8/37r){ByC'r)[sm (a^+/3)-l/5 sin 3(a^+)S)

-1/35 sin 5 (a^+/3) . . .] (124)

The friction term is then the resultant of a principal component,

Fr={8/ST)(B'/C'r) sin (Gi+|3) = (8/3 x) Bv/C'r (125)

with the speed of the velocity, and minor components whose speeds

are 3, 5, 7, etc., times the speed of the principal component. The

correspondence between the principal component and the complete

value of F is shown in figure 36.

The derivation of a mathematically continuous expression for F
when the velocity is the resultant of two or more harmonic components

would be difficult, if not impossible.

SURFACE, VELOCITY, ACCELERATION, AND FRICTION HEADS

227. It is the generally accepted practice to apply the formulas for

steady flow to sections or reaches of a channel of considerable length,

even though the velocity is not entirely uniform throughout such

reaches because of a variation of successive cross sections of the water

prism in the channel. For the computation of the friction term, the

velocity throughout the reach is taken as the average velocity, as

determined usually by the discharge through the average cross sec-

tion. The error introduced by the assumption, as well as the error

introduced by considering the velocity at any point in the channel

as the mean velocity in the cross section, is generally small in com-

parison with the uncertainty in the selection of the proper coefficient

of roughness to derive the value of C. The equation for varying flow

may similarly be applied to sections of channel of considerable length,

so long as the velocity and the slope at any instant are tolerably con-

stant throughout the section. In deep channels these conditions are

fulfilled in sections several miles in length. Denoting the length of

such a section by I, equation (112) establishes the relationship:

ldy/dx+l(v/g)dv/dxi'(l/g)dv/dt±lv'/C'r=0. (126)

228. The end of the section from which distances in the section

extend in the positive direction may be designated the initial end.
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The elevation of the water surface at the initial end of the section at

the time t will be designated y^, at the other end at the same instant,

2/1; the velocity at the initial end, Vq, and the velocity at the other end,

229. In the first term of equation (126) the slope, by/dx, may be

<jonsidered the average slope through the section. This term is then

the difference, yi—yo, between the elevations of the water surface at

the ends of the section: it will be called the surface head and desig-

nated hs- Then
h,^lby/bjr.=y,-yo (127)

It may be noted that the surface head is positive when the water is

sloping upward in the positive direction along the channel, and nega-

tive when sloping downward.

230. The second term of equation (126), (v/g)bv/dx is the change in

v^/2g between the ends of the section, and is therefore the velocity

head, h^, giving:

h,=l{vlg)bvlbx=vlJ2g-vlJ2g (128)

It may be noted that the velocity head is positive when the velocity

is increasing numerically in the positive direction, and negative when
the velocity is numerically decreasing in that direction.

231. The third term of the equation may be called the acceleration

head, and designated ha, giving

ha={l/g)c>v/dt (129)

In which dv/bt is the acceleration of the average velocity through the

section.

The acceleration head is positive when the average velocity through

the section is increasing algebraically with respect to time.

232. The fourth term is the friction head, hf, giving:

h^=±lvyC'r (130)

in which v may be taken as the average velocity through the section

at the given instant, C is the Chezy coefficient applicable to the sec-

tion, and r the hydraulic radius. The friction head has the same
sign as the velocity.

233. Substituting the symbols for the various heads in equation

(126):

hs+K+ha+hf=0 (131)

In this equation, hs, K, and hf have the same significance as in

steady flow, except that hs and hf, as well as h„ may be negative.

The acceleration head is the additional term which must be included
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in tidal flow. It is readily evaluated when the rate of change in the

velocity is known. Thus if the velocity is algebraically decreasing

at a given time at the rate of 0.003 feet per second per second in a

section of channel 10,000 feet in length, the acceleration head is

-10,000X0.003/32. 16=-0.93 feet.

"234. Entrance and recovery heads.—In steady flow, the head due to

the increase in velocity at the entrance to a contracted section of a

channel is termed the entrance head. Its commonly accepted

value is:

h=^mW-v,')l2g (132)

In this equation Vq is the velocity in the approach to the contrac-

tion, ^1 the velocity in the contracted section, and w a coefficient to

account for the increased turbulence at the contraction. The entrance

head is then the change in v^!2g at the entrance, times a suitable

coefficient. If the velocity in the contracted section is not large, m is

often taken as unity.

At the outlet of the contracted section, the decrease in the kinetic

energy of the flowing water gives rise to a recovery of head whose

value is given by the same formula by taking z'o as the velocity in

the contracted section, and i\ the velocity in the expanded channel.

The recovery head is then also the change, in the positive direction,

of v^l2g^ times a suitable coefficient. Since, however, the recovery of

energy is never complete, the value of m for the recovery head is

always less than unity, and frequently is taken as 0.5.

235. In reversing tidal flow each end of a contracted section of

channel is alternately the entrance and the outlet. At the initial end

the flow is into the contracted section when the velocity is positive,

and out when the velocity is negative; but since the numerical value

of the velocity remains the greater in the contracted section, the

change in v^l^g at the entrance is positive, whichever the direction of

the flow. At the other end the flow is out of the contracted section

when the velocity is positive, and into the section when negative;

but the change (in the positive direction) of v^l2g is always negative.

At both ends, therefore, the change (in the positive direction) of

v^l2g represents an entrance head when it has the same sign as the

velocity, and a recovery head, to which a reducing factor should be

applied, when it is of opposite sign to the velocity. On an expanded

section of the channel, the contrary condition obviously exists.

236. Contraction heads.—At a sudden local contraction in a section

of channel that otherwise may be taken as uniform, such as at a bridge,

the increased turbulence resulting from the increase and decrease of

the current produces a net head, of the same nature as an increase in

the friction head. Such a contraction head may be introduced in

•computations of tidal flow by determining, from the applicable for-
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mulas developed for steady flow, its numerical value at the given

velocity in the section, and giving it the sign of the velocity.

CURRENTS PRODUCED BY A SIMPLE HARMONIC FLUCTUATION OF THE
SURFACE HEAD AND SLOPE IN A SHORT SECTION OF A CHANNEL

237. The surface head in a section of a tidal channel is the differ-

ence between the elevation of the tides at the ends of the section.

These tides are, as has been seen, the resultant of a number of har-

monic components, of various amplitudes, speeds, and phases, occa-

sionally modified by meteorological disturbances. Quite obviously,

the surface head likewise is the resultant of harmonic components of

the same speeds; but it does not follow that the amplitudes of the

components of the head are proportional to the amplitudes of the

tides. On the contrary, the amplitudes of the diurnal components of

the head may be, and frequently are, proportionally less than the

amplitudes of the diurnal components of tides of the mixed type ; and

overtides of the head often are relatively more important than those

of the tides themselves. Generally, the head in a short section of a

tidal channel during a single tidal cycle does not depart widely from

a simple harmonic fluctuation with the speed, m2, of the principal

lunar component of the tides. The currents derived from such a

simple harmonic fluctuation of the head often afford a sufficient indi-

cation of the strength and timing of the actual currents; and in any

case provide a basis for a determination of the currents resulting from

a head which has a given variation from the simple harmonic fluctua-

tion assumed.

238. Relation oj surface head to a simple harmonic fluctuation of the

tides at the ends of a short section of channel.—If the tides at the ends

of the section are taken to have simple harmonic fluctuations of the

same speed, the head likewise has a simple harmonic fluctuation of

the same speed. Let and A be two stations on a tidal channel, at

such a limited distance, I, apart that at any instant the variation in

the velocity and slope between the stations is immaterial. Let:

yo=Ao cos {at+ao) (133)-

be the elevation of the water surface at 0, taken as the initial sta-

tion, and let:

yi=Ai cos (at-\-ai) (134)'

be the elevation of the water surface at A.
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The surface head in the section is then:

hs=yi—yo=A.i cos (at-\-ai)—Ao cos {at-]-ao)

=Ai cos {at+ai)-\-Ao cos (at+ao^ 180°) (135)

Since two components of the same speed unite into a single com-
ponent of that speed, equation (135) may be written:

h,=^H cos {at+W) (136)

In which H is the amphtude, and W the initial phase, of the fluctua-

tion of the surface head during the tidal cycle.

239. Computation of H and H^.—The amplitude and phase of the

surface head in the section readily may be determined from the

amplitudes and phases of the tides at the ends of the section, through

the relation established in equations (135) and (136)

:

H cos (at+H^)=Ai cos (at-{-ai)—Ao cos (at+ao) (137)

Equation (137) is identically true for all values of t. By placing

at^O, the equation of condition is derived:

H cos H^=Ai cos ai— ^0 cos ao (138)

and by placing at=—90°

H sin H^=Ai sin ai~Ao sin ao (139)

The values of i?° and H may then be determined from the equations:

tan H'^^H sin HyH cos W (140)

H=H sin i^Vsin H''=H cos i^Vcos H' (141)

The amphtude, H, is directionless. The quadrant in which H^ hes

is determined by the algebraic signs of H sin H° and H cos H'^.

240. Example.—The curve showing the average height of the tide

at station 180+30 on the Cape Cod Canal, after the time of a lunar

transit, prepared from observations during the period September 28
to October 6, 1932, is represented by the equation:

2/=3.74 cos (m2H-58°340

and at station 225 by:

y=3.18 cos (m2^+61°10')
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Taking station 180+30 as the initial station:

A, cos «i= 3.18 cos 61°10'= 1.534 A^ sin a,^d.l8 sin 61°10'= 2.786

Ao cos ao=3.74 cos 58°34'= 1.950 A sin o;o=3.74 sin 58°34'= 3.191

HcosH^=-Al6 HsmH'=--A05
tan iJ«=0.405/0.416= 0.9736

The corresponding angle, from a table of natural tangents, is

44°14'. Since the sine and cosine are both negative, FP hes in the

third quadrant, and is:

and

H''=180°-i-4:4:°U'=224:°14:'

H=OAlQlcos 44°i4'= 0.58

The equation of the surface head in the section between the two

stations is therefore:

hs=0.58 cos (m2f+224°140

24 1 . Generating radius of head.—The rela-

tion between the generating radii of the

curves representing the tidal heights at

the two ends of the channel and that of the

head in the channel is shown m figure 37,

in which CPo=x4o is the generating radius

of the tide at the initial end, CPi=Ai that

at the other end of the channel, CP2=PoPi
is the generating radius of the curve showing

the surface head.

242. Equation of primary current.—As will later be made apparent,

the currents produced by a simple harmonic fluctuation of the surface

head in a short section of the channel depart somewhat from a simple

harmonic fluctuation. These distortions of the current are due to

the form of the velocity head term, {vjg)'dvj(ix, in the general equation

of motion, to the minor components of the friction term produced by a

harmonically varying current (par. 226) and to the variation in the

hydraulic radius and Chezy coefficient with the rise and fall of the

tide. Under usual conditions of tidal flow the velocity head in a

short section of a channel is relatively so small that the velocity head

term may be omitted. The other disturbing elements may be treated

Figure 37.^Relation ot head to tides.
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as corrections to a harmonically varying primary current, represented

by equation (115)

v=B sin (a#+/3)

243. Dropping the velocity head term, {vlg)'d v/dx, from equation

(112), and substituting for the friction term its principal component
for an harmonically varying current (equation 125), the differential

equation of the primary current is:

^y/dx+ (l/g) dv/dt-{- {8/3T)Bv/C'r=0 (142)

In this equation C and r are the values of the Chezy coefficient

and hydraulic radius at mean tide.

In equation (142)

:

c)y/bx=hs/l={H/l) cos {at+H')=S cos {at+H'), (143)

in which S=H/l is the numerical value of the maximum slope in the

channel during the tidal cycle.

From equation (115):

dvI dt=aB cos (at -{-^) (144)

Equation (142) then becomes:

Scos iat-hH') + (aB/g) cos (ai+/3) + (8/37r)(57CV) sin (a^+/3)=0

(145)

In which a is expressed in radians per second.

244. Solution of equation.—By placing at=0 and a^= — 7r/2 in

equation (145), two equations of condition are established from
which expressions for B and /3 may be derived. When at=0, equation

(145) reduces to:

S cos H°+ (aB/g) cos ^+ (8/37r) (ByC'r) sin ,3=0 (146)

and when af= — 7r/2, to:

S sin iJo+ {aB/g) sin /3- (8/37r) (B'/C'r) cos ^3= (147)

Multiplying equation (146) by cos (3 and equation (147) by sin /?

and adding:

^^(cos HO COS iS+sin H° sin ^) + (aB/g) {cos' /S+ sin^ (3)=0

or:

Scos {W-^)+Ba/g=0 (148)

Multiplying equation (146) by sin j8 and equation (147) by cos (3 and
subtracting:



122

S{cos H' sin iS-sin H' cos ,3) + (8/3x)(5V(7V)(sin^ ^+ 008^ ^)-0

or:

-S sin {W- 13) + (8/37r)B7CV=() (149)

It is convenient to place:

H''-^= ct>^ir/2 (150)

So that equations (148) and (149) become:

S sin <^=aBlg (151)

^cos</>=(8/3x)57CV (152)

Whence
BjCh^ (37r/8) {alg) cot (153)

Ehminating B from equations (151) and (153):

sin c/, tan 0= (37r/8) (a/gyC'r/S (154)

And from equation (152):

^^VStt/SCV^VcosI) (155)

Or, from equation (151)

:

B=(g/a) S sin ct> (156)

It may be seen from equations (151) and (152) that both sin </> and

cos 4> are intrinsically positive. is therefore an angle between

and 90°.

245. Computation of and B.—Equation (154) may be written:

(g/a)-^sm 4> tan <j,=^3^-C^J^IS (157)

Placing for convenience,

P=^3^C-yJVs (158)

= 1.0854 C^I7S

This equation reduces to

:

{g/a)^lsm<l)tancf>= P/S (159)

The numerical values of P and P/S are readily computed from

the amplitudes, *S', of the slope in the section during, the tidal cycle,

and the Chezy coefficient C and hydraulic radius, r, at mean tide.
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Table IX

<t>
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value is used in the preparation of the table. The value of g is taken

as 32.16. By entering table IX with the computed value of PjS or

of its logarithm, the value of ^ for a simple tidal fluctuation mth a

speed of m2, is readily determined by interpolation.

The value of B is then, from equation (155):

B=P^cos (p (16Uj

247. If the tidal fluctuation has a speed, a, differing from that of

the principal lunar semidiurnal component, m2, on which table IX is

constructed, equation (159) may be written:

{g/m2)'\lsin 4> tan 0= {(1/1112) P/S (161

To determine the value of ^, table IX is then entered with the

computed value of (a/m2)P/»S'. It may be noted that the speeds, a

and m2, may be expressed in any common units.

248. Value of (3.—From equation (150):

/3=i7O-0-7r/2

Or, when angles are expressed in' degrees:

/3=i70-<^-90° (162

The equation of the primary current is then:

v=B sin (at+H'^-(t>-90°) (163)

The values of B and <^ are determined as shown in paragraph 246;

and W, the initial phase of the head, is determined as shown in

paragraph 239.

249. Exmnjjles.—The surface head between stations 180+ 30 and

225 in the Cape Cod Canal, at the tune t after a lunar transit, was

found in paragraph 240 to be:

hs=0.58 cos (m2f+224°14')

The length of the section is 4,470 feet, giving: ,5=0.58/4470=
0.000,130. The hydraulic radius, at m.ean tide, at the time of the

observations, is given as 22.7 feet. As the bed is exceptionally rough,

an appropriate value of Kutter's "n" is 0.030. Taking the mean
slope as 0.0001, the corresponding value of Cis 90. From these data:

P=1.0854CVr^=5.31, P/S=40,820.
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From table IX the corresponding value of is 10°12', and from

equation (160):

5=5.3lVcos 10°12'= 5.27 feet per second.

From equation (163), the primary current, at the time t after a

lunar transit is then:

y=5.27 sin (m2^+124°020

250. The head and the primary current are plotted in figure 38.

As station 180+30 has been taken as the initial station, and as the

--\-o,s

I

-o

X.

--O.^

Lunar Hour a^terTransU,
Figure 38.—Primary current and head in section of Cape Cod Canal.

stationing is from east to west, westerly currents are positive, and
easterly currents are negative.

251 . As a second example, the value of S in a section of the Delaware-

River near the mouth is 0.0000146, the hydraulic radius in the section^

at midtide, being 19.3 feet. The value of C corresponding to a.

coefficient of roughness of 0.025 is 120. Then:

P=2.18 P/>S= 149,300

<^=36° 5=2.18Vcos 36°= 1.95 feet per second.
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252. The relation between the head in a section 5,000 feet in length

and the velocity is shown in figure 39, the origin of time being taken

Lunar Hour
Figure 39.—Primary current and head in section of Delaware River near entrance.

at a moment when the head turns from negative to positive.

253. For a third example, a channel may be taken with a hydraulic

radius of 100 feet, and a maximum slope, S, of 0.000,01 during the

tidal cycle. An appropriate value of Cis 150.

Then:

P= 5. 138 F/^=513,800

= 79° 5=5.135Vcos 79°= 2.24 feet per second.

The relation between the head in a 5,000-foot section of such a

channel and the velocity is shown in figure 40, the origin of time being

as in the preceding example.

ho.od- ^

^

-O.05'

Lunar Hour^. ~

FiGUKE 40.—Primary current and head in deep channel.

254. Lag of primary tidal current.—It may be observed that positive

directions have been so assigned to heights and velocities that the

water is running down hill when the head is positive and the velocity
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is negative, or vice versa; and is running uphill when both the head

and the velocity have the same algebraic sign. While this convention

may appear unnatural, it removes the confusion that would result

were vertical distances taken as positive in a downward direction.

In each of the diagrams illustrating the preceding examples, the head
reaches a maximum at the time marked C, and the primary current

reaches its strength, in the opposite direction, at a subsequent time

marked D. The strength of the primary current in a tidal channel

therefore lags behind the maximum surface head and slope by the

time interval CD. The turn of the primary current lags behind the

turn of the surface head and slope by the equal interval AB.

Designating the time C as ^o, and the time D as U, then from the

equation of the surface head (equation 136):

hs^H cos {at+H")

it is evident that

From the equation of the primary current (equation 163):

v^Bsin (at -^W-cj)-90°).

and

ati-\-H^-(t>-90°=-90°.

Whence
ati— aio=0-

The intervals CD and AB are then equal to <^/a ; and the angle
<f) may

be designated the angular lag of the primary current.

255. Characteristics of tidal flow.—In each of the preceding examples

the water flows downhill during the intervals indicated as BA on the

diagrams. At the moments marked A the water surface is level, but

the momentum of the moving water continues to carry it in the direc-

tion of its motion. During the intervals from A to B the water flows

uphill until the momentum is checked. At the instants marked G,

when the current reaches its maximum velocity in either direction,

the acceleration is zero, and the velocity is determined by the slope

and frictional resistance only, and is the same as though the flow

were steady; but as the velocity lags behind the head, the maximum
velocity does not occur when the head is a maximum. When the lag

is very large, the maximum velocity occurs at a moment when the

head is very small.
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256. "Hydraulic" or "frictional" flow.—The first of the preceding

examples (fig. 38) shows that if the head in a tidal channel is sufficient

to produce strong currents, and the channel is not of great depth, the

lag of the current with respect to the head is small, and the current at

any instant is substantially the same as that which would be produced

by the instantaneous head were the flow steady. The flow under

these conditions is often termed "hydraulic." A better name is

"frictional tidal flow." Currents of this character are found in the

East River, N. Y., and in other tidal straits of moderate depths which

.are subject to a considerable tidal head.

If the lag is small, the value of -ycos<^ in equation (155) is close to

unity, and the amplitude, B, of the velocity varies from day to day

as the square root of the amplitude, S, of the slope, and hence as the

square root of the amplitude of the head, H, during the tidal cycle.

: Since the tides at the ends of a tidal strait keep in general step as their

amplitudes change from day to day with the changing declinations

and distances of the moon, the daily variation in H is nearly propor-

tional to the daily variation in the tidal range. Wlien therefore the

flow in a strait is largely frictional, or "hydraulic," the "strength

of the current" in each section of the channel varies from day to day

approximately as the square root of the tidal range.

257. Fridionless tidal flow.—The lag of the current increases as the

slopes in the channel and the current velocities decrease. It increases

also as the depth of the channel and the coefficient C increase. As
shown in the last example (fig. 40), the lag becomes very large in deep

channels with small slopes. Most of the potential energy due to the

head in the channel is then taken up in the acceleration and decelera-

tion of the current and little in overcoming frictional resistance. The
flow under these conditions is sometimes termed "tidal," as distin-

guished from the "hydraulic" flow determined principally by fric-

tional resistance. A better name is "frictionless flow."

258. In a section of channel which is so deep, or in which the cur-

rents are so weak, that the flow is nearly frictionless, is nearly 90°.

A small error in taking off its value from table IX would then produce

a large error in the computation of the amplitude, B, from equation

(160). When is large, the value of B is better derived from equa-

tion (156):

B={g/a)S sin

For tidal fluctuations having the speed of the M2 component, and

for ^=32.16, the value of g/a is 228,900; and its logarithm is 5.35958.
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For wholly frictionless flow, = 90°, and

B=gS/a=gH/al (164)

The amplitude of the fluctuations of the current then varies from

day to day directly as the head, and hence nearly as the amplitude

of the tide.

Obviously, in the fiords of Alaska, where depths of 1,000 feet are

common, and in other deep channels such as the Florida straits, the

tidal flow is essentially frictionless.

259. If the depths in a channel are small enough and the currents

sufficiently marked to be of consequence to shipping, the tidal flow is

not frictionless and the currents depend upon both the friction head

and the acceleration head, as indicated in the second example (fig. 40).

The so-called hydraulic state of flow is one of degree only, and merges

without distmction into conditions of flow in which the acceleration

head becomes of increasing importance. The maximum velocity, or

the "strength of the current" is always less than that which would be

produced by the maximum head were the flow steady. The accelera-

tion head acts as a brake on the currents as the friction head diminishes.

DISTORTIONS OF PRIMARY CURRENT

260. The primary current has been derived by taking the surface

slope as a simple harmonic fluctuation; dropping the velocity head

term from the general equation of motion (equation 112); substituting

for the friction term its principal harmonic component (8/3x) BvjC^r;

and taking the hydraulic radius, r, and the Chezy coefficient, C, at

mean tide. The corrections for these approximations will now be

developed. These corrections produce a velocity-time curve which is

more or less distorted from the simple harmonic curve of the primary

current.

261. Corrections jor the variation of frictional resistance with the re-

versing square of the velocity.—The corrections to fulfill the condition

that the friction term is ±iV'^/C^r, may be computed, to any desired

degree of refinement, by a somewhat laborious process explained in

detail in appendix II. As there shown, these corrections, designated

as i, are proportional to the amplitude, B, of the primary current and
depend upon its angular lag, 4>, and its phase, at-\-^. The correction

factors, i/B, as so computed for successive values of 0, and for values

of a^+jS from to 180°, are shown in table X. For values of o^+/3

between 180° and 360° the table is entered with a«+/3— 180° and the

algebraic sign of correction reversed. As will be seen from the table,

the corrections are small when <^ is large, and the flow consequently

is nearly frictionless. They become zero when 0=90°.
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Table X.
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Correction factor i/B

<t>=
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tiplied, as the interval is decreased. Intervals of half a lunar hour

usually are sufficiently small to give acceptable determinations,

265. The corrected velocities must be such as to satisfy equation

(131):

Let V be the velocity of the primary current, corrected by i, from

table X, on a given lunar half hour,

6, the further correction to v,

5o, the correction at the preceding half hour,

I, the length of the section.

266. For purposes of the computations, the surface head, hs, should

have a fluctuation which, although not necessarily a simple harmonic,

identically repeats itself every 12 lunar hours if the tides and the

surface head are wholly semidiurnal, or every 24 lunar hours if the

diurnal components of the head are so large as to require consideration.

This result may be accomplished by selecting tidal fluctuations at the

ends of the section which identically repeat themselves every 12 or 24

lunar hours. Under ordinary circumstances it is indeed apparent

that the tides on one day have but little effect upon the currents of the

next.

267. The expression for the acceleration head is, from equation (129)

ha={llg)b{v+b)lbt
= {l/g){dv/dt+b8/dt)

Since this relation remains approximately true when s.mall finite incre-

ments are substituted for the differentials, it is permissible to place:

ha={l/g){^v/At+Ad/At)

= ll/gAt)iAv+A8) (165)

In which A^ is the selected time interval, in mean solar seconds, and

Av and A5 are the increases in v and 8 corresponding thereto at the

given half hour.

268. It will be convenient to place:

l/gAt=b (166)

When the time interval is a half lunar hour:

A#=)^X 1.035X3,600 seconds

and:

6=0.0000167? (167)
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The values of Av are computed from the successive vahies of v.

As the best approximation, A5 will be taken as the increase, 8—80, in

the preceding interval. Equation (165) then becomes:

ha=bAv-^b{8-8o) (168)

269. The friction head, hf, is, from equation (130):

hf=±l{v+8y/C'r

in which C and r vary with the stage of the tide. A diagra.m may ber

prepared showing the values of:

F=llC'r (169)

corresponding to the stages of the tide.

The expression for the friction head may be written:

h^=±F(v+8y
= ±Fv'±2Fv8±F8' (170>

Since 5 is a comparatively small correction, at least a first approxi-

mation may be derived by dropping its square and neglecting any

effect that it may have upon the algebraic sign of the corrected veloc-

ity, i;+ 5; giving:

hf=±Fv'+28{±v)F (171)

in wliich the positive sign is to be applied when v is positive, and the

negative sign when negative. Obviously, therefore, the factor (±y)

is always positive. Representing the numerical value of v, on the

given half hour, asz;, equation (171) becomes:

hj=±Fv-+28Fv (172)

270. The velocity head, hv, remains to be considered. The deriva-

tion of the tidal currents in a short section of channel was predicated

on the assumption that the section is so short that at any instant the

variation of the velocity between the ends of section is immaterial.

Under this assumption the velocity head would disappear. "While the

derivation remains valid even though there be a sufficient difference

between the velocities at the ends of the section to produce some veloc-

ity head, yet in the ordinary case it is too small to be worth computing.

It may be included in the computations by determining the velocities

at the ends of the section at the successive intervals of time. For tliis

purpose the change in the discharge between the ends of the section

because of the storage and release of water with the rise and fall of the

tide, as developed in subsequent chapters, must be taken into consider-
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ation as well as the cross section of the channel. In any case the

effect of the correction 8 upon the velocity head may be neglected,

271. Substituting in equation (131) the expressions derived for the

several heads:

hs+h,+bAv±Fv-+b{5~8o)+28Fv=0

and, placing:

it becomes:

whence

:

hs+h,+bAv±Fv'=-R

b(8-8o)+28Fv-R=0

(173)

8=^{8o+R/b)Kl+2Fplb) (174)

It should be observed that if v and Av were the correct velocity and

its increment for the given time, R would be zero. R is then the

residual head which 8 is to remove.

272. The computation of 8 from equation (174) is most readily ex-

plained by applying it to the concrete example of the final adjustment

of the currents produced by the average tides in the section of the Cape
Cod Canal between stations 180+30 and 225, as of September-October

1932. In the computation, these tides are referred to a datum 10 feet

below mean sea level, so that all tidal elevations are positive. At
mean sea level, elevation 10, the hydraulic radius of the section has

been taken as 22.7 feet, and C at 90 (par. 249). From the cross sec-

tions of the canal, the value of r at elevation 14 is found to be 24.6

feet, and at elevation 6 to be 20.9 feet. The corresponding values of

(7 will be taken as 91 and 89, respectively. Since ^=4,470, the values

of F=Z/(7Vare:

Values of F
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RESIDUALS

(1)
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274. The computation of the corrections is completed in the follow-

ing tabulation.

Corrections

(1)
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ops comparatively large corrections to the velocit}^, the computations

should be repeated with the corrected velocities derived from the first

computation.

277. The relatively small distortions of the tides needed to prociiice

a large distortion of the surface head and currents is illustrated in

figure 44. The current there shown has the equation:

?;=sin m2i+sin 3m2^

Neglecting the velocity head, the equation of motion becomes:

d2//dx+(m2/fif)(cos m2t-\-3 cos 3m20±(sin mg^+ sin dm2ty/C^r=0

Whence:

h,= {ldy/bx)

= — {Ivci-ilg) (cos m2^+ 3 cos 3m20 ± {IjCh) (sin m2/+sin 3m20^-

O

-2

^ 0.2

S O

HEAD

Lunar Hour

Tide at initial end
at other end

Figure 41.— Comparative di&tortions of current and tides.

The surface head, hs, in a section 10,000 feet long, when r=20
and C=90, is plotted in the figure. Taking the tide at the initial end

of the section as a simple harmonic fluctuation with an amplitude of
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2 feet, the tide at the other end would be distorted only to the extent

shown.

278. Comparison with measured current curves.—The form of the

computed tidal current curves derived in the preceding paragraphs

may be compared with curves of measured velocities, and with those

derived by the method of cubature hereafter described. It should be

recollected that the computed curves show the mean velocity at a

cross section of the channel during a tidal cycle. A meter measure-

ment of the mean velocity in a tidal channel is quite a difficult under-

taking, as the velocity in each area of the cross section is changing

continuously, while its fluctuations are not identically repeated from
day to day. Available records often show the velocities only at a

single point in the cross section; but these indicate the characteristic

shape of the current curve. Current curves derived by the cubature

of an estuary show, on the other hand, the mean velocities at the

cross section.

279. The currents in the Cape Cod Canal afford a typical example
of the form of the current curve when the flow is markedly frictional.

The average measured midstream current velocities at 0.3 depth, at

station 225, after the time of a lunar transit, compiled from a series

made by the United States Engineer Department, September 28-

October 6, 1938; and the corresponding mean tide curve in the section

from station 1804-30 to station 225, are shown in figure 45. The
velocity curve has, it will be seen, the characteristics of the computed
curve of mean velocities, shown in figure 43. As is to be expected,

the midstream velocities are about 25 percent in excess of the mean
velocities throughout the cross section.

280. The current in the estuary of the Delaware at the head o

Delaware Bay, as determined by a mean cubature made by the

United States Engineer Office in Philadelphia, shown in figure 49,

page 154, affords an example of a typical velocity curve when the

flow is of a less frictional character, and is not greatly modified by
overtides. This curve may be compared with the curve of computed
velocities shown in figure 42.

281. The marked effect of overtides on the currents is illustrated

by the velocity curve at Philadelphia 63 miles further up the Delaware
estuary, determined by the same cubature, and shown in figure 50,

page 155.

282. The even greater distortions of the current m some tidal chan-

nels is illustrated by the curve of measured channel velocities in

Seekonk River, R. I., shown in figiu^e 46, page 141, taken from the

Manual of Current Observations, United States Coast and Geodetic

Survey.

192750—40 10
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Figure 45.

283. Summary.—The preceding formulas and examples show that

the deformation of the primary current because of the variation of

frictional resistance with the square of the velocity is not large unless

the currents are unusually strong and the channel is of moderate depth,

so that the flow is largely frictional. Its deformation because of the

varying channel depth depends on the relation between the timing of

the tide and the timmg of the current, as well as on the ratio of the

tid^xl range to the me^n depth in the channel, and usually is quite

small in deep channels. The deformation because of the effect of over-

tides may be quite large. If the ascertained variation in the surface
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head in a short section of a tidal channel can be closely reproduced by

a simple harmonic fluctuation, and the proper coefficient of friction

selected, the computed primary current affords a fair representation

of the actual currents, but a closer approximation would be secured

by applying- the corrections developed in the preceding paragraphs.

Flood

o

2 J
I I I I I I I I

I LJ I I I I I I I I I I I I

O IS

Solar hours
24

Figure 40.—Current in Seebonk River, R. I., showing effect of short-period constituents.

LIMITATIONS OX THE COMPUTATION OF CURRENT VELOCITIES FROM THE

OBSERVED HEADS IN A SHORT SECTION OF TIDAL CHANNEL

284. As is well recognized, the velocity in a natural channel cannot

be reliably determined from the observed head even when the flow is

steady. In a short section of a tidal channel, the computation of tlie

velocities from the observed heads presents further complications.

These heads are the relatively small differences between the changing

tidal heights at gaging stations at the two ends of the selected section

of channel. Considerable accidental errors are inevitable in taking

off the tidal heights from the somewhat irregular curve produced by a

recording tide gage, and even greater errors in the timed readings of a

staff gage. When these departures happen to be in opposite directions

they produce errors which are large in proportion to the head. The
heads derived from the dift'erences of observed hourly readings are apt,

therefore, to vary so erratically as to afford little basis for a determi-

nation of the velocities. The most workable procedure is to find the

harmonic fluctuations which most nearly represent the actual fluctua-

tions of the tides at the ends of the section, and to derive therefrom

the corresponding harmonic fluctuation of the head. Obviously, more

consistent results may be secured from average tide curves than from

observations made during 1 day.

285. In a long tidal channel, the heads between the entrances

usually are so large that accidental errors in the observed tidal heights

at these entrances become of minor importance ; but in such a channel

the currents may be due more to the storage and release of water in

the tidal prism than to the head between the entrances.

286. In short, a direct measurement of the actual velocities in a

channel, however crude, is more reliable than the most refined calcu-

lation from the varying head and an assumed coeffici(Mit of roughness.
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The relation between the surface head and the velocity in a short sec-

tion of a channel, derived in this chapter, affords, however, a basis for

estimating the currents in a projected long canal, by a procedure which

is developed in detail in chapter VIII.

CURRENTS IN A SHORT SECTION OF CHANNEL WHEN THE

FRICTIONAL RESISTANCE IS NEGLIGIBLE

287. If a channel is so deep, and the current velocities are so small,

that the flow is essentially frictionless (par. 257), the currents pro-

duced in a short section of the channel by any fluctuation of the tides

at the ends of section have a simple relation to the amplitudes and

speeds of the harmonic components of these tides. Designating the

amplitudes of the several harmonic components of the tide at the

initial end of the section as M2', S2', etc., and at the other end as M2",

S2", etc., the equation for the tide at the initial end becomes:

yo=M2 cos (m.2t-j-ai')-{'82 cos (s2^+ q;2') + ' " "

and at the other end:

7/i= M2" COS (m2^+ «/0+S2" cos (s2i+a2") + - •

"

The surface head through the section is then:

hs^yi-yo-=M2" cos (m2i+a/0-M2' cos (m2i+«i')

+ S2" cos (s2ti-a2")-S/ COS (Ssi+ aaO

+etc. (175)

288. Since the respective pairs of components of the same speed

unite into components of that speed, equation (175) reduces to one in

the form:

hs=H, cos {m2t+Hi°)+H2 cos (sot+ H.2°) A- •

In which the amplitudes. Hi, H2 and the phases Hi°, H2° of the com-

ponent surface heads could be computed by the process indicated in

paragraph 239.

\^Tien both the velocity head term and the friction term in equation

(112) are dropped, this equation becomes:

by/bx+(l/g)c>vldt=0 (176)

Whence:

'J
v=-g\ {^y/^x)c)t (177)
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And in a section of channel so short that the change in slope in

the section is negligible

:

by/bx=hJl={H^/l) cos {imt+H°) + (H2/I) cos (sa^

=/i cos (m,t+H,°)^l2 cos (s2^+-?:^2°) + - •
'

(178)

289. The slopes, 7i, I2, etc., in this equation quite evidently approach

definite limits as the length, I, of the section is reduced.

Substituting in equation (177) and integrating:

v=-g \ (dy/dx)dt

= -{I,glm,) sin {m,t+H,°)-{hgls2) sin {s^t+H^'')— •+K (179)

The constant of integration, K, is readily interpreted as an adven-

titious constant current through the channel, apart from the currents

due to tidal fluctuations, and may be disregarded.

If then the flow in a tidal channel is essentially frictionless, the

velocity of the current at any point in the channel is the resultant of

component velocities with the speeds of the tidal components.

290. The inference should not be drawn from equation (179) that

the amplitudes of the components of the velocity are proportional to

the ratios of the amplitudes of the tidal components to their respective

speeds ; for the component heads and slopes, from which the velocities

are derived, are determined by the changes in the amplitudes and

phases of the tidal components at successive points along the channel,

and not by the magnitude of these amplitudes.

COMPONENT CURRENTS

291. As shown in paragraph 289, when the tidal flow is essentially

frictionless the current may be resolved into component currents,

fluctuating at the same speeds as those of the tidal com^ponents. If

the flow is not frictionless, each fluctuation of a tide of the semidiurnal

type has been shown to produce a primary current with a sim.ple

harmonic fluctuation, to which minor corrections are to be applied.

The am,plitude of the primary current must vary from, day to day

with the variation in the amplitude of the resultant tide. The primary

current should then be resolvable into components of fixed amplitudes,

with the speeds of the tidal components. The corrections to the pri-

mary current, and its distortions due to overtides, are repeated almost

identically in each successive tidal fluctuation, and are then reproduced

by overcnrrents whose speeds are integral multiples of the speeds of the

principal tidal component.
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292. Further minor current components are to be anticipated be-

cause of the variation of the friction term, with the square of the

velocity; for, if the primary current components are:

5 sin (m2^+|S), Bi sin (s2/+/3i), and so on, the friction term becomes:

F=±[B sin (m2^+^)+5isin (s,/+/3i)+ . . . ?/C'r

=^±{B'/C'r) sin^ {m2t+^)±{B,'IC'r) sin-^ (so^+jSO . . . (180)

±{2BB,ICh) sin (m.^+Z?) sin (soZ+ft) . . .

The terms in this expression for F which contain the squares of the

sines of functions of the speeds m2, S2, etc., afford components of the

friction term with speeds of the corresponding harmonic components,

and their overtides. The terms which contain the products 01 the

sines of functions of these speeds may be rephiced b}?- the algebraic

sum of the proper trigonom,etric functions of the sums and difference

of the angles, and hence of the speeds. Components of the friction

term,, and corresponding components of the current, with speeds which

are the sums and differences of the speeds of the principal tidal com.-

ponents, may therefore be anticipated. These may be term.ed

compound current components.

293. The currents set up by tides of the mixed or of the diurnal

types should equally well be resolvable into components wdth the

speeds of the harmonic tidal components, together with overcurrents

and compound current components. Furthermore, in the propagation

of the tide through a long channel, the overcurrents and compound
currents may create corresponding overtides and compound tides.

294. The mathematical relation between the com.ponents of the tide

and the componenets of the current, when frictional resistance must

be taken into consideration, does not appear to offer a profitable field

for investigation; but, as explained in chapter X, the component cur-

rents may be determined by an harmonic analysis of the observed

currents in a channel.
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DEFINITIONS

295. A few definitions may simplify the ensuing discussion:

The tidal prism of a channel is the prism between low water and
high water.

A long tidal channel is one of such length that the filling and empty-
ing of the successive sections of its tidal prism affects, more or less

profoundly, the tidal currents and the tidal heights through the

channel.

A connecting tidal channel connects two tidal seas. In a long con-

necting channel the tides and tidal currents through the channel are

caused both by the surface head between the tides at the entrances

and by the storage and release of water in its tidal prism. As a special

case, a connecting channel may join a tidal with a tideless body of

water.. A natural connecting channel is usually termed a strait,

and a short connecting channel leading from the ocean to a tidal or

tideless bay or sound is termed an inlet.

A closed tidal channel leads inland from a tidal sea and terminates

in a dead end. Its tides and currents are due solely to the filhng

and emptying of its tidal prism, together with the chscharge of any
flow which may enter the channel from the uplands.

A tidal canal is an artificially excavated tidal channel of regular

dimensions.

EQUATION OF CONTINUITY

296. Equation of continuity for steady flow.—Let:

A" be the area of a cross section of a channel,

Q the quantity of waiter passing through the cross section in

a unit of time; designated as the discharge at the section.

V the mean velocity of the current at the section. Then
obviously:

v^QIX (181)

(145)
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In steady flow, (3 is by definition the same constant at all cross

sections, and equation (181) affords a complete expression of the con-

dition of continuity of flow.

297. Equation of continuity for tidal flow.—In tidal flow, water is

stored and released throughout a channel as the tide rises and falls,

and Q therefore varies from section to section as well as varying

at each section with the time.

Let So, figure 47, be a cross section of a tidal channel at a distance

X from the point chosen as the origin of distance, and *S'i, an adjacent

cross section at the elementary distance dx from Sq. At section So,

and at the time t, let:

z be the surface width of the channel,

X the area of the cross section,

D=X/z its mean depth,

y the elevation of the water surface above any assumed hori-

zontal plane of reference,

c)y/bt the rate at which y is increasing with the time,

V the mean velocity in the cross section,

Q the discharge.

The volume of water passing So during the elementary time interval

dt is then Qdt. During the same interval the water surface between

So and Si rises the distance {(>y/dt)dt. The volume of water passing

Si during the interval is then decreased by the contents of the prism

whose width is z, whose length dx and whose height is {dy/bt)dt.

Designating the rate of decrease in discharge with the distance as

— bQjdx, the decrease in the discharge in the distance, dx, between

the sections, is —{c>Q/bx)dx, and the decrease in volume of water

passing section Si in the time dt is —{c)Q/c)x)dxdt. Obviously, there-

fore:

- {dQ/dx)dxdt=zdxidy/dt)dt

whence:

bQ/dx+zc)y/dt=0 (182)
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Equation (182) is the general equation of continuity in a tidal

cbannel.

298. Since Q=vX=vzD, equation (182) may be written:

(i{vzD)l(ix+z()ylbt=^ (183)

If a channel is of both constant width and constant depth below

mean tide level, and the tidal fluctuation is so small with respect to

the depth that the variation in D may be neglected, equation (183)

becomes:

zB^lbx+z^iylbt=0
or:

Z>dy/da;+d?//d^=0 (184)

299. Distinction between mean depth and hydraulic radius.-—Chan-

nels, whether natural or artificial, are usually so wide with respect to

their depth that, if the tide does not overflow the banks of the channel

proper, the mean depth, D, in the equation of continuity does not

differ materially from the hydraulic radius, r, in the friction term of

the equation of motion. On the other hand, if the channel is bordered

by tide flats and sloughs, in wliich water is stored and released as the

tide rises and falls, but which carry no appreciable current, the value

of D may be much less than the value of r. In other words, D is

computed from the gross width of the channel and r from the net

width after deducting areas which carry no substantial flow.

CUBATURE OF A CLOSED CHANNEL

300. Method of cubature.—The currents in a closed tidal channel are

caused by the filling and emptying of the tidal prism, and by the fresh-

water discharge from any rivers and streams which may enter it. By
taking simultaneous readings of the height of the tide at a sufficient

number of stations between a given tidal station and the head of tide,

the changes in the volume of water in the tidal prism from hour to

hour, or at shorter intervals, may be computed, and the positive and

negative discharges at the station due to the filling and emptying of

the tidal prism ascertained therefrom. The total discharge is then

the algebraic sum of the tidal discharge and the measured or estimated

upland discharge. The mean velocity at the station at any given

time may be deterniined by dividing the total discharge by the area

of the cross section at the station at that time. Tliis process is termed

the cubature of the channel. It is essentially the arithmetic integra-

tion of the general equation of continuity.

301. Basic data.—The tidal stations established for a cubature

should be spaced at such distances that no material error is intro-

duced by taking the water surfaces between them as planes. This
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-condition ordinarily will be met by stations spaced some miles apart,

but suitably placed with respect to marked changes in the cross section

of the channel. The stations used in the cubature of the Delaware

River by the United States Engineer Office at Philadelphia are as

follows:
Distance from
head of tide in

Station statute miles

1

.

Trenton municipal pier 0. 45

2. Trenton marine terminal 1.99

3. Bordentown 5. 40

4. Fieldsboro 6. 25

5. Florence 11.08

6. Burlington 15. 32

7. Beverly 18.60

8. Torres'dale 23.58

9. Delair 29.11

10. Philadelphia 33.20

Distance from
head of tide in

Station statute miles

11. Fort Mifflin 41.67

12. Baldwins 48.45

13. Marcus Hook 53.83

14. Edge Moor 60.42

15. Newcastle 67.52

16. Reedy Point 75.15

17. Reedy Island 78.88

18. Artificial Island _,.- 83.62

19. Woodland Beach 92.48

20. Ship John 97.33

It may be necessary to establish as well tidal stations on any long

tidal tributaries which enter the channel. For the convenience of the

computations the tide of all stations should be referred or reduced to

the same horizontal datum, preferably taken so low that all tidal

Tieights are positive.

A reliable contour map is needed to show the tidal areas from low

^water to liigh water and measurements must be made of the cross

sections of the channel at the stations where the velocities are to be

determined.

302. A tidal channel whose cubature is to be made usually is the

tidal portion of a river with a considerable drainage area. In the

United States, gaging stations with established rating curves have

I)een established above the head of tide on most rivers, and the upland

•discharge of the main stream, and of any important tributaries which

«nter the tidal section can be ascertained therefrom. If satisfactory

rating curves have not been established, meter measurements should

be made, at suitable stations above the head of tide, of the upland

inflow frojm the .main stream and any important tributaries entering

the tidal section. The discharge from other drainage areas into the

tidal channel, including those below the gaging stations, is relatively

so small that it ordinarily can be derived with sufficient accuracy by
estimating, from general data, the run-off per square mile.

303. Selection of representative tides for cubature.—The process of

cubature would become an overwhelming task if repeated through the

tides occurring during a considerable number of days. If the tides

are of the semidiurnal type, with no great variation in range during

the month, the cubature of the tides on a single day, chosen almost

at random, will develop the characteristic fluctuations in the discharge

and in the velocity at stations along the channel. The effect of the
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diurnal inequality may be ascertained by extending the cubature

through two semidiurnal tidal cycles; i. e., through a period of 25

hours. If the difference between spring and neap tides is large, a

cubature might be made of a representative tide of each kind. If the

tides are of the mixed or diurnal types, a cubature of a representative

tropic tide and of a representative equatorial tide would be necessary

to determine the characteristic currents produced by each.

304. Average tide curves.—A cubature based on average tide curves

gives a better general picture of the discharges and currents in a tidal

channel than one based on the tides during a single day. Cubatures

prepared fro.m average tide curves before and after a major change has

been made in a channel afford a conclusive determination of the effect

of the change upon the tidal discharge and currents. Average curves

of tides of the semidiurnal type .may be prepared by averaging the

tidal heights, taken from the graphic record of an automatic tide gage,

at hourly or half-hourly intervals for the 12 hours beginning with the

time of each lunar transit. The observations should extend over a

period of 15 or 29 days, or a .multiple of the latter. A consideration

of the principles of harmonic analysis, explained in chapter II, indi-

cates that an average curve so prepared is substantially that of the Mo
component of the tide and its overtides.

Average curves of spring and neap tides .may similarly be prepared

by averaging the recorded tidal heights at hourly or half-hourly inter-

vals after the lunar transit immediately preceding the times of spring

and neap tides respectively; and average -curves of tropic or equatorial

tides by averaging the heights at the sa.me intervals for a period of 25

hours after the lunar transits next preceding the times of such tides.

Obviously, a long continuous record of the tides at each of the stations

.must be available to prepare good averages of tides which occur but

twice a month.

305. Composite curves of mean tidal fluctuations.—The range of an

average curve of all semidiurnal tides, prepared by the process out-

lined in the preceding paragraph, is less than the actual mean tidal

range during the period. For the mean cubatures of the Delaware

River made by the United States Engineer Office at Philadelphia, tide

curves were prepared by computing, by the ordinary methods, the ele-

vations and lunitidal intervals of mean low and liigh water, and con-

necting them with a composite curve derived from 10 recorded tide

curves whose range, duration of rise and fall, and half-tide level were

nearly the same as the range, duration of rise and fall and half-tide

level of the mean tide. The composite curve is prepared by adjust-

ing, proportionally, the duration and height of the rise and of the

fall of each of the recorded tides to the mean duration and mean rise

and fall, and averaging the results. For this purpose the periods

from low water to liigh water and from liigh water to low water on
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each of the recorded curves are divided into, say, 10 equal intervals,

the recorded rise or fall during each interval is multiplied by the

ratio of the total mean rise or fall to the total recorded rise or fall, and
the results added successively to the computed elevation of low water.

The tides at the proportional intervals are then averaged, and plotted

at the corresponding mean intervals. The tides at semihourly inter-

vals after a lunar transit then may be taken off the plotted curve.

The result is a tide whose high water and low water are at the times

and elevations of mean high and low water, and whose semihourly

rates of rise or fall are the composite of those of the selected tides.

This composite tide curve has a total period, from high water to high

water, or from low water to low water, of half of a mean lunar day,

12.42 mean solar hours.

306. Similar composite curves of spring or neap tides could be pre-

pared by adjusting a number of tides near the time of spring or neap

tides to the computed times and elevations of mean low and mean
high water of spring tides ; and composite curves of tides of the mixed

type by similarly adjusting suitable recorded tides to the times and

elevations of mean lower low, liigher low, lower high, and higher high

waters. It may be observed that the sum of the durations of the rise

and fall of spring and neap tides differs slightly from the mean lunar

half day or day.

307. Computations.—Designating the successive tidal stations along

the channel, beginning at or near the head of tide, as station 0, station

I, station 2 • • • station A^", let:

Vo} 2/i> 2/2, • • • Vn be the heights of the tide at these stations at

the time t, this time usually being on the hour and half hour.

At, the time interval used in the computations, usually /2 hour,

or 1,800 seconds.

Vo' , Vi ,
2/2' •• Vn , the tidal heights at the time t-\-M.

Ui, U2, Us ' • ?7„, the mean area of the water surface between

stations and 1, 1 and 2, etc., during the time interval

between t and ^+ A^.

At/i, Ay2, Ays • • • Ay^, the mean rise in the water surface

between the successive stations during the same interval.

AFi, Ay2, AF3 • • • AVn, the algebraic increase in the volume

of water between the successive tidal stations during the

same interval.

Then evidently

AVr=U,Ay„ AV2=U2Ay.2, • • ', AV,= U,Ayn

If the stations are sufficiently close together, the mean rise in the

water surface between any two stations during the time interval At

may be taken as the increase in the mean elevation of the tides at

the two stations during that period so that:
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Al\=L^[(2/'o+ ?/'i)/2-(2/o+2/i)/2],

AVo= U,[(y\-hy'.^/2-{y,-^y,)/2], etc. (185)

The total increase in the volume of water in the tidal prism from
the head of tide to any station, A^, is then:

2AF=AFi+ AFo+ • • •, AVn (186)

This summation obviously should include the increase in volume in

any long tidal tributary above station A^ which is separately cubatured.

Taking the origin of distances at the entrance to the channel, the

tidal discharge and the velocity at a given station are positive during

the tidal flood currents, when the total volume of tide water between
the station and the head of tide is increasing, and negative during the

ebb, when tliis volume is decreasing.

The mean tidal discharge, Qt, at station N, during the time interval

A^, is then:

Q,=^AV/At (187)

The fresh water discharge, Qf, at the station is similarly the sum of

the fresh-water discharges entering the channel above that station.

This discharge may be regarded as constant during the period of cuba-

ture. Since it is an outward discharge, it is intrinsically negative.

The total discharge. Q, is then

Q=Q-Qf (188)

Designating the mean area of the cross section at station A^ during

the interval At as A', the mean velocity during this interval is

:

v^Q/X (189)

308. The mean areas Ui, U2, etc., of the water surface between the

tidal stations during the successive intervals may be derived by tak-

ing off with a planimeter, from a map of the waterway, the areas at

successive stages of the tide, and constructing a diagram from which
the area at any elevation may be read. Ordinarily, it is sufficient to

take off from the map the areas at high and low water and to join

them on the diagram with a straight line. The area at each semi-

hourly interval is read from the diagram at the mean elevation of

the mean of the tides at the ends of the section.

The areas between the stations should include any tidal tributaries

which enter the section, and should extend to the head of tide in these

tributaries, unless tidal volumes in the tributary are cubatured from
stations thereon. They should include also the effective storage area

in any tidal marshes adjacent to the channel.
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The cross section areas, X, at the tidal stations at which discharges

and velocities are to be computed, similarly m,ay be read from a

diagram, constructed by taking off with a planimeter the area of the cross

section at high and low water, and at intermediate elevations if necessary.

309. Form for computations.—The computations proceed from the

head oi tide downstream. A convenient form, developed for the

cubature of the Delaware River, is shown in figure 48. To briefly

illustrate the process, the computations for six half-hourly intervals

only in the first two reaches below the head of tide and in the lowest

reach, are entered on the same sheet. In the actual computation a

separate sheet is used for each successive reach between the tide

stations. The computation shown for the first reach is abl)reviated

as explained in paragraph 310.

The times and the heights of the tides at the upper and lower sta-

tions, selected for the cubature as explained in paragraphs 303 to 306

are entered in columns (1), (2), and (3), and the mean of columns (2)

and (3) is entered in column (4). Column (5) designates the interval

to which the entries in the succeeding columns apply. Column (6)

is the mean of the given and preceding entries in column (4) and is

therefore the mean elevation, during the interval, of the mean tides in

the section. Column (7) is the surface area in the reach at the eleva-

tion shown in column (6). Column (8) is the algebraic increase in

the entries in column (4) during the interval. The product of columns

(7) and (8) is the value of AF for the interval (equation 185) ; entered in

column (9). The increases, during the interval, in the tidal volumes

of any separately cubatured tidal tributaries which enter the reach are

inserted in columns (10) and (11). The total tidal volume, column

(12), is the sum of columns (9) to (11). The total increase in volume

during the interval in the upstream reaches, as previously computed

for these reaches, is entered in column (13). The addition of the

increase in the reach, column (12), gives the total increase, SAF, at

the lower station (column 14). The division by A^= 1,800 seconds,

gives the mean discharge during the period, column (15), and the

addition of the fresh-water inflow (with the negative sign) give the

total discharge, column (16). The mean elevation of the tide at the

lower station, column (17), is the mean of the given and preceding

entries in column (3). The corresponding area of the cross section at

this station is entered in column (18); and the mean current velocity

during the interval, column (19), obtained by dividing the entries in

column (16) by those in column (18).

310. Because of the steady increase in the width of nearly all natural

tidal channels from the head of tide to the entrance, the increases in

the tidal volume between the stations near the head of the estuary are

relatively very small. The upstream station may therefore be placed

below the head of tide, and the successive values of AT^ at tliis
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station determined by multiplying the area U, between this station

and the head of tide, by the half-hourly increases in the tide at the

station, as shown in tabulated computations in figure 48.

311. Graph oj discharges and velocities.—^The fluctuations in the dis-

charge and in the velocity at the successive tidal stations during the

tidal cycle, and the relative importance of the tidal and fresh-water

discharges, are made apparent by plotting the tidal heights, discharges
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outward, and therefore intrinsically negative in sign, the difference

between the ordinates of the instantaneous tidal and the fresh-water

discharge is the total discharge at the instant. These total discharges

are then the ordinates measured from the line of the fresh-water

discharge.

The area of the cross section at the Sliip John at the heights shown

by the tide curve is plotted on the diagram for the station. By taking

,/2<5^

13 14

Mean Solar Hour

— 6
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exceeds the duration of the flood by more than 2)^ hours. A study of

the figures shows tliat tlie differences in the durations of the flood and

ebb currents is to be ascribed principally to the larger areas of the

cross sections of the river during the flood; because of which the tidal

prism is filled in a shorter period. The fresh-water discharge evi-

dently is insufficient to have any large effect upon the tidal flow

except in the upper reaches of the river.

314. Other characteristics of the flow in the estuary, such as the

relative timing of the tides and currents, the average and maximum
discharges and currents, are quantitatively and defmitely brought

out by the diagrams at the successive stations. The total volumes

of the inflow and outflow at the stations during the tidal cycle are

readily derived by measuring the areas between the instantaneous

discharges and the hne of fresh-water discharge.

315. Conclusion.—The cubature of a tidal channel affords complete

and rehable data on the cUscharge and mean velocities at successive

stations along the channel. It is perhaps the only means by which

a satisfactory determination of the discharge in the wide sections in

the lower part of an estuary may be secured. On the other hand the

cubature of a long tidal channel is a costly undertaking. It affords

no information on the distribution of the velocities in a cross section

of the channel, or of the distribution of the flow through the channels

on either side of islands and through other secondary channels.

Direct measurements of the current velocities in the sliip channel of

an estuary are of far greater value to navigators than most refined

computations of the mean velocities throughout the entire cross

section, and are more readily made. The proper design of training

works also may depend principally upon the distribution of the

velocities in the cross section. For these reasons, extensive cubature

s

of tidal channels have not often been made. Nevertheless the com-
plete and convincing data afforded by a detailed cubature of the tides

in a channel is of such value in the planning of works dependent upon
the discharges and velocities that its cost is fully justified when major

works of this character are under consideration. Thus the applica-

tion of the piinciples of cubature to the estuaries of the Sacramento

and San Joaquin Rivers in California afforded information essential to

the study of a proposal to construct, at great cost, a barrier dam to

prevent the intrusion of salt water mto the lower reaches of these

rivers. The cubature of the Delaware River has corrected misconcep-

tions of the inffuence of fresh-water discharge upon its tides and

currents, and has contributed to the measures by which the large

expense of maintaining the ship chamiel in the river has been greatly

reduced.

In summary, a cubature of an estuary affords much desirable infor-

mation, but is not warranted imless the information is worth its cost.
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FRICTIONLESS FLOW IN A LONG CANAL OF
UNIFORM DIMENSIONS
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316. Frictional resistance to flow must, in fact, be considerable in

the deepest artificial channel that can be conceived of, if the currents

are sufficient to be of any consequence; but the inclusion of frictional

resistance imposes insuperable limitations on a general analysis of

the flow in a long tidal canal. An analysis of the tides and currents

that would be created by frictionless flow in a long canal of uniform

cross section, while not affording a quantitive determination of the

tides and currents in an actual canal, develops certain general char-

acteristics of the flow in such canals, and affords a background for the

procedure, explained in the next chapter, for computing the actual

tides and currents. In this analysis of frictionless flow, the currents

are considered to be so moderate that the velocity head term of the

general equation of motion also may be dropped ; and the channel so

deep with respect to the tidal range that the variations in the mean

depth of the channel, as the tide rises and falls, may be disregarded.

317. The tide at any station in long tidal canal, whether connecting

or closed, may be presumed to be the resultant of semidiurnal and

diurnal harmonic components of the speeds established in chapter II.

The height of the tide above mean sea level at the time /, at a station

distant x from the origin of distances, is then:

y=M2 cos (m2«!-hQ:i) + §2 cos (82^+0:2) + • •
•

(190)

(157)
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The amplitudes, M2, S2, etc., and the phases aj, as, etc., of the

several components may vary wdth the distance x, of the station from

the origin. This origin is conveniently taken at either entrance to a

connecting canal, or at the single entrance to a closed canal. The end

so chosen will be termed the initial end.

Expanding the cosines in equation (190):

y=M2 cos oil cos mo^—M2 sin ai sin m2^+S2 cos a-z cos S2^—

S2 sin ao sin S2^+" • • (191)

Equation (191) may be written:

?/=Xi cos m2^+Fi sin m2^+X2 cos S2^+F2 sin S2#+* '
"

(192)

In which Xi, Fi, X2, Y2, etc., are functions of x.

318. When the flow is frictionless, the current is likewise the result-

ant of component currents having the speeds of the harmonic com-

ponents of the tide (par. 289).

The velocity at the time t is then giv^en by an equation in the form:

y=Fi cos m2^+Zi sin m2^+F2 cos S2i+Z2 sin S2^+- • • (193)

in which T'l, Zi, V2, Zo, etc., are similarly functions of x.

The form of the functions. A', Y, Z, and T" necessary to satisfy the

equation of fluid motion for frictionless flow, and the equation of con-

tinuity, is then to be determined.

319. When the frictional and velocity head terms are omitted the

equation of motion is (equation 176):

dy/dx+{l/g)c)v/bt=0

And in a channel of uniform width and depth, with a tidal fluctua-

tion small in comparison with the depth, the equation of continuity is

(equation 184):

dy/c)t+Ddv/dx=0

Substituting the differential coefficients derived from equations

(192) and (193), the equation of motion becomes:

(dAi/dx)cos m2^+(c)ri/dx)sin m2^+(c)A2/dx)cos S2^

+ (dF2/c)J:')sin S2^+ • ' ' — (m2Fi/5') sin m2#+(m2Zi/^)cos m2i

— (s2F2/S')sin S2^+(s2Z2/fir)cos S2if— ' • =0

or:

(dA''i/dj^+ni2Zi/g')cos m2if+(dFi/dx— m2Fi/^)sin mgf

-f (dAV^^+S2Z2/^)cos s2^+(dF2/dx-S2F2/^)sin S2#+ • • • =0 (194)
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And the equation of continuity becomes:

—m2Xi sin m2^+ni2FiC0s m2^— S2-CY2 sin S2^+S2F2 cos S2^+ • •

'"

+ D(dFi/d,r)cos m2/+D(dZi/da;)sin m2t+D{dV2/()x)cos Sii

+D(dZai/c)x)sin S2^ • • • =0

or:

(DdVildx-\-m2Yi) cos uiit-}- {DdZi/dx— 1112X1) sin mot

+ (DdV2/dx+S2Y.2)cos S2t+{DdZ2/dx-S2X2)sin S2t-\~ • • =0 (195)

Equations (194) and (195) are satisfied by all values of t, if:

bXi/dx-\-Yn2Zi/g=0 bX2/c)x-^ 82^2/0=0, etc.

bYi/c)x-m2VJg=0 bY2/dx-S2V2/g=0, etc.

DdV,/dx+m2Yi= Z)dTydx+S2 1^2=0, etc.

DbZJdx-m2X,=0 DbZi/bx- 82X2=0, etc.

320. Expressions jor the components oj the tide.—An examination of

these equations shows that the variable coefficients for each of the

tidal and current components are related by the equations:

bXlbx+aZjg=0 (196)

bYlc)x-aVlg=0 (197)

Z>dX7dx+aF=0 (198)

D(iZlcix-aX=0 (199)

in which a is the speed of the component.

From equations (196) and (197)

Z= - (g/a) dX/dx V= (g/a) dY/dx (200)

whence:

bZ/bx=-(gla)d'X/()x' bVldx={g/a)()'Y/dx' (201)

Substituting these expressions in equations (198) and (199):

b'Yldx'+ (a'lgD) Y=0 (202)

b'X/dx'+(a'/gD)X=0 (203)

Evidently the solution of equation (203) will afford also the solution

of equation (202).

Placing for convenience, gD^c', and multiplying the terms in ec|ua-

tion (203) by 2dX/bx this ecjuation becomes:

2(dX/d.r) (d-T7dx-) +2 (aVc^) A'd.Y/dx=0 (204)

The integration of which gives the equation:

(bXlbxy-+ (a'lr)X'=K' (205)

in which K^ is a constant of integration.
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From equation (205):

bX/^lK'-iaX/cy =djc (206)

The integration of which gives:

sin-i [iaX/c)/K]=ax/c^K', (207)

in which K' is a second constant of integration.

From equation (207):

X={cKfa) sin (ax/c+K') (208)

This expression for A'' may be placed in the form:

Z=Mcos (ax/c)-\-N sin (ax/c) (209)

in which AI and N are constants.

• Since the differential equation (202) for I^ is the same as that for JY",

the expression for Y is similarly:

Y=P cos (ax/c) +Q sin (ax/c)
, (210)

in which P and Q are constants whose values are independent of those

of M and A^.

The height of a component of the tide in the canal at a station dis-

tant x from the origin of distances, is then given by an equation in

the form:

y= [M cos (ax/c) -\-N sin (ax/c)] cos at

+ [P cos (ax/c)-\-Q sin (ax/c)] sin at (211)

321. Expressions Jor components oj the current.—-The component of

the current due to the same component of the tide is, from equation

(193):

v=V cos at-^Z sin at (212)

From equations (200) and (210):

V=(g/a)bY/dx=(g/a)[-(a/c)P sin (ax/c) + (a/c)Q cos (ax/c)]

= (g/c) [Q cos (ax/c)—P sin (ax/c) ] (213)

And from equations (200) and (211):

Z^ — (g/a)bX/dx= — (g/a)[— (a/c)M sin (ax/c)-^(a/c) N cos (ax/c)]

= - (g/c)[N cos (ax/c) -M sin (ax/c)

]

(214)
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The component of the current at a pomt distant x from the origin is

then:

'o={glc)[Q COS (axlc) —P sin (ax/c)] cos at

— (glc)[N cos (ax/c)—M sin (ax/c)] sin at. (215)

The constants M, N, P, and Q in the equation of the current are the

same as those in the expression for the corresponding component of

the tide.

322. Determination of the. constants.—The constants in equations

(211) and (215) may be determined from, the amplitudes and phases

of the corresponding- component of the tide at the two ends of the

canal.

Let L be the length of the canal, Ao the amplitude and ao the phase

of the component at the initial end, and Ai and ,ai the amplitude and

phase of this component at the other end.

The equation of the component tide at the initial end is then:

yo=Ao cos (at-{-ao)=Ao cos at cos ao—Aa sin at sin ao (216)

and at the other end:

yi=Ai cos {at-{-ai)=Ai cos at cos ai—A^ sin at sin ai (217)

At the initial end, x—O, and equation (211) becomes:

2/o=M cos at-\-P sin at (218)

Since this equation must be identical with equation (216)

M=Ao cos ao (219)

P=-Aosmao (220)

At the other end of the canal, x=L and equation (211) becomes:

2/i= [Mcos {aLlc)-{-N sin (aL/c)] cos at

+ [P cos (a Llc)-^Q sin(aX/c)] sin at

Therefore:

M cos (aZ/c)+N sin {aLjc) =Ai cos a^ (221)

P cos (aL/c)-\-Q. sin (aL/c) = -A^ sin ^i (222)

It will be convenient to place:

aL/c=y (223)
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It may be noted that 7 (gamma) is an angle which is m,easured in

radians, if a is expressed in radians per second, or in degrees, if a is

expressed in degrees per second:

Substituting the expressions for M and P, from equations (219) and

(220) in equations (221) and (222), and solving for N and Q

N=(Ai cos ai—Ao COS ao COS 7) /sin 7 (224)

Q= — iAi sin ai— Ao sin ao cos 7) /sin 7 (225)

323. Component tides.—^Substituting the expressions for the con-

stants found in the last paragraph, equation (211) becomes:

y=[Ao cos ao cos (ax/c)

+ (^1 cos ai—Ao cos ao COS 7) sin (ax/c) /sin 7] cos at

— [Ao sin ao cos (ax/c)

+ [(^1 sin (Xi~Ao sin ao cos 7) sin (ax/c) /sin 7)] sin at

= {Aq cos ao [sin 7 cos (ax/c)— cos 7 sin (ax/c)]

-\-Ai cos cci sin (aa^/c) }cos at/sin 7
— {^0 sin Q;o[sin 7 cos (ax/c)— cos 7 sin (ax/c)]

-\-Ai sin «! sin (ax/c)] sin ai/sin 7
= [^0 cos ao sin (y— ax/c)~\-Ai cos ai sin (ax/c)] cos a^/sin 7
— [^0 sin ao sin (y— ax/c)-\-Ai sin ai sin (ax/c)] sin at/sin 7

= [(^0 cos ao cos at—Ao sin ao sin at) sin (y— ax/c)

-{-(Ai cos «! cos at—Ai sin ai sin a^ sin (ax/c)]/sin 7
=^0 cos (a^+ao) sin (y— ax/c) /sin 7
+^1 cos (a^+ai) sin (ax/c) /sin y (226)

Since, from, equation (223):

ax/c=(x/L)y (227)

equation (226) also may be written:

y=Ao cos (a^+ao) sin (1— ar./i/)7/sin 7

+^1 cos (a^+ «i) sin (x/L) y/sin 7 (228)

324. Component currents.—The equation of the corresponding com-

ponent of the current, obtained by substituting in equation (215) the

sam,e expressions for M, N, P, and Q, similarly reduces to:

v=(g/c)Ao sin (ai+ ao) cos (y— ax/c) /siny

— (g/c)Ai sin (at+a^) cos (ax/c) /sin 7 (229)

And this equation may be further transformed into:

v=(g/c)Ao sin (a/+ ao) cos (1 — x/Z)7/sin 7

-(g/c)Ai sin (at+a^) cos (x/L)7/sin 7 (230)



163

325. Computation of tides and currents produced hy frictionless flow
in a connecting canal.—The tides and currents in a connecting canal

are determined by the known amplitudes ^o and -^^li, and initial phases

cco and ai, of the several components at the two entrances to the canal.

As shown in paragraph 239, equation (228) may be reduced to the

form:

y—A cos {at-\-a)

by placing:

A cos a=AQ cos QJo sin (1— x/X)7/sin 7+A cos a^ sin (x/Z)7/sin 7 (231)

A sin a=AQ sin a^ sin (1 —x/L) 7/sin 7+ ^1 sin ai sin {xlL)ylshi 7 (232)

The value of 7 in degrees, for any component of the tide, is given

by equation (223):

7

=

aL/c=aL/^JgD

in which L is the length of the canal, D its mean depth, and a the

speed of the component, in degrees per second. Thus the value of a

for the M2 component is 28°.9841/3600= 0°.00805.

The initial phase, a, and the amplitude A of each component of the

tide at a point distant x from the origin of distances may be deter-

mined from the values of A cos a and A sin a, equations (231) and

(232).

The equation of the a component of the current in the canal at a

point distant x from the origin, equation (230), may be reduced to

the form:

v^B sin (a#+/3)

by a similar procedure.

326. Instantaneous profiles and wave lengths.—The longitudinal sec-

tion of the water surface in a long tidal channel at any instant is a

curve designated as the instantaneous profile. The instantaneous

profile of a component of the tide at any time, to, in a long connecting

canal of uniform cross section with frictionless flow, is derived at once

by placing t=tom equation (226).

This equation then takes the form:

y=C sin iax/c—y)^C' sin {ax/c) (233)

in which

C=—Ao cos (rtio+ao)/sin 7, and C'=Ai cos (aio+«i)/sin 7
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This equation is readily transformed into:

y—W sin {axlc-\-'w) (234)

The graph of this equation, if sufficiently extended, is the sinusoidal

curve shown in figure 51.

Y
<

—

X

X

Figure 51.—Instantaneous Profile.

The distance, X (lambda) from crest to crest of the profile is desig-

nated its wave length. The crests of the sinusoidal curve representing

equation (234) are at the points at which:

So that:

axo/c-\-w=Tr/2, axi/c^w=57r/2, etc.

\=Xi—Xo=5Trc/2a—7rc/2a=2irc/a=2T^jgD/a (235)

In which a is the speed of the component, in radians per second, D
the mean depth of the canal, and g the acceleration of gravity. The
wave length of the M2 component of the tide, in a channel whose

mean depth is 30 feet, is, for example

27rV305f

0.00014053
1,389,000 feet ==263 miles

Evidently, the length of a canal is usually but a small fraction of

the wave length of its principal tidal components.

The form of equation (229) shows that the graph of the instan-

taneous component velocities through a long canal of uniform dimen-

sions with frictionless flow is a similar sinusoidal curve with the same

wave length as the instantaneous profile.

327. Relation between y and \.—From equations (223) and (235)

7=aX/c=27ri/X (236)

It may be noted that if the length, L, of a connecting canal is one-

half the wave length, X, of a component of the tide, 7=7r and

sin 7=0. As subsequently discussed in paragraph 347, the tides and

currents in a canal of this length would become infinite if there were

no frictional resistance to flow.
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328. Example oj jridionless tides and currents in a long connecting

canal.—The characteristics of frictionless flow in a connecting- canal

whose length is less than one-half of the wave length of the tidal

components, may be exemplified by the tides and currents that would

be produced in a canal 200,000 feet (37.8 miles) in length, of uniform

width, and with a mean depth of 30 feet, by the M2 component of the

tide, if its range at the initial entrance is 8 feet, and at the other en-

trance 4 feet, high water at the latter being 2 lunar hours, or 60°,

earlier than at the former. Taking the origin of time at an instant

of high water at the initial entrance, the given data are:

A=4 feet; 0:0= 0; ^i= 2 feet; ai= 60°;

Z=200,000 feet; Z>=30 feet; c=-^gD=3im;
a=m2=0°.00805 per second; 7=m2i:/c=51°.83= 51°50'.

The computation of the amplitudes and phases of the tide and cur-

rent at the entrances to the canal {x=0 and x—L) and at its quarter

and mid points («=}^X, )^Z, and %L) is summarized in the following

tabulation:

X
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At the further end:

y=2 cos (m2^+ 60°)

2;=4.67 sin (m2^-17°34')

Since the speed of any competent, in degrees per component hour

(par. 84) is 360°/12=30°, and the component hour of the Mg com-
ponent is the mean kmar hour of 1.035 mean solar liours, the tides and

currents represented by these equations are most conveniently

plotted in terms of lunar hours, by placing m2^=0, 30°, 60°, etc. The
tides and currents at the entrances and at the middle of the canal, and

the instantaneous profiles at the successive lunar hours, designated as

0, 1, II, III, etc., are plotted in figure 52.

It will be noted that the amplitudes and phases of the tides and

currents go through a progressive, but not uniform, variation from

one end of the canal to the other, and that the amplitude of the

current increases as that of the tide decreases.

329. Progression of high and low waters, and of the strength and turn

of the current, through a connecting canal.—^The times of high and low

water, of the strengths of the positive and negative currents, and ot

the turn of the current, at points along the canal may be determined

immediately from the phases of the tides and currents at these points.

Thus in the example set forth in paragraph 328, in which the origin of

time was taken at a high water at the initial entrance to the canal,

the current at this entrance turns when ^'= and m2f— 49°.6= 0. As

the speed of the component is 28°. 98 per solar hour, the turn of the

current occurs 49°. 6/28°.98= 1.71 solar hours after high water; and

the strength of the positive current 90°/28°.98= 3.11 hours after the

turn, or 4.82 hours after high water. Similarly, at the first quarter

23oint the phase of the tide is 8°.l, and high water occurs when
^=—8°. 1/28°. 98, or 17 minutes before high water at the entrance; so

that if high water at the entrance is at noon, high water at the quarter

point is at 11 .43 a. m. A plot of these times at successive points along

the canal (fig. 53, page 168) show^s how high and low water and the

strength of and turn of the current, progress through it.

Obviously, high water and low water must travel through a connect-

ing canal at such rates as to reach the far end at the time of high and

low waters at that entrance, the total time of travel being fixed by the

difl'erence in the timing of the tides at the two entrances; but the rate

of travel is not in general uniform. The progress of the strength and

turn of the current through the canal is determined, on the other

hand, by the rate of storage and release of water in the successive

sections of the canal, and is dependent on the depth of the canal. No
fixed relation exists therefore in the general case betweeu the progress

of high water and of the strength of the current through a connecting

canal.



167

+^

0-

F

-^-J

~i
1

1 1—

r

Lunar Hours

ii--m
in-v
IE-

FlGU

loo, OOO

RE 52.—Frictionless tides and currents in connecting canal

500^00 feet.

330. IXdes and currents at the middle of a connecting canal.—At the

middle of a canal, x=%L and equation (228) becomes:

y,n=Ao COS (at+ ao) sin }^7/sin 7+ ^1 cos (at+ ai) sin J^T/sin 7

Since sin 7= 2 sin % 7 cos ji 7 this equation reduces to:

ym=y2[Ao cos {at-^ao)-\-Ai cos (a^+aOJ/cos jiy (237)
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Figure S3.—Progression of tide and current tlirough connecting canal.

The height of the tide at the middle of the canal is then the mean

of the heights at the entrances, increased by the factor 1/cos jiy.

The velocity at the middle of the canal is, similarly, from equation

(230):

Vm=(g/c)[Ao sin (at-\-ao)—Ai sin {at-^-ai)] cos ^T/sin 7
= y2(g/c)[Ao sin (at+aoJ-A, sin ((7i+ai)]/sin }h (238)

The total sm^face head between the two entrances to the canal is:

hs—Ai cos (at-{-ai)—Ao cos (at-\-ao)

If the effect of the tidal storage were neglected, the water surface

would have the uniform slope of:

dy/dx=[Ai cos (ai+txi)—^ cos {at-\-ao)]/L (239)

And from equation (177) the velocity through the canal would be:

Vi=-g\ idy/dx)(>t^ (g/aL)[Ao sin (ai+ao)-^ sin (at-^a,)] (240)

The ratio of the velocity at the middle of the canal, when tidal

storage is considered, to the velocity through the canal without tidal

storage, is then, from equations (238) and (240):

vJi,=^^^^^l^=(aL/c)/2 sin K.= ./2 sin %y (241)

In equation (241). 7 is measured in radians. Its relation to the

wave length, X, of the component is given by equation (236):

7= 27rL/X=i/(X/27r)

331. The nature of the ratios, 1/cos ^27 and 7/2 sin Kt can perhaps

be shown more clearly on a diagram.
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Figure 54.

Let A B C F figure 54, be a circle

of radius X/27r, and hence with a cir-

cumference of length equal to X; and

let A B C be an arc of length L.

The subtended central angle AOC is

then i/(X/27r)=7 radians, and the

length of the chord A(7is 2(X/27r). sin Kt-

The ratio Vmlvi is therefore the ratio

of the arc ABC to the chord AC;
and 1/cos Kt is the ratio of OC to OD.

It is apparent therefore, that if the

length of a canal is not too large a

part of the wave length of the tidal

components, frictionless tides and cur-

rents at its middle do not differ greatly from the values which they

would have if the effect of tidal storage were neglected.

SPECIAL CASES

332. A canal connecting a tidal with a tideless sea.—If the sea at one

end of the canal is tideless, all of the components there have a zero

amplitude and equations (228) and (230) become:

y=Ao cos (at+ao) sin (1— j"/Z)7/sin y (242)

'V^(9/c)Ao sin (at-\-ao) cos (1— a:-/iy)7/sin 7 (243)

It is apparent that, when the equations reduce to this form, y be-

comes a maximum and v becomes zero, for all values of x, when at-\-ao=
0, or when t^ — aja; and that ?/— and y is a maximum, when t=
— Qio/a+ Tr/a. Both high water and low water occur therefore at the

same respective instants throughout the canal, and the current turns

at the same instants.

If, for example, the canal described in paragraph 328 entered a

tideless sea at its further end, the tides and currents at the entrances

and at the middle of the canal, and the instantaneous profiles at suc-

cessive lunar hours, would take the forms shown in figure 55, page 170,

were the flow frictionless.

333. When high water occurs at the same time at both entrances, or

when the tides at these entrances are exactly opposite.—If the phases of

the tides at both entrances are the same, ai= ao, and equations (228)

and (230) reduce to:

^= cos {at+ ao)[Ao sin (1— //L)7+ ^i sin (.r/Z)7]/sin 7 (244)

v=ig/c) sin (a^+«o)[A cos (l—x/L)y—Ai cos (.r/i)7]/sin 7 (245)

In this case, also, high water and low water each occur at the same

instants throughout the canal, and the currents turn throughout the

canal at these instants. It is readily shown that the same conditions

residt if the phases of the tides at the ends of the canal differ by 180°.
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Obviously, under such conditions, the total surface head through

the canal is always zero, and the curients are due solely to the filling

and emptying of the canal from the two entrances. At the middle of

the canal the currents disappear, and the tides are said to meet.

FRICTIONLESS TIDES AND CURRENTS IN A CLOSED CANAL

335. The amplitude and initial phase of each component of the tide

at the head of a closed canal is determined by the condition that the

currents are there zero. Taking the open end of the canal as the initial

entrance, the equation of a component of the tide at this entrance is

yo=Ao cos (ai+ ao) and at the other end, at the head of the canal, yi=
Ai cos {at-\-ai). At the head of the canal x=L, the length of the canal,

and the velocity of the corresponding component of the current is,

from equation (230)

:

v=(g/c)Ao sin (ai+ Q:o)/sin y—{g/c)Ai sin (ai+ ai) cos 7/sin 7=

Whence

:

Ai sin {at-{-ai)=Ao sin (ai+o:o)/cos 7 (248)

Since this equation is identically true for all values of t:

A,=Ao/cos 7 (249)

ai= ao (250)

Substituting these equivalents in equation (228), the equation of a

component of the tide at any point in a closed canal becomes:

y=Ao cos (a^+ao) sin( 1—j^/i) 7/sin 7

+ ^4o cos {at->rao) sin (x/Z)7/sin7 cos 7
—Aq cos (at-^ao) [(sin 7 cos (x/L) 7— cos 7 sin {x/L)y)

H-sin {x

I

L)'y]/sin 7 cos 7

=Ao cos (a^+Q:o)[sin 7 cos {xlL)y cos 7

+ (1 — cos^ 7) sin {xlL)y]/sm. 7 cos 7
—Ao cos (ai +0:0) [cos {x/L)y cos 7+ sin (x/L)y sin 7] /cos 7
=^0 cos (at-\-ao) cos (1— x/Z)7/cos 7. (251)

The substitution of the same values of Ai and ai in equation (230)

gives the equation of the corresponding component of the current,

which similarly reduces to

:

v= — {g/c)Ao sin (at+ao) sin (1— a'/Z,)7/cos 7 (252)

336. The form of equations (251) and (252) shows that, if the flow

were frictionless, high water and low water each would occur simul-

taneously throughout a closed canal, and the current would turn at

these instants at every point in the canal. The maximum currents

192750—40 12

COS 7
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would occur at mean tide. The tides and currents at the

entrance, the middle, and the end of a closed canal 30 feet in mean
depth and 200,000 feet in length, which would be produced by a

simple harmonic fluctuation of the tide at the entrance with the speed

of the M2 component, and a range of 8 feet, were the flow frictionless,

are shown in figure 56, with the instantaneous profiles through the

canal.

337. Relation of amplitudes of the components of the current to those

of the components of the tide in a closed canal.—From equation (251),

the amplitude of a component of the tide at a point distant x from the

entrance is:

A=Ao cos (1— a;/i)7/cos 7 (253)

and from equation (252) the amplitude of the corresponding compo-

nent of the current is:

B=(g/c)Ao sin (1— a;/X)7/cos 7 C^54)

so that:

B=(g/c)Atsin (l-x/L)y (255)

Designating the amplitude of any other component of the current

at the same point as Bi, the amplitude of the corresponding component

of the tide as Ai, and the value of 7 for this component as 71, then:

Bi= (g/c)^1 tan ( 1 - xjL) 71

and:

BJB=(AilA) tan (l-a:/L)7i/tan il-x/L)y (256)

If the length of the canal is a small part of the wave lengths of the

components, the angles {l—x/L)y and (l—x/L)yi are small, and are

approximately proportional to their tangents.

Then, approximately:

BJB=(A/A)iy,/y) (257)

Since y=aLjc and 7i=aii/c, equation (257) becomes:

B,/B=A,aJAa (258)

It follows, therefore, that unless a closed canal is quite long, the

amplitudes of the components of the current produced at a given

point by frictionless flow, are nearly proportional to the products of

the amplitudes and speeds of the corresponding components of the

tide at that point. These speeds, it may be observed, may be ex-

pressed in any units.
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The diurnal components of the current in a closed canal have there-

for a much smaller ratio to the semidiurnal current components than

the diurnal components of the tide have to the semidiurnal tidal com.-

ponents. It is easy to see, indeed, that the filling and emptying of the

tidal prism of the canal by the diurnal components is at but half the

rate of the filling and emptying by the semidiurnal components. In

a connecting canal, on the contrary, the ratio of the diurnal to the

semidiurnal components of the current may be increased because of

the proportionally large acceleration heads set up by the semidiurnal

components.

PROGRESSIVE, RETROGRESSIVE, AND STATIONARY WAVES

338. The progressive wave.—A special condition of frictionless tidal

flow arises when the amplitude of a component of the tide is the same

at both entrances of a connecting canal, and the phases of the com,po-

nent at the two entrances differ by the angle 7. Taking first the case

in which high water at the further entrance is later than at the initial

entrance, and placing in equation (226), ^1=^0, and ai= aQ—y, this

equation becomes:

y=Ao cos {at-{-ao) sin (7— ax/c) /sin 7

+A cos {at+ ao— y) sin {ax/c) /sin 7

Expanding by the formula:

cos A sin B=% sin {A+B) - % sin (A-B) (259)

y=%Ao[sm (a^+ a:o+ 7— «x/c)— sin (at+ ao—y-^ax/c)

+ sin (af+ ao— 7+ ax-/c)— sin {at+ ao—y— ax/c)]/sm 7
= KA[sin {at-\-ao—ax/c-\-y)—sm (at+ (Xo—ax/c— y)]/sin 7

=Ao cos (at-\-ao—ax/c) sin 7/sin 7 (260)

=ylo cos {at—ax/c-\-ao)

The expression for the current is most readily derived by applying

equation (177):

v=-gj iciy/^x)c)t

From equation (260):

()yldx={Aoa/c) sin {at—ax/c-\-ao)

Whence:

v=—g
I

(Aoa/c) sin (at—ax/c+ao) bt =ig/c)Ao cos (at—axlc+ao) (261)
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339. From equation (260) it is soeii that the component tide has,

under these conditions, a constant amplitude throughout the canal.

At a point distant x from the origin its high water occurs when

at—axlc-\-ao= 0; or when t— xlc— aoja.

The time of high water therefore increases with the distance x at

the uniform rate of c= -ylgD feet per second. Successive instantaneous

profiles when sufficiently extended, have the relation shown in figure

57.

in I 31

Figure 57.—Successive instantaneous profiles of progressive wave.

Evidently, in this case, a wave jprogresses through the canal with a

speed, -^gD, which depends only on the depth, D, of the canal and is

independent of the speed of the tidal fluctuations and of the wave
length of the component, and independent also of the maximum cur-

rents in the canal.

The current velocities (equation 261) similarly have the constant

amplitude, Aoglc=Ao'\JglD throughout the canal. At every station

alang the canal the strength of the current occurs at liigh w^ater.

340. Example of a frictionless progressive wave.—In a canal 200,000

feet in length, with a m.ean depth of 30 feet, the value of y for the M2
component of the tide has been found to be 51°50'. The tidal flow

through a canal of these dimensions will then have the form of a pro-

gressive wave if the tides at the entrances have a simple harmonic

fluctuation with the speed of the M2 component, the same amplitude,

and the phase of the tide at the initial entrances is 51°50' larger than

that at the other entrance. The tide at the farther entrance is then

51°.83/28°.98= 1.79 solar hours, or 51°.83/30°= 1.73 lunar hours later

than at the initial end. If tidal range at the cmtrances is 8 feet, the

equations of the tides and currents in the canal are, when the origin

of tim.e is at the time of high water at the initial entrance:

y= 4: cos (m.^— 0°.000259a:)

i'=4.14 cos (mo^-0°.000259j)

The currents and tides at the entrances and at the midpoint of the

canal, and the instantaneous profiles at successive lunar hours, are

sho^v^l in figure 58, page 176.
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Figure 58.—Tides and currents of frietionless progressive wave.

200,000 feet

341. It readily may be shown that a progressive wave would be

propagated through an endless deep canal of uniform section, from any

fluctuation of the water surface at the entrace, whether harmonic or

otherwise, if the flow were frietionless. Such a wave would also be

propagated, under the same conditions, through a canal of finite

length, if the energy transmitted could be wholly absorbed at the far

end. As will be shown later, the tidal flow in an estuary of the usual
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shape, in which the cross section diminishes at such a rate as to coimter-

balance the friction losses, also takes the form of a progressive wave,

but with the current out of phase with the tide. The progressive

wave is commonl}^ regarded, therefore, as a normal form of tidal

motion in a long channel; but tidal flow does not take the form of a

progressive wave in all cases.

342. The retrogy-essive wm^e.—If the amplitude of a tidal component
is the same at both ends of the canal, and its phase at the far end
exceeds by the angle y the phase at the initial end, so that high

water is later at the initial end, equations (260) and (261) become:

y=Ao cos {at-\-ax/c-\-ao) (262)

v= — (gIc)Ao cos {at -\- axIc-{-ao) (263)

A wave then retrogresses through the canal at the rate of
-^J
gD

feet per second.

343. Resolution oj Jrictionless tides in a connecting canal into pro-

gressive and retrogressive waves.—The application of equation (259)

to the equation of any component of the tide in the form derived in

equation (226):

y=Ao cos (at-\-ao) sin {y— ax/c)/sm 7+^1 cos (ai+«i) sin (ax/c) /sin 7

gives:

y=y2Ao sin {at-\- ao-\- y— ax/c) /sin y— JiAo sin {at-\-ao—y-\-ax/c)/sin y

-\-y2A1 sin {at -^ ai-\- ax/c)/sin y— JiAi sin {at-\- ai— ax/c) /sin 7

The first and fourth terms of this equation may be combined into a

term in the form:

Wi cos {at—ax/c-\-Wi)

and the second and third into one in the form:

Wo cos {at-{-ax/c-\-'W2)

giving:

y=Wi cos {at—ax/c-\-Wi)-{-W2 cos {at-\-at/c-\-W2). (264)

From the form of equation (264) it is seen that if the flow were

frictionless, the water surface in a connecting canal produced by a

component of the tide at the entrances would be the resultant of two
waves, one progressive and the other retrogressive. Since the speed,

yJgD, of the waves produced by each component of the tide depends

only on the depth in the channel, the resultant of all of the compo-
nents of the tide is similarly resolvable into two compound waves
traveling in opposite directions through the canal. The combination

of these two component waves produces, in general, a wave which
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travels through the canal with changing amphtiide and varying

speed. The currents may be correspondingly resolved.

344. The resolution of the frictionless tides in a connecting canal

200,000 feet in length and 30 feet in mean depth, into component
waves, when the equation of the tide at the initial and farther entrances

are respectively:

y=4: cos nizt y=2 cos (m2^+60°)

gives the equation:

y=1.30 cos (m2^-m22;/c-46°10')+3.24 cos (m2^+m22:/c+ 16°470

It may be seen, therefore, that the amplitudes and phases of the

progressive and retrogressive VMves in a long connecting canal generally

differ widely from the amplitudes and phases of the tides at the en-

trances, and have no simple relation thereto.

345. The stationary wave.—In a closed canal, and in certain special

cases in a connecting canal, as has been seen, the phase of the tide and
of the current produced by frictionless flow is the same at all points,

so that high and low water and the strength and turn of the current,

each occurs simultaneously throughout the canal. When the tide in

a closed canal, derived in equation (251), is resolved into progressive

and retrogressive waves by the process indicated in paragraph 343, its

equation becomes:

?/=K^o cos (ai—oa^/c+ 0:0+7) /cos 7

+ K^o cos (at-\-axlc-\-ao— y)/cos 7 (265)

These two component waves have the same amplitude, Ao/2 cos 7.

The retrogressive wave may be regarded as the reflection of the pro-

gressive wave from the end of the canal. The resultant of the

progressive and retrogressive (or reflected) waves of the same ampli-

tude is a wave which neither advances or retreats, but remains

stationary. It will be noted that when a stationary wave is produced

by frictionless flow, the current turns at high and low water; while if

a simple progressive wave is produced, the strength of the current at

each station along the canal occurs at high and low water, and the

current turns at midtide.

Frictional resistance must modify the conditions of flow in a long

closed canal, since the lag of the current increases as the currents

decrease toward the head of the canal. From another viewpoint, the

absorption of energy by friction reduces the amplitude of the reflected

wave. The tides at the head of a closed channel are therefore always

later than those at the entrance, and a completely stationary wave is

never found. It is nearly realized in such deep channels as the fiords

of Alaska. Thus in the Portland Canal, a fiord from 600 to 1,000 feet
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in depth, and of quite regular section, the published high water inter-

vals show that high water at Eagle, at the head of the fiord, is but 2

minutes later than at Halibut Bay, 55 miles down the channel and

not far from the entrance. In closed channels of more usual depths,

the frictional resistance is considerable if the length of the channel

is sufficient to set up any appreciable currents, and the tidal fluctu-

ations may more nearly resemble a wave of the progressive type.

CEITICAL LENGTHS OF A CANAL WERE THE FLOW FRICTIONLESS; NODES
IN A CLOSED CANAL

346. Critical lengths oj a closed canal.—The formulas for the tides

and currents which would be produced in a closed canal by a com-

ponent of the tide at the entrance, were the flow frictionless (equations

(251) and (252)) shows that these would reach infinite proportions if

the length of the canal were such that 7= x/2, 3x/2, 57r/2, etc., since

cos 7 would then become zero. Since 7=2x L/\ (equation 236) these

critical lengths occur when i=X/4, 3X/4, 5X/4, etc.; i. e., when the

length, L, of the canal is one-quarter, three-quarters, etc., of the

wave length, X, of the component.

It is apparent that if a closed canal is not of great length, the cur-

rents set up by the filling and emptying of the tidal prism are

moderate, and the slopes produced by a small increase in the tidal

ranges in the canal are sufficient to check the momentum of the mov-
ing water. As the length of a canal increases, the increase in the tidal

ranges in the canal further accentuates the currents, and if these

were not restrained by frictional resistance, they would reach infinite

proportions if the canal had the critical length of one quarter of the

wave length of the component. If the length of the canal exceeds

this critical length, the currents at the head of the canal are in the

opposite direction to those at the entrance, and the inomentum of

the water is correspondingly controlled. The currents then are finite

until the length of the canal reaches the second critical length; and so on.

347. Critical lengths of a connecting canal.—Unless the amplitudes

and timing of the component of the tide at the entrances to a con-

necting canal are such as to produce a simple progressive (or retro-

gressive) wave, a critical length for the component is reached when
sin 7= 0, and hence when L= %\, X, 1)^X, etc. The condition of flow

in each half of the canal at the first of these critical lengths is hke that

in a closed canal of one c[uarter of the wave length of the component.

The water entering through both entrances would pile up in the

canal without limit, were there no frictional resistance. Wlien the

length of the canal is equal to the wave length of the component, the

positive and negative currents exactly balance each other, and the

net work done in the acceleration and deceleration of the current

becomes zero, so that frictional resistance would alone limit the flow.
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Obviously, frictional resistance must control the currents when a

connecting or a closed canal approaches its critical lengths.

348. Nodes in a closed canal.—The equation of a component of the

tide at a point in a closed canal distant x from the entrance is, equation

(251):

y=Ao cos {at-\-ao) cos (l—x/L)y/cos y

The tide, y, becomes zero, for all values of t, at the points at wliicb

{l—x/L)y= Tr/2, 37r/2, 5ir/2, etc. At these points x=L—TrL/2y,
L-3TrL/2y, L-5TL/2y, etc., and hence x=L-\/4, i-3X/4, i-5X/4,

etc.

If the flow were frictionless and the canal long enough, each com-
ponent of the tide would then disappear at points one-quarter, three-

quarters, etc., of its wave length from the head of the canal. At
these points the component current would reach a maximum ampli-

tude of (^/c)^o/cos7. These points are termed nodal points.

Similarly a component current in a closed canal would become zero

at the points at which sin (l—x/L)y=0, and hence at which:

x=L, 1 — /2X, L—\, etc.

And at these points the component of the tide would have a maxi-

mum amplitude of Aojcos y.

It is perhaps needless to point out that true nodal points have no

counterpart in actual channels.

349. Shallow water components of Jrictionless tides and currents.—
The variation of the mean depth, D, in the equation of continuity

(equation 184) with the rise and fall of the tide has been neglected in

the preceding analysis of the tides and currents in a canal without

frictional resistance. This variation must in fact produce distortions

of the simple harmonic fluctuations of the components of the tides

and currents that have been deduced. It may be shown that these

distortions, like those due to the form of the friction term, may be

reproduced by overcurrents and compound currents, and overtides

and compound tides. As iUustrated in the cubature of the Delaware

River, in chapter VI, this variation in the depth may produce marked
distortions of the current in a long and comparatively shallow channel;

but a mathematical analysis of the distortion with frictionless flow

does not serve much useful purpose.

SEICHES

350. An accidental tilting of the surface of a deep lake or enclosed

sea, such as may be produced by wind, or a variation in the barometric

pressure, or by any other cause, often is followed by periodic oscilla-
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tions of the surface before it returns to normal level. These oscilla-

tions are called seiches. Since the currents set up by seiches are

never strong, the characteristics of a seiche in a long canal of uniform

dimensions, closed at both ends, may be derived from the equations

for frictionless flow in such a canal. The frictionless tides and cur-

rents in a canal open at the initial end and closed at the other have

been derived in equations (251) and (252). If the canal is closed at

both ends, the currents at the initial end are zero. Placing a:=0 in

equation (252) the equation of the current at the initial end becomes:

v= — (glc)Ao sin {at-\-ao) tan y

This current is zero if the speed of the oscillations, a, is such that

tan 7=0, or if:

y=aL/c= ir

whence

:

a=Trc/L

The period, T, of these oscillations is therefore, from equation (28),

paragraph 49

:

T=2T/a=2Llc=2LI^'gD (266)

Thus the period of free oscillation in a canal 5,000 feet in length,

and 30 feet in mean depth is 10,000/-y30^=322 seconds= 5K minutes.

If then the entrance were closed, an oscillation of this period, once

started, would continue, like the oscillations of a pendulum, until

damped out by friction.

At a point distant x from the initial end of the canal, and at the

time t, the height of the water surface above its normal level, is found

by placing 7=7r in equation (251), and is:

y=Ao cos {at-\-ao) cos (irx /L) (267)

and the current is, from equation (252)

:

v= — (g/c)Aosm (at-^ao) sin (tx/L) (268)

At the middle of the canal, x—jiL, so that irx/L=ir/2; and y^O
The middle of the canal is then the node of the oscillation. The
currents there reach the maximum amplitude of gAo/c.

Since the current at the initial entrance also is zero when the oscil-

lations have such a period that 7=27r, 3t, 4x, etc., similar oscillations

with periods of one-half, one-third, one-fourth, etc., of the first may
be set up in a canal closed at both ends. These have two, three,

four, etc., nodal points respectively.
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The corresponding oscillations of a deep lake or arm of the sea are

more complicated, but those observed at any locality often have one

or more fairly well defined periods. In a deep narrow lake with a

regular shore line, the observed period of the oscillations usually

agrees with the computed period for a canal of equivalent dimensions,

closed at both ends. Even when the conformation of the bed and

shores of the lake is not so regular, the observed periods may agree

with those computed for an equivalent canal extending to a selected

point on an opposite shore; but as the selection of the point must be

based on the known period, the analogy does not serve much useful

purpose.

Seiches are damped out by the frictional resistance of the currents

which they produce. For an oscillation of a given amplitude these

currents decrease as the depth of the lake increases. Seiches there-

fore are most marked in deep bodies of water. At many localities on

the Great Lakes, seiches of a foot or more occur with such frequency

that an allowance is made for them in the design of navigation channels.

Seiches in tidal waters are superimposed upon, and more or less

obscured by, the fluctuations of the tide; but the tide gage records at

some stations occasionally are marked by saw-toothed irregularities

produced by seiches. Their characteristics may be ascertained by
taking off their departures from a smooth tide curve. In San Fran-

cisco Bay, seiches produced by variations in the barometric pressure

and winds have a period of about 45 minutes, and may have a range

of as much as a third of a foot. It has been observed that earthquake

waves reaching the bay from distant points set up oscillations of the

same period.

At some of the ports on the Pacific coast in California, the currents

set up by seiches often cause a surging of large vessels at wharves,

sometimes with sufficient violence to break the mooring lines. The
surge is experienced chiefly at the wharves in the less enclosed parts

of the harbors. The reason for the prevalence of a troublesome surge

in this region is not clear. It is possible that the characteristic

periods of the seiches may agree with the period in which a vessel, as

customarily moored to a wharf, comes and goes with the stretching

and slackening of its lines. The usual remedy is to make fast to the

wharf with short, taut lines.
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CONNECTING CANALS

351. General considerations.—Perhaps the most important apphca-

tioii of the principles of tidal hydraulics is in the computation of the

currents which may be expected in a projected long open connecting

canal because of the tides at the entrances; and in the concurrent de-

termmation of the elevation of low and high water through the canal.

As has been pointed out, no artificial canal can be so deep that the

tidal flow approaches a frictionless condition, if the currents are of

any consequence whatever. Frictional resistance to flow has there-

fore an important effect upon the tides and currents. The variation

in the depth and width of the water prism as the tide rises and falls

also may have a sufficient effect to warrant consideration, and the

entrance, recovery and velocity heads may be more than negligible.

352. Accuracy required.—The usual purpose of such computations is

to ascertain whether the currents will be strong enough to affect ad-

versely the use of the canal for navigation, or to cause serious erosion

of the bed and banks. The computations also show the depths to

which the successive sections of the channel must be excavated to

afford the designed depth for navigation at the selected low-water

datum. These purposes are fulfilled if the maximum current ordin-

arily to be expected in anj^ part of the canal is reliably determined to

say the nearest half of a foot per second, and the elevation of low water

in the successive sections to the nearest half foot; but good workman-
ship in the calculations usually requires that they check to the nearest

tenth of a foot per second, and tenth of a foot of elevation respectively.

(183)



184

It is well to recollect that the results rest on the selection of the coeffi-

cient of friction, and that this depends upon the undeterminable

irregularities of the channel as actually excavated. Furthermore, the

actual currents will vary from day to day with the varying range and

even the varying form of the tides at the entrances. These variations

may be intensified by winds and storms, which may pile up the water

at one entrance and draw it away from the other. A precise deter-

mination of the currents and tides produced by a particular fluctuation

of the entrance tides is of academic interest only. The computations

call therefore for reliability rather than precision.

353. Selection of representative entrance tides.—The computation of

the tides and currents in a canal is far too laborious to warrant repe-

tition for each successive tidal fluctuation at the entrances, even if

any useful purpose would be served thereby. Representative tidal

fluctuations at each entrance should therefore be selected from a study

of the actual tidal fluctuations during a month or more.

If the tides at both entrances are of the semidiurnal type, with no

large variations between springs and neaps, and are not much de-

formed by overtides, the representative tide at each entrance may be

taken as a simple harmonic fluctuation with the speed of the M2 com-
ponent and the amplitude of the mean semirange of the tide. The
most convenient origin of time in this case is at a high water at the

initial entrance. The initial phase of the tide at this entrance is then

zero. The initial phase at the other entrance may be obtained from

the difference between the average lunitidal intervals at the two en-

trances, corrected, if necessary for the differences in longitude (par. 10).

The corrected difference, in solar hours, multiplied by the speed of

the M2 component, 28°98 per hour, gives the initial phase of the tide

at the far entrance. This phase is positive if the tide at the far en-

trance is the earlier, and negative if it is later than at the initial en-

trance. Published data on the lunitidal intervals at stations near the

ends of the canal may be based on such a limited number of observa-

tions as to have no great weight. If a reliable determination of the

lunitidal intervals is not available, the recorded differences in the

times at high water at the two entrances, and in the times of low

water, over a period of 29 days, or a multiple thereof, should be

averaged. A material discrepancj^ between the average difference in

the times of high water at the two entrances to the canal and the

average difference in the times of low water, indicates that overtides

are of sufficient importance to warrant consideration.

354. If the tides at the entrances are of the same general type as

those considered in the preceding paragraph, but the daily tide curves

at one or both entrances are so distorted by overtides that they cannot

be represented satisfactorily by a simple harmonic fluctuation, either

average or composite tide curves may be prepared by the methods
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outlined in paragraphs 304 and 305. The tidal heights on these

curves should, however, be taken off at lunar hourly intervals, begin-

ning generally either at a lunar transit or at the time of high water at

the initial entrance to the canal.

355. If the tides at an entrance have a marked variation between
springs and neaps, it may be advisable to determine the tides and
currents in the canal at mean spring tides, or at ordinary spring tides

(par. 181); and perhaps at the corresponding neap tides as well. If

the daily tide curves show no marked distortions, the representative

spring and neap tides may be taken, without introducing errors which
will affect the results materially, as simple harmonic fluctuations with

the speed of the M2 component, and amplitudes of one-half of the

spring and neap ranges respectively; otherwise average or composite

curves of spring and neap tides may be prepared.

356. Probably the most satisfactory method for dealing with an
entrance tide of the mixed type is the preparation of a composite

curve whose timing and elevations conform to the times and elevations

of mean lower low, higher low, lower high and higher high waters, as

outhned in paragraph 306; or a representative tropic tide could be

selected from the records.

357. If the entrance tides are of the semidiurnal type, the currents

produced by the repetition of a single properly selected average, or

spring, or neap semidiurnal fluctuation will afford an adequate indica-

tion of the average, spring or neap currents and tides to be expected

in the canal. To facilitate the computations, the representative

entrance tides of this type should be adjusted as necessarj^ to afford

a smooth curve when identically repeated in successive periods of 12

lunar hours. When either or both of the entrance tides are of the

mixed or diurnal types, the representative tides similarly should follow

curves which are identically repeated every 24 mean lunar hours.

358. The representative tides at the two entrances to a canal should

be referred to the same horizontal datum. If either end of the canal

takes off from the upper part of a generally shallow bay or river

estuary, the mean level of the tides at the two entrances may not be

at the same elevation. The same situation may arise if the canal

connects two oceans or seas in which the water density and mean
meteorological conditions are not the same. Any uncertainty may
be removed by connecting the tide stations at the proposed entrances

by a line of precise levels. Daily variations due to winds, freshets,

and other meteorological causes may produce a constant component
of the head between the entrances, of sufficient magnitude to have a

marked effect upon the currents. It may, therefore, be advisable to

select one or more typical concurrent storm tides at the two entrances,

which would produce large differences in the head through the canal,



186

and determine the currents due to these, as well as those produced by

the representative normal tidal fluctuations.

359. Primary currents and tides in the canal.—If the selected repre-

sentative entrance tides are not simple harmonic fluctuations of the

same speed, they may be approximated more or less closely by such

fluctuations. These may be termed the 'primary entrance tides. The
primary currents and tides in the canal which would be produced by

the primary entrance tides are first computed. These computations

are based on the depth and width of the canal at mean tide, and omit

the effect of the minor components of the friction term (par. 226) . The
primary currents and tides may then be adjusted to develop the

deformations produced by the minor components of the friction term,

by the variation in the width, depth, and area of the cross section of

the water prism as the ride rises and falls, and by the entrance, recovery,

and velocity heads; and to develop also the variations because of a

departure of the representative entrance tides from the simple har-

monic fluctuations from w^hich the primary currents and tides were

derived.

The primary currents and tides usually afford a fair representation

of the currents and tides to be expected in the canal because of the

ordinary tidal fluctuations; but their adjustment, although a laborious

procedure, may be warranted to give a more complete and assured

picture of the anticipated tidal flow. The effect of storm tides can

be ascertained only by going through the latter process.

360. Determination of primary entrance tides.—The primary tides

most nearly conforming to the selected representative tides ordinarily

will have the speed of the M2 component, whose component hour is

the mean lunar hour of 1.035 mean solar hours. By taking off from

the representative tide curves the heights on 24 successive lunar hours

after any assumed origin of time, the amplitude A, and the initial

phase, a, of the primary tide at this origin of time, may be computed

from equations (56), (57), (47), and (48) developed in Chapter II, viz:

12c2=(Ao cos + /^i cos 30°+h2 cos 60°+ . . .+ /i23 cos 330°) (56)

12s2={ho sin 0+7^1 sin 30°+/i-2 sin 60°+ . . .+^23 sin 330°) (57)

tan f =S2/c2 A=.S2/sin f=C2/cos f (47) (48)

In which ho, hi, etc., are thp tidal heights at the successive lunar hours,

and f=— a.

The abbreviation of the computations is explained in paragraph 94.

A consideration of the derivation of these equations show^s that if

the representative entrance tides are taken as a fluctuation which is



187

identically repeated every twelve lunar (or other component) hours,

the values of C2 and S2 may be derived from the equations

Qc2={ho-h6) cos 0+{hi-h^) cos 30°+ . . .+ {h-hn) cos 150° (56^)

Qs2=(ho-h) sin 0+(/ii-A7) sin 30°+. . .+ (h-hn) sin 150° (57^)

The mean tide elevation of the primary entrance tides should be the

mean of the elevations computed from the representative tides at the

two entrances.

COMPUTATION OF PRIMARY TIDES AND CURRENTS IN
A CONNECTING CANAL

361. A general mathematical analysis of the tides and currents in

a long canal appears impossible if the friction term in the general

equation of motion is taken as a reversing function which varies with

the square of the current velocity. A general solution when the

frictional resistance is assumed to vary with the first power of the

velocity is given by Maurice Levy in "Legons sur la Theorie des

Marees" (Gauthier-Villars, 1898); and its application to the Cape
Cod Canal is presented in a paper by William Barclay Parsons con-

tained in the Transactions of the American Society of Civil Engineers,

volume LXXXII (1918), pages 1-157. The equations developed by
this analysis are lengthy and unwieldy, and the established coefficients

of frictional flow are not applicable thereto. Another method for

determining the tides and currents is presented by Col. Earl I. Brown,
Corps of Engineers, United States Army, in a paper on the Trans-

actions of the American Society of Civil Engineers, volume 96 (1932),

pages 753 et seq. The solution therein presented proposes that the

currents at high water be determined from the mean depth of the

canal at high water, and the currents at low water from the mean
depth at low water.

362. A better method is to compute the primary currents and
tides from established frictional coefficients, by a process of successive

approximations, on a line of procedure somewhat similar to that

applied in computations of steady flow. The canal is divided into

subsections so short that the variation in the velocity of the current

because of channel storage is not material in any subsection. The
primary currents in the subsections, and the primary tides at the

ends of the subsections, must satisfy the two conditions:

(a) The fluctuations of the current in each subsection must
conform to the fluctuations of the surface head set up by the

tides at the ends of the subsection.

(b) The currents in the subsections must also conform to the

storage and release of water from subsection to subsection

because of the rise and fall of the tides.

192750—40 13
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The computations are started by determining the tides which

would be produced if the instantaneous profiles were straight Imes.

The primary current in the subsection at the middle of the canal is

then computed from the surface head established by these tides, and

the currents in the other subsections determined therefrom by com-

puting the increments in the velocity due to tidal storage between the

successive subsections. The surface heads corresponding to these

currents are next computed and adjusted to the total head through

the canal. These subsection heads establish corrected primary tides,

and corrected instantaneous profiles, more nearly conforming to the

true profiles than the straight lines initially assumed. The primary

current in the middle subsection is then recomputed from the adjusted

surface head in this subsection, and corresponding currents in the

other sections from the storage and release of water with the corrected

tidal fluctuations. The process is repeated until the further corrections

become negligible.

363. It may be noted that the computations are started by taking

the instantaneous profiles as straight lines, and the current at the

middle of the canal as unaffected by channel storage. As shown in

paragraph 331 both of these conditions would be approximately

realized in as long a canal as is likely to be undertaken, if frictional

resistance were neglected. An examination of the recorded instan-

taneous profiles in actual canals shows that they do not, in fact,

depart widely from straight lines. The procedure will be found

applicable to any case likely to be encountered.

364. Coordinate components of the primary tides and currents.—
The equation of the primary tide at any station on the canal is in

the form

:

y=A cos {at-\-a)

The speed, a, at all stations is that selected for

the primary entrance tides, but the initial phase,

a, dift'ers from station to station. To carry out

the computations outluied in the preceding

paragraphs, these tides are resolved into com-
ponents with common initial phases. As is

apparent from figure 59, the primary tide at a

given point may be resolved into two com-

ponents; the Y component with an amplitude

of A cos a and an initial phase of 0°, and the

X component with an amplitude of A sin a,

and an initial phase of 90°.

The equation of the primary surface head in a subsection of the

canal is similarly

hs=H cos {at-\-H°)

FiGUKE 59.—Coordinate com-
ponents ol the tide.
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and the surface heads may hkewise be resolved into Y components

whose amphtudes are H cos H° and whose initial phases are 0°; and

X components whose amplitudes are H sin H°, and whose initial

phases are 90°.

Designating the amplitudes of the Y and X components of the

tide at the initial entrance as Aq cos ao and Ao sin ao respectively, the

amplitudes of the Y and X components of the tide at any point iiL

the canal are:

A cos a=Ao cos Q!o+Siy cos H° (269)

A sin a=Ao sin cto+Si? sin H° (270)

In which ZH cos H° and 2^ sin H° are respectively the sums of the

amplitudes of the Y and X components of the heads in the successive

subsections of the canal between the initial entrance and the given

point.

365. The primary tides and heads may. then be computed in terms
of the amplitudes of their coordinate components. After the values

of the components have been satisfactorily established, the amplitude
and phase of the resultant tide is readily determined from the

equations

:

tan a=A sin a/A cos a, A=A sin a/sin a=A cos a/cos a (271)

The quadrant in which a lies is fixed by the algebraic signs of

A sin a and A cos a. A schedule of the values of a corresponding to

the value, (a), taken from a table of tangents, is set down for con-

venient reference.

A sin a
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The equations of the entrance tides are:

?/o=A cos (at+ao) yi=Ai cos {at^ai).

If the instantaneous profiles were straight hues the equation of the

tide at a point in the canal distant x from the initial end would be:

^ cos (at^a)=yo-\-(,x/L) (7/1— 7/0)=A cos (at+ ao)

+ {ilL)[A, cos {at+ao)-A, cos (at^ao)]. (272)

The coordinate amplitudes of the tide at the point x are then:

A sin a=Ao sin ao-{-{xlL) (Ai sin ai—Ao sin uq) (273)

A cos a=Ao cos ao-{-(x/L) {Ai cos a^— Ao cos ao). (274)

367. First computation of primary currents in subsections.—The
primary current in each subsection may be taken as that at the middle

of the subsection, and the midpoints of the successive subsections will

be designated the velocity stations. The amplitude, H, and the initial

phase, H°, of the head, and the amplitude, S, of the slope in the middle

subsection of the canal are computed, as described in paragraph 239,

from the components of the tide at the ends of the subsection, derived

from equations (273) and (274). The amplitude, Bq, the initial phase,

jSo, and the resulting coordinate amplitudes, Bq sin jSq a,nd Bq cos (80, of

the primary current at the velocity station at the middle of the sub-

section are then computed by the process set forth in paragraphs 246

and 248.

368. The corresponding primary currents at the other A^elocity sta-

tions are determined by the general equation of continuity (equation

182):

c)Qlc)x^zc)y/dt=0.

Since differential equations remain approximately true when small

finite increments are substituted for the differentials, equation (182)

may be written

AQlAx+2by/dt=
or

AQ=-zAxc)y/()t. (275)

In this equation AQ is the algebraic increase, at any instant,* in the

discharge from one velocity station to the next, z the mean width of

water surface between the stations at mean tide and A a:; the distance

between the sections. It should be noted that Ax may be large when
expressed in feet while being small in relation to the change which it

produces in the discharge.
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Designating the area, z/^x, of the water surface, at mean tide^

between successive velocity stations as U, equation (275) becomes:

AQ=-Uby/dt. (276)

369. Strictly speaking, the rate of rise of water surface, by/dt, should

be computed at the center of gravity of the water surface between the

two velocity stations, but its location need not be determined with

mathematical precision. If the canal has a constant width at mean
tide, the storage stations, at which by/dt is to be computed, are mid-

way between the velocity stations; and if the subsections are also all

of the same length, these storage stations are at the ends of the sub-

sections. If the width of the canal is tolerably constant, the storage

stations also may be taken at points half way between the velocity

stations; otherwise the location of the center of gravity of the water

surface may be roughly estimated and the storage stations selected

accordingly.

The equation of the primary tide at a storage station is in the form

:

y=A cos {at-\-a).

Differentiating

:

by/dt=—aA sin (at-\-a).

Substituting this value in equation (276)

:

AQ=aUA sin {at+ a). (277)

370. Designating respectively the area of the cross section of the

velocity station at the middle of the canal, at mean tide, as Mq; the area

at any other velocity station as M; the discharges at these stations

at a given instant as Qo and Q; the amplitudes of the currents as Bq

and B; and the initial phases of the currents as /So and j8; then;

Qo=MoV=BoMo sin {at +^o)
and

Q=Q,+1:aQ=BoMo sin (ai+i3o)+2aXM sin {at+ a). (278)

Since Q~MB sin (ai+jS), equation (278) becomes, after dividing

both members by M,

5 sin {at-{-l3) = {Mo/M)Bo sin {at+^o)+{Mo/A'f)^{aU/Mo)A sin {at+a).

The coordinate amplitudes of the current at the velocity station are

then:

B sin /3= {Mo/M)Bo sm /3o+ {Mo/M)i:{aU/Mo)A sin a (279)

B cos p= {Mo/M) Bo cos /3o+ (Mq/M) S {a U/Mo)A cos a. (280)
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371. Placing for brevity:

Mo/M=m (281)

aU/Mo=I (282)

equations (279) and (280) may be written:

(B/m) sin /3=5o sin /So+ S/yl sin a (283;

{B/m) cos ^=Bo cos /3o+S/A cos a. (284)

In equations (283) and (284), m is the ratio of the areas, at mean
tide, of the cross section at the middle velocity station to that at the

given station, A sin a and A cos a are the coordinate amplitudes of the

tides at the intervening storage stations, and the values of I are deter-

mined from the surface- areas, U, at mean tide, between the successive

intervening velocity stations and the speed, a, of the primary tidal

fluctuations, whose usual value is 0.0001405 radians per second.

372. If the canal has a uniform width and cross section, and con-

sequently a uniform mean depth, D, at mean tide; 771= 1, and

I—azAx/AIo=aAx/D. If, further, all of the sections are of the same
length, the value of / is the same for all.

The computations indicated in equations (283) and (284) establish

the first values of the amplitudes B, and the initial phases, /3, of the

currents in the subsections of the canal,

373. Heads corresponding to computed velocities in subsections.—The
relations between the amplitude, B, of the primary current in a short

section of channel of length, I; its angular lag, cj), and the amplitude, aS*,

of the slope in the section, have been developed in chapter V. From
equation (153) in that chapter:

tan ct>= (37r/8) (a/g)C'rlB. (285)

It is convenient to place:

p={3Tl8){a/g)C'r (286)

in which a is the speed of the fluctuation, in radians per second,

^=32.16, and C and r the Chezy coefficient and hydraulic radius in

the section at mean tide.

If the speed of the primary tidal and current fluctuations has its

usual value of 0.0001405 radians per second, equation (286) becomes:

:P
= 0.000,005,148 C'r. (287)

The logarithm of the coefficient is 4.71 160— 10.

From equations (285) and (286):

tan <i>^plB. (288)
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Again, from equation (151):

S sin (j)=aB/g

whence:

H=lS=l(a/g)B/sin 4>. (289)

If a=0.0001405 and ^=32.162, the value of a/g is 0.000,00437 and
its logarithm is 4.64042— 10.

The relation between the initial phase, H°, of the head and the

initial phase, /3, of the primary current is, from equation (150):

S'°= /3+ <^+90°. (290)

The values of H and H°, derived from equations (288), (289), and

(290) give the values of the coordinate amplitudes, H cos H° and
H sin H°, of the heads in the subsections corresponding to the first

computation of the currents.

374. Corrected tides and velocities.—The computed coordinate ampli-

tudes of the heads in the subsections are so adjusted that their sums
are equal to the differences between the coordinate amphtudes of the

tides at the entrance. The corrected coordinate amplitudes of the

tides at the ends of the subsections produced by the adjusted coor-

dinate amplitudes of the heads are computed from equations (269)

and (270). The coordinate amplitudes, Bo sin /3o and Bq cos jSq,

of current in the middle subsection are next recomputed from the

adjusted head in the subsection, but the recomputation may be

somewhat abbreviated. Let H and H' be the initial and adjusted

values of the amplitude of the head, and S=Hll and S'=H' jl the

corresponding values of the amplitude of slope in the subsection.

The ratio of the corrected value of P'= 1.0854 C-^tW (par 245) to

the value, P= 1.0854 C-^rS, initially computed, is:

P7P= /S'/-ylS= ^H'l^H
So that:

log P'=log P+)Klog H'-\og H) (291)

and similarly:

log (P7^')=log (P/^)-K(log £P-log H). (292)

The corrected values of 0, Bq and 183 are determined from the corrected

values of P'/S' and P' as explained in paragraph 246.

The currents in the other subsections are then recomputed from
equations (283) and (284). In applying these equations, the coordi-

nate amplitudes of the tide at any storage station which does not

coincide with the end of a subsection are interpolated between the

corrected values at the ends of the subsection in which it lies, on the

assumption that the instantaneous profiles iii each subsection are sub-
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stantially straight lines. The corresponding heads are then recom-

puted and the process repeated until a satisfactory concordance of the

currents and heads is attained.

375. First example.—The computations of the primary tides and

currents in a canal of uniform dimensions will be illustrated by apply-

ing the procedure outlined in the preceding paragraphs to a canal

200,000 feet (37.8 miles) in length, and of uniform cross section, with

a bottom depth of 40 feet at mean tide, a bottom width of 250 feet, and

side slopes of 1 on 3)^ (fig. 60).

^> < soo'

Figure 60.—Cross section of assumed canal.

The representative tide at the initial end of the canal has an ampli-

tude of 4 feet and the speed of the M2 component (28°.98 per mean
solar hour, or 30° per mean lunar hour). The representative tide at

the other entrance has an amplitude of 2 feet, and the same speed.

Its high water occurs 2 lunar hours, or 60°, before that at the

initial entrance. Taking the origin of time at high water at the

initial entrance, the equation of the tide at this entrance is then

2/=4 cos m2^ and at the other entrance, y= 2 cos (m2^+ 60°).

The area of the cross section of the water prism at mean tide is

15,000 square feet and the surface width is 500 feet, giving a mean
depth of 30 feet at mean tide. The hydraulic radius at mean tide is

also taken as 30 feet, as the refinement of computing the wetted

perimeter is superfluous in view of the uncertainty in the Chezy
coefficient. The Chezy coefficient at mean tide is taken as 120.

376. Division into subsections.—The canal will be divided into a

middle subsection and two subsections on either side, total of 5 sub-

sections, each 40,000 feet in length, as shown in figure 61.

I

, 1
, I111'

,

1 I \ I 1 1 1 1 1

,

O 20 40 60 80 100 \eO \40 \eO 180 500
FiGUBE 61.—Division of canal irto subsections.

A canal of uniform, dimensions should always be divided into an

odd number of sections each of the same length; but shorter sub-

sections are required in a shallower canal. The ends and midpoints

of the subsections are conveniently indicated by station numbering,

as shown in the figure, the stations being taken as 1,000 feet in length.

In the present exam.ple the velocity station at the middle of the

canal is at station 100, and the velocity stations of the other sub-

sections at stations 20, 60, 140, and 180. The storage stations
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coincide with the ends of the subsections, at stations 40, 80, 120

and 160.

377. Initial com.ponent tides at the storage stations.—-These are com-

puted from equations (273) and (274):

Asinai= 1.732 A cos ai= 1.0

Ao sin aQ= Ao cos a:o=4.0

1.732 —3.0

Initial component tides

(1)
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379. Primary currents in other subsections.—The amplitudes and

phases of the currents which would be produced at the other velocity

stations under the initial assumption are computed from equations

(283) and (284). These computations are tabulated in figure 62,

facing page 198. The coordinate components of the tide at the

entrances and at the storage stations, found in paragraph 377, are

entered in columns (2) and (3). Since the canal has a constant

cross section.

7=aAx/i:>=0.000,140,5X40,000/30=0.187.

This value is entered in column (4) . A much larger value of I would

indicate that the canal should be divided into shorter subsections.

The resulting coordinate velocity increments, IA sin a and IA cos a,

are entered in columns (5) and (6) . For these and for the subsequent

computations, the slide rule affords satisfactory accuracy.

The coordinate amplitudes, Bq sin /3o and B^ cos /So, of the current

at station 100, determined in paragraph 378, are entered opposite this

station in columns (7) and (8). The values of (B/m) sin /3 and
(B/m) cos jS at station 60 are found by subtracting, algebraically, the

coordinate velocity increments lA sin a and lA cos a at station 80 from

the coordinate amplitudes of the currents at station 100 (since the

summation is in the negative direction) ; and the values at station 20

by subtracting the increments at station 40 from the values found at

station 60. The values of (B/m) sin 13 and (B/m) cos /3 at station

140 are similarly found by adding, algebraically, the coordinate

increments at station 120 to the coordinate amplitudes at station 100;

and at station 180 by again adding the increments at station 140.

The totals of columns (5) and (6) may be checked against the differ-

ences between the last and first lines of columns (7) and (8) respec-

tively.

The values of tan /3, from columns (7) and (8) are entered in column

(9), and the corresponding values of jS in column (10). Since, in the

present example, the area of the cross section of the canal is the same
at all stations, m= l and B/m=B. The entries in columns (11) and

(12) therefore are omitted, and the amplitudes, B, of the current at the

velocity stations entered in column (13) from the relation:

B=(B/m) sin/3/sin p=(B/m) cos i8/cos /3.

The values of /3 and B at station 100 derived in columns (10) and

(13) should check with those found in paragraph 378.

380. Surface heads corresponding to computed currents in subsec-

tions.—The computation is continued in columns (14) to (24) of

figure 62. The value of p, column (14) for all subsections is, from

equation (287)

:

:P=0.000,005,148Xl20'X30=2.224.
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Dividing by B, the values of tan (equation 288) are entered in column

(15) and the corresponding values of </> in column (16). The com-

puted value of at station 100 should check with that derived in

paragraph 378.

The value of lalg, column (17), for all subsections, is (par. 373):

/a/gr=0.000,004,37X40,000= 0.175.

The values of Blajg are entered in column (18) and those of

H= (Bla/g) /sin 4>, from equation (289), in column (19). Tne values of

H°, derived from the computed values of ^ and 0, are entered in

column (20), and the corresponding computed coordinate amplitudes

H sin H° and H cos H° in columns (21) and (22). The computed

values at station 100 should check with those found in paragraph

378. The initially computed values at this station should be entered

in these columns, even if minor inaccuracies have produced slight

differences in this check computation. A material difference would

indicate the need for reviewing the entire work.

381. Adjustment of coordinate heads.—As is to be expected, the sums

of the computed coordinate amplitudes of the surface heads in the

subsections, in columns (21) and (22) differ by small residuals from

the total coordinate amplitudes of the heads between the entrances

showm in columns (2) and (3). The computed values are adjusted

in columns (23) and (24), by dividing the residuals as equally as may
be between them, so that the sums agree with the actual coordinate

amplitudes of the head between the entrances.

382. Recom.putation of tides, currents, and heads.—The corrected

coordmate amplitudes of the tides at the storage stations, which in

this case are at the ends of the subsections, are next recomputed in

columns (2) and (3) of figure 62, by successively adding the adjusted

values of H sin H° and H cos H°, found from the first computation,

to the coordinate amplitudes of the tide at the initial entrance. The
coordinate amplitudes of the tide at the further entrance, station 200,

afford a check on the results. It will be seen that the corrected coor-

dinate amplitudes of the tides at the storage stations differ materially

from those used in the first computation. The currents and the

resultant heads are therefore recomputed as shown in figure 62 from

the corrected data. In the present example, the adjusted coordinate

amplitudes of the head in the middle subsection, station 100, in col-

umns (23) and (24) of the initial computation, differ so little from,

their original values, in columns (21) and (22) that a recomputation

of the coordinate amplitudes of the currents in the middle subsection

is unnecessary.
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383. Final computation.—The values of 77 cos H° derived from the

second computation are practically the same as those determined from

the first. While the recomputed values of H sin H° also are in suffi-

cient concordance to be reasonably acceptable, a third computation,

as shown in figure 62, affords a desirable check. In this final compu-
tation the primary currents at the entrances to the canal are derived

by correcting those at the adjacent velocity stations for the inter-

vening storage. The primary current at the initial entrance, station 0,

is derived from that at station 20 by subtracting the increment of the

velocity due to the fluctuation of current at station 10. The values

of A sin a and A cos a at station 10 are obtained by interpolation

between their values at station and station 40. For the half sub-

section, to 20, A.r= 20,000 and 7=0.0935. The primary current at

the other entrance, station 200, is similarly derived from that at

station 180, by correcting for the storage due to the tidal fluctuations

at station 190.

384. Summary of computations.—The results of the computations

are tabulated below. The values of A sin a and A cos a, derived from

the final computations of the subsection heads, are shown in columns

(2) and (3), and the resultmg amplitudes A, and initial phases a of

the tides at the ends of the subsections in columns (6) and (5). Those

at the middle of the canal are inserted by interpolation. The ampli-

tudes, B, and initial phases, /?, of the primary currents are the final

values found in figure 62.
Summary

(1)



Primary Tides and Currents.





199

The primary tides and currents at the entrances and at tlie middle of

the canal are shown in figaire 73, page 218.

385. Shape of instantaneous profiles.—The characteristic shapes of

the instantaneous profiles developed by the successive approxima-

tions is readily shown by plotting the values of ^4 sin a and ^ cos a

successively derived in figure 62, since A cos a is the tidal height at a

station at hour and A sin a=A cos (—90°+ a) is that at —3 lunar

hours. The instantaneous profiles at hour are shown by the lines'-

marked — in figure 63. The dift'erences between the first and second;

4i o

4^

Lu

I-

0-1

5roL 40 so 180 I60
Figure 63.—Instantaneous profiles at and HI hour.

eoo

recomputations are too smaU to be distinguishable. The successive

determinations at —3 lunar hours are shown by the lines marked
III—III on the figure.

386. Sufficiency of suhdirision:—The question may arise whether
subsections 40,000 feet in length, in a canal having a mean depth of

30 feet, are suflEiciently short to afford a reliable determination of the

currents. An independent computation, based on a subdivision into

9 subsections, each 22,222 feet in length, afl'ords the follo^\dng com-
parative figures in the ef^uations of the currents at the entrances:

Computed from 9 subsections Computed from 5 subsections

At initial entrance.
At other entrance.-

;;= 1.12 sin W+47°10').
11=3.65 sin (a?+20°40')-

!)=1.14sin (a?+47°20').
»= 3.57 sin (a/+20°50').

It is apparent, therefore, that the results are but little improved
by using the shorter sections.
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387. Effect offridional resistance.—The effect of frictional resistance

upon the primary tides and currents in the canal selected for the first

example is shown by a comparison between the results of the preced-

ing computations and of those derived in Par. 328, Chapter VII, for

frictionless flow in the same canal with the same entrance tides. The
origins of time and distance are the same in the two cases. Angles are

written to the nearest 10 minutes of arc.
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on the diagram the discharge is in the positive direction at both
entrances, and the outflow at station 200 largely exceeds the inflow

at station 0. The tidal prism in the canal is therefore emptying
through the further entrance. During the interval BC it is emptying
through both entrances; and dm'ing the brief period CA' through

o
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through the mitial entrance is the greater; and the interval BC,

during which the prism is emptying through both entrances, is rela-

tively long. The tidal prism fills and empties through both entrances,

but somewhat more water enters and leaves through the initial

entrance than through the other.

(/?

Q_

^

^0

>

o
.'2 -^0-"
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It further may be expected that in an even longer canal the currents

would become so small at some point near the middle of the canal that

the tides could be said to meet.

t̂j

3-1
le ^fCK

'^3
—

-

w-5'0-'

P

Figure

i

Lunar liour^
-Discharges and storage, canal 360,000 feet long.
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392. Second example.—The computations of the tides and currents

in a connecting canal whose width and cross section is not uniform

throughout may be illustrated by applying them to the Chesapeake

and Delaware Canal, connecting the estuary of the Delaware River

with the head of Chesapeake Bay, after it had been converted into a

sea level canal for barge traffic but before it was enlarged to accom-

modate ocean shipping. The canal then had a horizontal bottom at a

project depth of 12 feet below Delaware River low water datum, a

designed bottom width of 150 feet from the 12 foot depth contour in

the Delaware (station 3+400) to station 10+ 300, a distance of 9,900

feet; and of 90 feet thence to Back Creek, a tributary of Chesapeake

Bay, at station 77+000; a distance of 66,700 feet. Between -Reedy

Point Bridge, station 9+ 780, and Biddies Point, station 19+ 600,

the canal was bordered by wide marshes having a large tidal storage.

A second outlet to the Delaware, with a depth of 6 feet below datum,

and a bottom width of 50 feet, entered the canal near Biddies Point.

Some tidal storage outside of the prism proper extended to the deep

cut beginning at about station 50, but thence almost to station 77

the only tidal storage was in the prism of the canal. The upper part

of Back Creek afforded a tidal basin inside of the bridge at station 77.

The canal was designed with side slopes of one on two, but as

excavated the cross section generally was somewhat in excess of that

projected.

393. RejJresentative entrance tides selected.—To afford a comparison

between the computed and measured currents, the representative

entrance tides will be taken as the recorded tides at stations 5+ 000

192750—40 14
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and 77+000 on November 27-28, 1928 when tide and current measure-

ments were made at these stations, at Biddies Point (station 19+ 600)

and at Summit Bridge (station 51+200). The day selected is one on

which the tides had little diurnal variation. The origin of time is

taken at 7 a. m. on November 27, when the record of the observations

begins.

394. Primary entrance tides.—The amplitude, initial phase, and

mean elevation of the primary tide at station 5+000, are computed

in the following tabulation from the recorded tidal heights at this

station, by the method explained in paragraph 360.
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The sum of the tidal heights in line (7) divided by 24 gives the mean
tide elevation, Ho, above the tidal datum, which in this case is Dela-

ware River low water datmn. The equation of the primary entrance

tide at station 5+000 is then:

^=i7o+A COS (at—t).

=2.48+2.79 cos (a^-118°200.

395. The equation of the primary tide at station 77+ 000, derived by
the same procedure, is:

2/=2.79+ 1.45 cos {at-73°50').

The computed primary tides and the recorded tidal heights at the

two stations are plotted in figure 67. They show a satisfactory

concordance.

STA. S+OOO

STANDARD TIME
NOV. 2 7

12 15- \S 21
I I

NOV. 28
I

.
I

.
I .1 .1 .1

"T 1—T—T—T—n— II— I
'

I
'

I I I I

'

I I I I —r—r—r—r—

i

3 6 9 IS IS" 18 SI £4
LUNAR HOUR

PRIMARY TIDE RECORDED TIDE o

Figure 67.—Primary and observed entrance tides, Cliesapeake and Delaware Canal,
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396. Mean sea level oj primary tides.—The mean sea level at the two

entrances as found in the precedmg paragraph differs by 0.31 feet.

Long period observations show a similar difference. For the com-

putation of the primary currents and tides the elevation of mean sea

level is taken as the mean of the elevations at the entrances, or 2.63

feet above Delaware River datum. The depth of the bottom of the

canal is then 14.63 feet throughout.

397. Division into subsections.—A subdivision based on the variation

in the cross section and in the storage areas is shown in figure 68;

station 5+000 being selected as the initial entrance.

5

0^
§1
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derived from a topographic survey made in 1928; and the consequent

values of /=aL7i\fo=0.000, 1405 L'72400 are shown in the following

tabulation.



208

at the base velocity station (station 37) is required. The coordinate

increments to the current due to the flow through the branch channel

extending from near Biddies Point to the Delaware are computed
from the head in this channel. As this correction is small, the tides

at the Delaware entrance to this branch may be taken as the same
as those at the entrance to the main canal, at station 5. From the

tabulated data, in this branch:

i7 sin i?°= -2.29- (-2.45) = +0.16

i? cos i7°=- 1.30- (-1.33) = +0.03

tani?°= 5.33 H°= 79°20' 77=0.16

The length of the branch channel is 9,000 feet. Taking the bottom
depth as 6 feet below datum, or 8.63 feet below mean tide, the bot-

tom width as 50 feet, and the side slopes as 1 on 2, the area of the

cross section is 580 square feet, the surface width is 85 feet and the

hydraulic radius, r, is 6.8 feet. The corresponding value of C is 82.

From this data:

0=13°4O' 5=0.965 /3=-24°20'

Whence
m=2400/580=4.14

(B/m) sin /3=— 0.10 (B/m) cos j8=+0.21

These increments evidently are to be subtracted, together with the

intervening storage, from the values of (B/m) sin jS and (B/m) cos j3

at station 19+ 500 to give the values at station 7+ 500.

The values of (B/m) sin /S and {B/m) cos /3 at station 51+200,
enclosed in parentheses, are interpolated between those at the adja-

cent velocity stations. These values are disregarded in the summa-
tions by which the entries in columns (7) and (8) are derived.

The recomputed amplitudes and phases of the currents at the

velocity stations are so close to those derived from the first computa-

tion that a recomputation of the heads is not made.

401. Summary of results.—The amplitudes and phases of the com-
puted primary tides and currents, at the stations at which the actual

tides and currents were observed, are shown in the following tabu-

lation.

Computed primary tides and currents, Chesapeake and Delaioare Canal

Station



Primary Tides and Currents.

—
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402. Primary discharges and storage.—Multiplying the area of the

cross section at the entrances by the amplitude of the primary cur-

rents, it is found that, with the given tidal fluctuations, the primary

discharge at Reedy Point reaches a maximum of 4,096 c. f. s.; and at

the Chesapeake City entrance, 6,960 c. f. s. Evidently, the larger

part of the filling and emptying of the canal is through the latter

entrance.

403. Effect oj the flow through the canal upon the primary entrance

tides.—At Reedy Point the canal opens into the wide estuary of the

Delaware, and the flow in and out of the canal obviously is insuffi-

cient to produce a measurable effect upon entrance tides. At the

other entrance, at Chesapeake City, the discharge is into the com-
paratively restricted channel in Back Creek, whose area of cross

section, in its upper part, is given as but 3,700 square feet. The
discharge through the canal therefore, is sufficient to effect the cur-

rents and tides in this approach to the canal. The computation of

the tides and currents in the canal has been made from the actual

recorded elevations at Chesapeake City, after the canal was opened.

If equally good records were available at the mouth of Back Creek,

and physical data were at hand to determine the constants for the

successive reaches in that approach, the computations profitably

could have been extended to include this approach as a part of the

canal prism.

DISTORTIONS OF THE PRIMARY CURRENTS

404. The distortions of the primary current in a short section of a

tidal channel have been developed in paragraphs 260 to 276 of chapter

V. In a long tidal canal, further distortions are introduced by the

variation, with the rise and fall of the tide, in the area of the water

surface between successive velocity stations, and in the area of the

cross section of the water prism at these stations. The corrected

velocities at any stations at which a determination is desired may be

computed by a procedure which now will be described.

405. Intervals.—The corrected velocities are computed at selected

intervals of time which, like those chosen for deriving the corrections

in a short section of a tidal channel, should be parts of the component
hour of the primary tides and currents. This component hour usually

is the lunar hour of 1.035 mean solar hours. Intervals of one-half a

lunar hour, or 1,863 mean solar seconds, ordinarily are sufficiently

small to aft'ord reliable results.

406. Procedure.—A fu'st adjustment of the currents, which usually

is sufficient for all practical purposes, may be accomplished through
the following procedure:

(a) The primary tides at the ends of the subsections of the canal

are adjusted to the selected representative tides at the entrances, if
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these depart from the simple harmonic fluctuations of the primary
entrance tides. The simplest adjustment, and one which appears as

tenable as any other, is to assign the departures of the total head
between the entrances to the primary heads in the subsections in

proportion to the length of the subsection.

(b) The primary current in the subsection in which the amplitude,

B, is the greatest is corrected to conform to the adjusted tides at the

ends of the subsection, and for its other deformations, by the pro-

cedure described in chapter V. The currents in this subsection may
be expected to have the largest influence upon the currents through

the canal.

(c) The discharges at the velocity station of this base subsection

are determined by multiplying the corrected velocity by the area of

the cross section at this station at the given time.

(d) The currents at other stations are computed from those at

this base station by a cubature of the adjusted tides through a modi-

fication of the process developed in chapter VI.

407. Example.—To illustrate the procedure, the corrected currents

in the Chesapeake and Delaware Canal will be computed from the

primary tides and currents derived in the preceding paragraphs, and
entrance tides conforming to the observed tides. To curtail the

computations, the small diurnal variation of the entrance tides is

omitted and the tidal cycle is completed in 12 lunar hours. The
representative tide at each entrance at zero hour (7 a. m., November
27, 1928) is taken as the mean of the recorded tides at and 12 lunar

hours; that at 0.5 lunar hour as the mean of the tides at 0.5 and 12.5

lunar hours; and so on. A minor adjustment at 11.5 hours produces

fairly smooth repeating tide curves with a period of 12 lunar hours.

The heights, above Delaware River datum, of the entrance tides so

derived are as follows:

Selected entrance tides

Lunar
hour
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in which H and H° may be taken as the unadjusted vahies shown in

cohimns (19) and (20) of figure 69, and at increases by 15° at each

successive half lunar hour. Thus the surface head in the subsection

between stations 61 and 77 at zero hour is:

0.770 cos 22°30'= +0.71

and at 0.5 lunar hour it is:

0.770 cos (15°+ 22°30') = +0.61

and so on.

The tides at hour are then adjusted to the selected entrance tides

as follows:

(1)

station
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plotted in figure 70. The computed tides are seen to be in satisfactory

concordance with the observed tides.

12 18
Standard Time

Adjusted tides

Recorded tides o o o

Figure 70.—Adjusted and observed tides, Chesapeake and Delaware Canal, November 27-28, 1928.

410. Adjusted velocities and discharges at base velocity station.—The
primary currents are the largest in the subsection between stations 61

and 77. The corrected velocities at station 69, the velocity station of

this subsection, are determined from the adjusted tides at stations 61

and 77, by the procedure described in paragraphs 260 to 276 of chapter

V. The value of the hydraulic radius, r, as derived from the given

cross section of this part of the canal, varies from 12.3 at tide to 16.9

when the tidal height is 6.0 feet. The corresponding values of C, from

the Bazin formula, with the coefficient used in the determination of

the primary tides and currents, are 94.3 and 100, respectively. The
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computations which are not here repeated, give the corrected velocities

shown in column (3) of the following tabulation, from which the dis-

charges are computed.



214

412. The ciibature between stations 69 and Summit Bridge, station

51+200, takes the following form:

Cubature—stations 69 to 51+200

Lunar
hour
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gives the velocities at station 51+200, in column (12). The compu-
tation for the rest of the 12-hoiir cycle is in the same form.

413. The velocities at the entrance to the canal at Chesapeake City

Bridge, station 77, are similarly derived by cubatiire from station 69.

The discharges at station 37 are derived from those at 51+200, and

thence successively the discharges and velocities at station 19+ 500

(Biddies Point) and at station 5 (Reedy Point). The flow through

the branch canal which makes off from near Biddies Point is too small

to warrant the labor involved in including it in the adjustment. The
surface areas, U, and the areas of the cross sections, used for these

computations, are as follows:

Surface areas, U {square feet)

Reach tide 6.0 foot tide

Stations 69 to 77—prism 1 , 406, 000 1 , 646, 000

Back Creek 583,000 4,294,000

Total 1,989,000 5,940,000
Stations:

51+ 200 to 69 3,128,000 3,662,000

37 to 51 + 200 3,505,000 7,699,000
19+500 to 37 4,294,000 9,447,000

5 to 19+ 500 8,208,000 13,568,000

Cross sections, X {square feet)

Stations

:

O tide 6.0-foot tide

From 45 to 77 1,900 2,944
19 + 500 1,936 3,065

5 2,428 4,060

414. Comparison with observed velocities.—^The computed primary

currents and adjusted currents, at Reedy Point (station 5) and at

Biddies Point (station 19+ 500) and the mean velocities from meter
measurements at these stations on November 27-28, 1928, are shown
in figure 71, page 216. It may be seen that the adjustments produce

large distortions of the primary velocity curves at these stations.

While the recorded velocities are somewhat erratic, the adjusted

velocities conform fairly well to the observations. The computed
and observed currents at Summit Bridge (station 51 + 200) and at

Chesapeake City Bridge (station 77) are shown in figure 72, page 217.

The recorded velocities at these stations are much more consistent,

and with some minor variations the adjusted currents resulting from

the computations are in close accordance therewith. Although the

constants and data used in the computations were selected without

regard to the observed currents, the agreement is perhaps closer than

could ordinarily be expected.
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415. Second approximation.-—The corrections applied to the veloci-

ties in the subsections of the canal must change, to some extent, the

distribution of the total surface head between the subsections. A
second adjustment may be made by computing the surface heads

produced by the corrected velocities in each subsection of the canal, at

18 O
Standard Time

Computed primary current

Adjusted current

Recorded currents o o o

Figure 71.—Computed and observed curreuts, Chesapeake and Delaware Canal, November 27-28, 1928

the adopted half lunar hour intervals. These heads are determined

from the equation:

hs-\-h,)-\-ha+hf=0

by computing the values of hv, ha, and hf from the corrected velocities.

The surface heads so computed may then be adjusted to the heads

estabhshed by the selected entrance tides, corrected tidal heights at

the ends of the subsections derived therefrom, and a second determina-

tion of the velocities made from the corrected tides. The procedure

is too laborious to be warranted in any ordinary case. The results of

its application to the tides and currents in the canal chosen for the first

example, in which the entrance tides were taken with a simple harmonic
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fluctuation, are shown in figure 73, page 218; and the instantaneous

profiles derived therefrom in figure 74, page 219. In these figures

the tides are referred to a datum 10 feet below mean sea level. It

may be noted that the changes produced in the tides by the adjust-

Lunar Hours
V . . . .

.'?

J—I—I—L_J I 1—1 1 I L_l I I I L
7 12 18 O

Standard Time

Computed primary current
Adjusted current
Recorded currents o oo

Figure 72.—Computed and observed currents, Chesapeake and Delaware Canal, November 27-2*?, 1 928

ment are very small. The currents derived from the second adjust-

ment do not differ materially from those derived in the first. The
weaker currents at the initial entrance show a considerable distortion.

A plot of the distorted discharges at the two entrances, not here

shown, develops no material departures from the relation between

the storage and discharges due the primary currents in the canal,

discussed in paragraph 388.

416. Preponderance oj flow in a connecting canal.-—The flow in the

two directions through a connecting canal ordinarily is at dift'erent

stages of the tide. Because of the consequent difference in the mean
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areas of the cross section of the water prism while the flow is in the

opposite directions, and because of the distortions of the currents, tlie

total volume of flow in one direction may be expected to differ from

that in the other. This preponderance of flow may be estimated by
computing the arithmetical mean
the given intervals.

of the adjusted discharges at

417. In the canal selected in

the first example the algebraic

mean of the finally computed

discharges at the initial en-

trance is —275 c. f. s. and at

the further entrance it is —158
c. f. s. A closer adjustment

would be necessary to remove

the discrepancy between these

two figures. The maximum
discharges at these entrances

are 22,220 c. f. s. and 50,700

c. f. s., respectively. These

figures show that in this case

the total volume of flow is

nearly the same in both direc-

tions, but indicate a slight

preponderance of flow toward

the initial entrance, where the

tidal range is the greater.

418. In the Chesapeake and

Delaware sea-level barge canal,

taken as the second example,

the adjusted discharges pro-

duced by entrance tides on the

day selected show a prepon-

derance of flow averaging —441
c. f. s. at the initial entrance,

station 5, and of —376 c. f. s. at the further entrance, station 77.

These figures indicate an average net discharge during the day of

about 400 c. f. s. through the canal in the negative direction, from

Chesapeake Bay into Delaware River. Tliis preponderance of flow

may be attributed to the higher mean tide elevation in the head of

Chesapeake Bay.

419. It is not difficult to see that in a comparatively short canal,

with a wide difference in the tidal range at the two entrances, the tidal

elevations and the surface heads through the canal are dominated by
the tide at the entrance having the larger tidal range ; and because of

the greater cross section and less resistance to flow at the higher tidal

Lunar Hour

Primary Tides and Currents
Adjusted -

FfGURE 73.—Primary and adjusted currents in first

example
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stages at that entrance, more water will flow through the canal from

that entrance than will flow back at low tide when the direction of the

flow is reversed
;
provided at least that no adverse constant component

of the head is produced

by a difference in the

elevation of mean tide

at the two entrances.

The more intricate

tides and currents ui

a longer canal and

differences in the ele-

vation of mean tide

at the entrances may
produce a preponder-

ance of flow which is

not necessarily from the entrance having the larger tidal range.

Ml

10

6-1

Sta O

Figure 74.-

40 80 I20 I60

-Instantaneous profiles (adjusted).

200

CLOSED CANALS

420. A computation of the currents and tides in a projected closed

canal seldom is necessary, as usually it may be taken for granted that

the currents in such a canal will not be troublesome; but should the

occasion arise, the primary tides and currents may be computed by
a procedure paralleling that applied in the preceding paragraphs to

connecting canals. Aside from a practical application, the develop-

ment of the effect of frictional resistance upon the primary tides and
currents in a long closed canal of uniform dimensions will cast some
light upon the characteristics of tidal flow in closed channels in general.

421. Computationjor closed canals oj moderate length.—If a projected

canal is so short that the instantaneous profiles will not depart widely

from horizontal lines, the computations may be started by determining

the currents that would be produced in successive subsections of the

canal if the primary tides in each subsection had the same amplitude

and phase as at the entrance. The surface heads in the subsections

are then computed, corrected tides derived therefrom, the currents

recomputed, and the computations repeated until further corrections

become negligible.

422. Since the discharge at the head of the canal is zero, the dis-

charge, Q, at a velocity station at the middle of any subsection is,

from ec^uation (278):

Q=MB sin {<it^^)= l.aUA sin (at+a) (293)

in wliich M is the area of the cross section at the velocity station, B
the amplitude and jS the initial phase of the primary current at the

station; and ZallA sin (af+a) is the summation, from the head of the
192750—40 15
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canal to the velocity station, of the products of the surface areas,

U, between the successive velocity stations, at mean tide, and

aA sin {at-\-a), the rate of increase of the tide at the storage stations

niidway between the velocity stations.

Designating the area of any typical cross section of the canal as

Mo, and placing, as in equations (281) and (282):

Mo/M=m
aUIMo=I

equation (293) may be written:

B sin (at-\-^)=m'ZlA sin {at+a)

whence:
(B/m) sin ^=^IA sin a (294)

{B/m) cos ^=i:IA cos a. (295)

If the canal is of uniform dimensions, and the subsections of equal

length, Mo=M, l/m=l, and I=aAx/D.

The component currents in the subsections are computed from

equations (294) and (295), and the resulting surface heads from

equations (288), (289), and (290).

423. Example.—The computations may be illustrated by applying

them to a closed canal of uniform cross section, 60,000 feet (11 miles)

in length, with a mean depth of 16 feet at midtide, when the tidal

fluctuation in the entrance has a

60 50 40 30 20 10 5 O

range of 6 feet, and the speed of

the M2 component, 0.0001405

radians per second. The origin
FiGUEE 75.-Storage and velocity stations (stations ^^ distances is at the head of the

of 1,000 feet).

canal, and the origin of time at

a high water at the entrance. The canal will be divided into three

subsections, each 20,000 feet in length, as shown in figure 75.

Station is at the head of the canal. The velocity stations, at the

middle of the subsections, are at stations 10, 30, and 50. The storage

stations are at stations 5, 20, and 40. As the currents near the head of

the canal are extremely smah, the surface head in the quarter section

between stations and 5 is always negligible, and the components of

the tide at station 5 may be taken as those at station 0.

424. Coefficients.—An appropriate value of Chezy coefficient, C, is

100. The storage coefficient, /, at ah storage stations, except for the

half section at the head of the canal, is:

7=aA.r/jO=0.0001405X20,000/16= 0.176.

For the half section at the head of the canal, 7=0.088.

Since the canal is of uniform dimensions, to=1. The coefficients

for the determination of the subsection heads (par. 373) are:
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^=0.000,005,148 CV=0.823

fo/^=0.000,004,37X20,000=0.0874.

425. Fii'st computation of the primary currents and heads.—The com-
putations are started by taking the equation of the tide throughout

the canal as:

y=3 cos at.

At all storage stations therefore:

A cos a=3 A sin a=0.

The computations are conveniently made in the form previously

used for connecting canals, and are shown on figure 76, facing page

222. The value of {Bjm) cos /3 at station 10, is the storage increment

for the half subsection, to 10; that at station 30 is obtained by
adding the storage increment between stations 10 and 30, and so on.

The subsection velocities and heads are then computed, but since the

tide at the entrance to a closed canal is alone fixed, the computed
coordinate heads are not subject to adjustment.

426. Recomputation oj currents and heads.—The currents and heads

are next recomputed as shown in figure 76 from the tides established

by the heads determined in the initial computation. The component
tides, A sin a and A cos a, at stations 40, 20, and are obtained

by successively subtracting, algebraically, the component heads,

H sin H° and H cos H°, found in the first computation, from the

component tides at station 60.

In the final computation the current at the entrance, station 60, is

determined by adding to the component currents at station 50, the

storage increments from stations 50 to 60. The component tides at

the storage station, station 55, are interpolated.

427. Results of computation.—The amplitudes and initial phases of

the tides at the ends of the subsections, derived from the final com-
putation, are:

Station: a a
60 3.00

40 3.12 -3°50'

20 3.19 -5°10'

3.21 -5°20'

The tidal range therefore increases from 6.0 feet at the entrance to

6.42 feet at the head of the canal. High water at the head of the

canal is 5°.33/28°.98= 0.18 hours= ll minutes later than at the

entrance. The strength of the current at all sections is nearly at

midtide, and decreases from 1.66 feet per second at the entrance to

zero at the head of the canal. The currents are so weak that the

tides and currents approach the condition of frictionless flow.

428. Computations for a longer canal.—^The procedure which has
been described is applicable only to a comparatively short canal. As
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the length increases, the successive approximations converge more
slowly, and after a certain length is reached, run completely wild. To
compute the primary tides and currents in a long closed canal, the

amplitudes and initial phases of the currents produced by tides of

successive amplitudes at a station at a moderate distance from the

head of the canal may be determined by the method that has been
described. The tides and currents set up when another section is

added are derived therefrom. By continuing the process, the primary

tides and currents in a closed canal of any length may be computed.

429. Example.—The primary currents produced by tides of succes-

sive amplitudes at the entrance to a canal 60,000 feet in length, and

16 feet in mean depth, determined by the same procedure as that set

forth in figure 76, are:

At entrance (station 60)

TIDE
A a

3.5

3.0

2.5

CURRENT
B /S

1.94 -4°o0'
1.66 -4°
1.40 -3°20'

At head {station 0)

TIDE
A a

3.73 -6°10'

3.21 -5°20'

2.70 -4°30'

The computation from this data of the primary currents at the

entrance to a canal 80,000 feet long and of the same mean depth,

when the tide at the entrance has an amplitude of 3 feet, is shown at

the bottom of figure 76. For the initial computation the tide at

station 60 is taken as the same as at station 40 of the 60,000 foot

canal, the amplitude of which is 3.12 feet and the initial phase is

— 3°50'. The corresponding amplitude of the current is, by inter-

polation from the tabulated data, 1.73 feet per second, and its initial

phase, for a zero phase of the tide at station 60 is — 4°10'. Since

the phase of the tide at station 60 is — 3°50', the phase of the current

at this station is — 4°10'— 3°50'=— 8°. The coordinate amplitudes

of the velocity at station 60 are then

:

1.73 sin (-8°)= -0.240 1.73 cos (-8°) = 1.710.

The current at station 70 is derived by adding the velocity increment,

stations 60 to 70, determined by the tide at station 65, and the resulting

coordinate heads, stations 60 to 80 derived therefrom. The recom-

putation from the corrected tides at station 60, develops heads in

satisfactory agreement with those first found. In the final computa-

tion, the current at station 80 is determined by adding to the corrected

velocity components at station 60 the storage due to the tide at

station 70. The current at the entrance to the 80,000 foot canal is

found to have an amplitude of 2.27 feet per second, and an initial

phase of — 10°30'.

The final determination of the amplitude of the tide at station 60

of the 80,000-foot canal is 3.13 feet and its phase is -8°20'. The
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corresponding amplitude of the tide at the head of the canal is, by-

interpolation from the tabulated data, 3.34 feot; and its initial phase

is — 5°30'— 8°20'= — 13°50'. The primary tides and currents at

any other station on an 80,000 foot canal could be determined in a

similar manner by establishing their relation to the amplitude of the

tide at station 60.

Perhaps a better method for computing the tides and currents in a

very long closed canal is to determine those that would be produced

in the successive subsections by tides of several amplitudes at the

head of the canal. If the subsections are 20 stations in length, the

current produced at station 10 by a tide of given amplitude at the

head of the canal is derived from the velocity increments from the

tide at station 5, and the coordinate heads, tides and currents at

station 20 computed therefrom. The coordinate amplitudes of the

tide at station 25 can then be set forward with fair assurance and

the currents at station 30 determined by adding the velocity incre-

ments due to the tide at station 25 to the coordinate currents at

station 20 ; and so on to the station at the entrance. The amplitudes

and phases of the tide and current at any station on the canal can

then be plotted against the several computed amplitudes of the

tide at the entrance, and those corresponding to an entrance tide of

a given amplitude taken off these diagrams.

430. Characteristics of the tides and currents in a long closed canal of

uniform cross section.—The primary tides and currents in a canal

140,000 feet (about 26.5 miles) in length, of uniform cross section, 16

feet in mean depth, produced by an entrance tide of 3 foot amplitude,

as computed by the step by step process just outlined, are as follows:

Primary tides and currents in closed canal 14-0,000 feet long, with a mean depth of

16 feet at mean tide

[C=ioo]

Station
(1,000 feet)
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The range of the tide decreases from 6 feet at the entrance to 5.0

feet at a point 40,000 feet (about 8 miles) up the canal, and thence

increases to 5.8 feet at the head of the canal. High water at the

head of the canal is 60°. 8/28.98= 2.1 mean solar hours later than at

the entrance. The rate at which the tide progresses up the canal is

far from uniform. In the first subsection next the entrance it pro-

gresses at the rate of 8.2 feet per second, while in the upper 40,000

feet it progresses at an average rate of over 200 feet per second. The
rate of advance of a progressive wave in a canal of the given depth

would be -y 16fif=22.7 feet per second.

The instantaneous profiles in the canal at successive lunar hours

are shown in figure 77.

In an even longer canal of the same depth the rate of progress of

the tide is found to decrease slowly from the entrance for some dis-

tance up the channel and thence increase rapidly toward the head.

431. The primary current at the entrance reaches a maximum of

3.2 feet per second, and the strength of the positive current occurs

^

3-^

Sta 140 ISO lOO 80 60 40 20 O
Figure 77.—Instantaneous profiles in closed canal 140,000 feet long and 16 feet mean depth.

1.5 mean solar hours before high water, or 1.6 hom's after mid tide.

The strength of the current decreases nearly uniformly to the head

of the canal. Near the head of the canal the strength of the positive

current is 30 minutes later than at the entrance, and occurs nearly

at midtide at the head of the canal.

Considerable deformations of the primary currents are to be ex-

pected in so long and shallow canal; but the many successive approxi-

mations necessary to bring the deformations of the tides and currents

into concordance would render their computation excessively laborious.

432. Comimtation jor canal of varying cross section.—If the surface

width and the mean depth of a closed canal are not the same through-

out, the values of the coefficients, 7, p, and la/g are determined for

each subsection, and the form of the computations is modified in the
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same maimer as those of a connecting canal of varying cross section,

illustrated in the second example (pars. 392-401).

MIDSTREAM CURRENTS

433. The computations developed in this chapter should afford

substantially as reliable an indication of the mean velocity at a given

cross section of a tidal canal as is to be expected of a computation of

the mean velocity set up by steady flow with a constant head. In

both cases, the reliability of the results depends upon the completeness

of the data on the actual widths and depths in the canal, and on the

selection of the coefficient of roughness. The procurement of the

data for the computations generally entails much more effort than do

the computations themselves.

434. It should be recollected that the currents which will be en-

countered in the navigation of the canal are those in midstream and

that their velocity considerably exceeds the mean velocity in the

cross section. An analysis of the detailed meter measurements made
in the Cape Cod Canal in 1915, when its designed depth was 25 feet

at low water and its bottom width 100 feet, shows that the average

velocity in a vertical section at the middle of the canal was 25 percent

in excess of the average velocity in the entire cross section. While

the ratio of the midstream velocity to the mean velocity must depend

upon the contour of the bed of the channel in the vicinity of the cross

section, available data indicates that in general the strength of the

midstream current in a channel of regular dimensions should be taken

as 1.3 times the mean strength.

435. The midstream current also turns later and reaches its maxi-

mum velocity after the mean current in the cross section. In a canal

of regular section this difference in timing usually does not exceed a

few minutes. In a wide natural channel differences of half an horn*

or more in the time of the turning of the current near the shore and

at midstream are quite common (Manual of Current Observations,

Special Publication 215, U. S. Coast and Geodetic Survey, 1938).





Chapter IX

TIDES AND CURRENTS IN ESTUARIES AND INLETS

Paragraphs

Definition of estuary 436

Characteristic tides and currents 437-438

Form of an ideal estuary 438-445

Prevalence of estuaries of typical form 446-448

Effect of local contractions and enlaigements 449-450

Deep channels of estuary form 451-453

Effect of fresh-water discliarge 454-456

Differences in tidal range caused by earth's rotation 457-459

Overtides and overcurrents 460-462

Tidal bore 463

Effect of artificial changes in an estuary 464-477

Tidal inlets, description . 478-479

Hydraulics of inlet channels 480-481

Observed relations 482-483

Overcurrents in inlets 484

436. Definition of estuary.—The reversing currents produced by the

filhng and emptying of the tidal prism of a river that enters a tidal sea,

generally dominate the river flow for a considerable distance up the

stream. This part of the river usually is funnel shaped, flaring to-

wards the entrance. A river mouth of such a shape is called an
estuary. The term may be applied as well to any tidal channel of

similar shape, even if it does receive any considerable inflow from the

uplands.

437. Characteristic tides and currents in an estuary.—In a typical

estuary, the currents often have nearly the same strength and tides

nearly the same range at all cross sections; except in the upstream

reaches where the tidal flow merges into steady flow. The rate at

which high water and low water, and the strength and tmn of the

current, advance up an estuary is often so close to -y^gD, the rate of

advance of a frictionless progressive wave in a channel of uniform

dimensions (par. 339), that this is commonly regarded as the normal

rate of progress of the tide.

438. The ideal estuary.—In the preceding chapter it was shown that

the currents in a long closed canal of uniform cross section diminish

from the entrance to the head of the canal and the rate at which the

tide advances up the canal increases toward the head. The uniformity

of the currents in an estuary, and of the rate of advance of the tide,

evidently is due to its shape. It is of interest to determine the special

(227)
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shape that a closed tidal channel of constant depth must have, in

order that a simple harmonic fluctuation of the tide at the entrance

will produce throughout the channel primary tides of constant range

and primary currents of uniform strength. In the lack of a better

term, a channel of this shape may be called an ideal estuary.

439. Derivation of the Jorm of an ideal estuary.—Taking the origin

of distances at the entrance from the sea, the positive direction up-

stream, and the origin of time at a high water at the entrance, let:

D, be the constant mean depth of the channel at mean tide.

z, its width at a point distant x from the origin.

r, its constant hydraulic radius at mean tide.

C, the applicable Chezy coefficient; also taken as constant.

A, the constant amplitude of the primary tide.

B, the constant amplitude of the primary current.

a, the speed of the primary tides and currents.

S, the amplitude of the surface slope at a point distant x from

the origin.

H°, the" initial phase of the slope at /the same point.

^, the angular lag of the current.

The relations established in paragraph 373 show that if B, r, and
C have constant values in a given channel, the values of 4> and 8 also

are constant throughout the channel.

The equation of the tide at the entrance is:

y—A cos at.

Since the tide at a station within the entrance occurs at a later

time, its equation is in the form

:

y=Acos (at—t) (296)

in which f (zeta) is a positive angle which varies with x.

The surface slope at a point distant x from the origin, and at the

time t, is then:

S cos (at+H°) = by/bx=A sin {at

—

f) df

/

bx

=A cos {at- ^-7rl2)b^/dx. (297)

Since equation (297) is identically true:

S=Ab^/()x (298)

H°=-^-Tr/2. (299)

From equation (298)

b^={SIA)()x.
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The integration of which gives, since f=0 when x=0:

^=(SIA)x. (300)

It will be convenient to place:

S/A=n. (301)

So that:

t=nx. (302)

The equation of the current at any cross section of the channel may
be written:

v=B sin (a^+jS)

in which, from equation (150)

:

^= H°-ct>-'ir/2

From equations (299) and (302)

:

^=—nx—<l)— Tr.

The equations of the tide and current in an ideal estuary are then:

y=A cos iat—7u) (303)

v=B sin {at—nx—0— x) = —5 sin (at—nx—cp). (304)

These equations show that the tides and currents progress up an

ideal estuary at the constant rate of a/n.

440. The differential equation of the primary current has been

derived in equation (142), paragraph 243:

by/()x+(l/g)bv/bt^i8/3Tr)Bv/C'r=0

Substituting the differential coefficients and the expression for v

obtained from equations (303) and (304):

An sin {at—nx) — {aBjg) cos (at— nx—cf))

-(S/St) (ByC'r) sin {at—nx-cl>)=0 (305)

By placing at—nx=0, the equation of condition is derived:

-(aB/g) cos </)+(8/37r) {B-/C'r) sin = (306)

and by placing at—nx=Tr/2:

An- (aB/g) sin 0-(8/37r) (B'/C'r) cos 0=0 (307)
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Multiplying equation (306) by cos and equation (307) by sin and

adding:

An sin (t>—aB/g=-0 (308)

441. The equation of continuity is (equation 183):

b{vzD)/c)x-{-z^y/^t=0

Wlien the depth, D, is constant, this equation becomes:

Dvbz/bx-\-Dz()v/dx+zc)ylc)t=0 (309)

Substituting the differential coefficients and the expression for v,

from equations (303) and (304):

—DB sin {at—nx—<l>)dz/bx-\-nDBz cos (at—nx—<f)

— aAz sin {at—nx)=0 (310)

The equations of condition, derived by placing at—nx=0 and

at—nx=Tr/2, are:

DB sin cl>c)z/bx+nDBz cos (l)=0 (311)

—DB cos <i)C)zlbx+nDBz sin <l)—aAz=0 (312)

Multiplying equation (311) by cos 4> and equation (312) by sin 4>,

adding and dividing by z:

nDB—aA sin <t>=0 (313)

Combining equations (308) and (313) to eliminate sin 0:

aB/gAn^nDB/aA
whence:

n^=aygD n = al^l^ (314)

The rate of advance of the tide and current in an ideal estuary is

then -yjgD, the rate of advance of a frictionless progressive wave.

442. From equation (311):

bzlz=—n cot 4>bx

The integration of which gives:

2=i^e-"^^°*^ (315)

in which K is the constant of integration. AMien x=0, K=z. K is

then the width of the estuary at the entrance, which conveniently may
be designated Zq. Then:

z=Zoe-"'='°^'^ (316)

Or: _
log 2=log Zo—{ax cot cj) log e)l-yJgD (317)

If, then, the depth of an estuary is constant, and the width varies in

accordance with the law expressed by equations (316) or (317), its
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primary tides and currents will have a constant amplitude, and will

advance up the channel at the rate of -^JgD.

443. To determine the amplitude of the currents, the value of

P= 1.084 OV^'S' and P/^S may be computed from the value of S,

derived from equation (301):

S=A7i=Aa/^JgD (318)

The value of </> may then be obtained from table IX, chapter V. The
amplitude of the current is, from equation (308):

B= {Ag/^/gD) sin 4>=A-^^ sin (319)

As shown in paragraph 338, the amplitude of current of a friction

-

less progressive wave, in a channel of uniform dimensions, is:

The currents m an ideal estuary are therefore less than those set up
by a frictionless progressive wave:

Example.—The mean tidal range at the entrance to the estuary

proper of the Delaware River, at Woodland Beach, is 5.63 feet. The
mean depth of the estuary at mean tide between Woodland Beach and
Philadelphia, taken from maps of about 1918, was found to be 21.5

feet. A reasonable value of the Chezy coefficient, C, is 120. Taking
the tides as simple harmonic fluctuations with a speed of the AI2

component, the constants for computing the form of the ideal

estuary are:

^4=2.815 feet

a— 0.0001405 radians per second

D^r=2l.5
C=120

These values give:

*S'=0.00001504

logP/5'=5.19235

= 37°21

The scaled width of the Delaware at Woodland Beach is 23,000

feet, the logarithm of which is 4.36173. The logarithm of the width

of an ideal estuary at a point distant x feet upstream, is then, from

equation (317)

:

log 2=4.36173-0.000,0030405^

In figure 78, page 232, the outline of this ideal estuary is shown

in broken lines on a small-scale map of the Delaware. It will be

seen that the general shape of the river conforms (y^iite closely to an

ideal estuary.



232

Wood
Beach

re

ary

ne

OOO lOOOOO
I I I I I

feet

Figure 78.—Delaware River, Philadelphia to 'Woodland Beach.

444. The actual mean tidal range in the Delaware increases from

5.63 feet at Woodland Beach to 5.85 feet at the contraction at Artificial-

Island, then decreases to 5.09 feet at Philadelphia. The rate of

advance of the tide up the ideal estuary would be yl21.5g=26.3 feet

per second. The actual rate of advance of the high water from Wood-
land Beach to Philadelphia averages 23 feet per second, and of low

water, 19.5 feet per second.

The amplitude of the primary current, computed from equation

(319) with the given data, is 2.09 feet per second. The actual mean
current velocities at various cross sections of the Delaware, determined

by cubature, have strengths generally of about 2.00 feet per second,

increasing to 2.6 feet at contracted sections.

445. The equation of the tide in an ideal estuary (equation 303)

shows that high water at a point distant x from the entrance occurs

when atQ--77x=0, or when to=nila. Similarly equation (304) shows

that the current turns from positive to negative, or from flood to ebb,

when ati—7ix—(l)=0, or when ti=(nx-{-cf))la. The interval between
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high water and the turn of the current is then </>/». If then the Dela-
ware were an ideal estuary, the primary current at any station would
turn from flood to ebb 37°.35/28.98=1.29 hours after high water.

The actual currents turn in this direction from an hour to an hour and
a half after high water at the station.

The general characteristics of the tides and currents in the tidal

portion of the Delaware conform therefore to those deduced for an
ideal estuary.

446. Prevalence of estuaries of typical form.—The depth of a natural

tidal channel is far from constant, and the variation in its width which
would be required to produce currents of constant strength departs

somewhat from that of the ideal estuary deduced in the preceding

paragraphs. However, as a natural channel carrying a constant steady

flow tends toward a general uniformity of width, a tidal estuary tends

toward the funnel-shaped form of an ideal estuary. In a tidal channel

which has not such a form, the currents have different strengths from
section to section and the bed tends to scour where the currents are

the stronger, and to fill where they are the weaker. Tidal channels in

alluvial material therefore mold themselves into the typical estuary

shape. The result of this process is strikingly shown in the natural

channels through the tidal mud flats bordering a sheltered bay or

coastal sound, in which the wave action does not cause enough littoral

drift to contract the outlets. A glance at a chart of such a region, or a

view from the au', shows that the many channels cut through these

flats by drainage from the uplands have molded themselves into the

typical estuary form, generally with a sinuous alignment.

447. Large rivers which enter the sea through an alluvial coastal

plain also usually cut for themselves a typical estuary channel; unless

they carry down silt and sand at a faster rate than can be molded by
the tidal currents, when they maintain a generally uniform cross

section to an ever-growing delta at their junction with the sea. A
delta generally is found at the mouth of a silt-bearing river which,

like the Mississippi, enters a sea having a small tidal range; but the

burden of detritus may be sufficient to form a delta at the mouth of a

river where the tidal range is large. Thus deltas are found at the

mouths of the heavy silt-bearing rivers which enter Puget Sound,

although the diurnal tidal range in the sound is generally 10 feet or

more.

448. Many rivers enter the sea through submerged valleys, which

ordinarily widen toward the sea and have the general shape of a self-

made estuary. If the valley has become filled with alluvial deposits of

fairly uniform consistency, the tidal flow generally ha,s molded an

estuary of typical form, often subdivided by islands and shoals.

The entrance to an estuary from the open sea usually is contracted

by deposits from the littoral drift along the coast line; but this contrac-
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tion does not affect greatly the tides and currents inside of the entrance.

In short, long natural tidal channels, other than tidal straits, are

usually of estuary form; and if they are not too deep, their tides and

currents ordinarily have the general characteristics of those of an

ideal estuary.

449. Effect of local contractions and enlargements upon the range and

rate of the tide.—Variations in the consistency of the bed and banks of a

natural estuary result in local contractions and enlargements of the

cross section, so that the strength of the current is no more uniform

than is the current velocity in a natural upland stream whose bed and

banks are of similar material. The consequent variation in the

amplitude of the surface slope produces variations both m the tidal

range and in the rate at which the tide advances up the channel. The
nature of these variations may perhaps be developed most readily from

a diagram.

In figure 79, CPo is the generating radius

of the primary tide at the downstream, or

initial, end of a short section of a tidal

estuary. If the currents were of uniform

strength, and the tides of constant range

throughout the estuary, the generating

radius of the tide at the upstream end of

the section would be CPi, equal in length,

but lagging behind CPq by an angle deter-

mined by the rate of progress of the tide,

\gH. The surface head in the section

would then be CH, equal and parallel to
Figure 79

PqPi (par. 244); and the generatmg radius

of the primary current would be CB, making an angle of —0— 90°

with CH (par. 248). Upland inflow disregarded, this cm-rent is due

wholly to the discharge at the section produced by the filling and
emptying of the tidal prism upstream therefrom. The phase of the

current CB has therefore a fixed relation to the phase of the tide CPi

.

If, because of a local contraction at the section, the discharge pro-

duces a current of increased amplitude CB\ the amplitude of the head

is increased to CH', but the angular lag, 4>, of the current with respect

to the head is decreased, so that the angle H'CH is greater than B'CB.

The generating radius of the tide at the upstream end of the section

becomes CP'i. The angle PiCP'i is nearly or quite equal to BCB'

,

and the angle PiPJP'i is equal to HCH' . It is apparent from the

figure that the increase in the current results in a decrease in the tidal

range and an increase in time of the tide at the upstream end, with a

consequent decrease in the rate at which the tide travels through the

section. The decrease in the tidal range at the upstream end tends to re-

duce the discharge at the section, and checks the increase in the current.
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450. A local increase in the strength of the current in a section of an

estuary therefore decreases the tidal range upstream, and retards the

progress of the tide up the estuary. A local decrease in the strength

of the current tends to increase the tidal range, and speeds up the

progress of the tide. The decrease in the range as the tide passes

through the contracted sections usually results in a less range in the

wider and deeper sections upstream, while because of the tendency

toward an increase in the wide and deep sections, the range of the

tide normally increases as it approaches a contracted section. The
larger tidal ranges are therefore found ordinarily at the contractions,

and the smaller ranges in the wide and deep sections of an estuary.

The advance of the tide up the estuary is more rapid where the tidal

range is increasing than it is when the range is decreasing.

451. Dee]) channels of estuary jorm.—Submerged valleys, unfilled by
alluvial deposits, afford some long closed tidal channels, flaring toward

the entrance like an estuary, but so deep that the frictional resistance to

flow is very small. The convergence of the shores of the ideal estual

becomes less as the depth increases and the frictional resistance to

flow decreases. In a channel so deep that the flow is essentially

frictionless, cj> is so close to 90° that cot is practically zero. The
width of the ideal estuary then closely approximates, from equation

(316):

The ideal estuary becomes an endless channel of uniform width and

depth. It follows, therefore, that in a closed channel of finite length

the tides maintain a constant range, and the currents a constant

strength, only when the channel is so shallow that the frictional

resistance to flow is material. When its depth is so great that the

frictional resistance is negligible, the tides and currents take the

general characteristics of those produced by frictionless flow in a

closed canal, discussed in chapter VII. The wave lengths of the

principal tidal components become so long in a deep channel (par. 326)

that the length of nearly all natural channels is but a fraction of these

wave lengths, and the range of the tide characteristically increases from

the entrance to the head. If the effective length of the channel approxi-

mates one-quarter of the component wave lengths corresponding to its

depth, the range of the tide at the head of the channel may be very

large. In timing, the tides approach the condition of a stationary

wave, which rises and falls simultaneously.

452. Tides and currents in the Bay of Fundy.—The Bay of Fundy,

on the Atlantic coast of Canada, just north of the State of Maine,

affords the outstanding example of the heights to which the tide may
rise at the head of a fairly deep natural channel. An interesting

192750—40 16
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description of the tides in the bay is given by Maimer in "The Tide",

from which the figures herein have been abstracted. The bay ex-

tends 170 miles inland and there subdivides into two comparatively

small and shallow branches. The entrance to the bay is 85 miles wide,

and has a mean depth of 280 feet. The bay gradually narrows to 30

miles at the junction of the branches, where the mean depth becomes

130 feet. The mean tidal range increases from about 18 feet at the

entrance to 40 feet or more at the heads of the two branches, reaching

50 feet at spring tides. This is the greatest tidal range in the world.

The midchannel currents at the entrance to the bay have a strength

of 1}^ knots. The tide tables indicate that high water progresses 90

miles in 15 minutes in the deep water in the main part of the bay, but

the progress of the tide slackens in the shallower branch channels.

The current turns nearly at high and low water.

The mean depth in the bay may be taken at 240 feet. The corre-

sponding wave length of the principal lunar semidiurnal component,

M2, is 663 miles (par. 326). The length of the bay is therefore nearly

one-quarter of this wave length. As shown in paragraph 346, this is a

critical length of a closed canal of uniform dimensions, at which the

tides are hmited only by frictional resistance. Wliile the analogy is

far from accurate, it affords an explanation for the great tidal range

at the head of the Bay of Fundy.

453. Other examples of the increase in the tidal range in deep chan-

nels.—The Gulf of Cahforni a, inside of the peninsula of Lower California,

is a deep channel extending inland over 700 miles from the Pacific

Ocean to the delta cone at the mouth of the Colorado. The mean tidal

range decreases from 4 feet at the entrance to 3 feet in a zone about

300 miles up the gulf, and then increases to 22 feet at the mouth of the

Colorado. In Cook Inlet, in Southwestern Alaska, a deep, funnel-

shaped channel about 200 miles in length, the mean tidal range in-

creases from about 12 feet at the entrance to 30 feet at the head.

Long Island Sound affords another and often quoted example of the

increase in the tidal range in a fairly deep closed channel whose length

and depth have the relation which should lead to this increase. The
sound has a prevailing depth of 65 feet and a length of 70 miles. This

length is approximately one-quarter of the wave length of the principal

semidiurnal tidal components at the given depth. The entrance from

the sea, at the eastern end, is contracted by a chain of islands, in the

passage between which the currents are strong, but these passages

are so deep and so short that the currents do not appear to produce

any considerable head. Inside the entrance the tidal currents are

weak. As is to be expected under these conditions, the tidal range

increases from 2% feet at the eastern entrance to 7/2 feet at the western

end of the sound. High water travels through the somid in about

half an hour.
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In contrast, the Lynn Canal, in southeastern Alaska, is a narrow
fiord, 80 miles long, with a prevaiHng depth of 1,000 feet or more. Its

length is but one-twentieth of the wave lengths of the principal semi-

diurnal components at the depth. The mean tidal range increases

from 12.6 feet at Barlow Cove, near the entrance, to but 14.6 feet at

Skagway, at the head of the fiord. The tide is so nearly a stationary

wave that high water at the head occurs but 5 minutes after high water

at the entrance.

454. Ejffed qfjresh water discharge.—The fresh-water discharge of a

river increases the ebb currents in its tidal reaches and decreases the

flood currents. In the wide part of a typical estuary, nearer its

junction with the sea, the tidal discharge from the storage in nearly

the whole of its tidal prism may be so much greater than the fresh

water discharge that the latter has but little effect upon the currents

O 50000 lOOOOOcfs
Discharge of Delaware River above Trenton

Figure 80.—Relation of high and low water to fiuvialdischarge at Trenton, N. J.

The discharge from tidal storage steadily diminishes upstream, the

ebb currents increase, and the flood currents decrease until a point

is reached at which the flood current disappears. Above this pomt,
the current fluctuates in velocity, but does not change direction.

The mean tide elevation in the river slopes upward from the sea at

an increasing rate as the ebb currents become the stronger. If the

river has so ample a cross section that the slope is small, the fluctua-

tions of the tide may extend far up the stream, diminishing as the

backwater from a dam diminishes, until at some point the tides

disappear, and with them the tidal storage, and the last traces of

tidal fluctuation in the river current.

Quite obviously, the range of tides in the upper reaches of a tidal

estuary diminishes when the fresh-water discharge increases, and may
disappear when the river is in flood; as the backwater from a dam
diminishes and eventually disappears A\-ith the increasing river dis-

charge. The observed heights of liigh water and of low water at a

tidal station may be plotted against the upland discharge to afford a



238

diagram showing the effect of the discharge upon the tides. Such a

diagram for the Delaware River at Trenton, near the head of tide,

prepared from selected monthly mean high and low waters and dis-

charges during the period 1922 to 1926, is shown in figure 80.

455. The tidal part of many of the larger streams entering the

Atlantic Ocean in the United States, terminates abruptly in the rapids

at which these rivers drop into the Coastal Plain, or into the sub-

merged valleys in which their tidal courses lie. The upstream tidal

reaches usually have the capacity to carry the ordinary river discharge.

During periods of low discharge the flow in these reaches becomes

almost entirely tidal, and in many cases the tidal range then increases

toward the head of tide, instead of gradually decreasing upstream.

456. Distribution of the currents due to Jresh-water discharge.—As
fresh water has a less specific gravity than salt water, the salt water

usually underruns the fresh at the turn of the current, so that the ebb

continues on the surface while the flood current is running in beneath.

Numerous meter measurements m.ade at various depths at the mouth
of the Hudson River show that the strengths of the ebb currents

generally are relatively less than the strengths of the flood in the

deeper part of the channel (Special Publication No. Ill, U. vS. Coast

and Geodetic Survey).

457. Difference in tidal range on the opposite sides of a wide estuary

because of the earth's rotation.—Unexpected as it may seem, the rota-

tion of the earth produces a measurable difference in the tidal ranges

on the opposite sides of a wide estuary. Consideration will show that

the earth rotates under the moving water in the channel, as it rotates

under a Foucault pendulum. At a place whose latitude is X, the rate

of rotation is 360° sin X per (siderial) day or 0.000,072,9 sin X radians

per second. In the northern hemisphere the currents, if unrestrained,

would rotate clockwise at this rate with respect to the earth. Since

the direction of the current in a channel is restrained by the banks,

the rotation sets up a slight transverse slope of the water surface.

Designating the rate of rotation of the earth about its axis, in

radians per second as co (omega) and the velocity of the current in

the direction of the channel by v, the transverse component of the

velocity, due to the earth's rotation, if unrestrained, would be uv sin X.

Since the steadily exerted force required to restrain a body from mo-
tion at a given velocity is twice that necessary to accelerate it to the

velocity, the pressure acting on each unit of mass of the flowing water,

to restrain it in the direction of the channel is 2uv sin X, and the trans-

verse slope to produce this pressure is 2a)z; sin \/g. The difference in

level between the two banks of the channel is then 2covz sin X/g, z

being the width of the channel.

458. Ordinarily the flood current in an estuary is near its strength

at high water, and the ebb current near its strength at low water.



239

Looking upstream, as is customary in regarding channels whicli lead

in from the sea, the rotation of the earth therefore tilts the water

surface upward to the right at high water, and upward to the left at

low water; with the consequence that the tidal range on the right

(ascending) bank is greater than that on the left bank by 4coy2 sin X/g.

Since w=0.0000729, and the value of g is not far from 32.16, this

increase in range becomes, when z is expressed in statute miles and v

in feet per second, 0.05 vz sin X. If z is expressed in nautical miles of

6,080.2 feet, and v in knots, the difference in range is 2.92^2 sin \/g, or

0.09 vz sin X.

459. The observed differences in the tidal ranges on the two banks

of a wide estuary conform fairly well with this form.ula. Thus at the

entrance to Delaware Bay the distance between the two shores is 10

nautical miles, and the average current at high and low water is

about 1 knot. The entrance is at latitude 38°20, whose sine is 0.62.

The difference in range between the two shores from the formula is

0.56 feet while the observed difference is 0.6 foot. At the head of the

bay the width is 4 nautical miles, the current is 1.3 knots, and the

latitude 39°23, giving a calculated difference of 0.3 foot, while the

actual range on the right, ascending, bank is 0.2 foot greater than on

the left. A similar concordance with the formula is observed in other

tidal waters.

13- 18 gl O 3 6 S 18 tty IS ff\ 34

Oct. II OclJ2
standard Time -hours

Figure SI.—Tide curve of Delaware Kiver at Philadelphia October 11-12, 1924.

460. Overtides and overcurrents in an estuary.—As is to be expected,

the tide advances more rapidly up an estuary, or any long closed

tidal channel, at high water, when the depth in the channel is the

greatest, than it does at low water when the depth is the least. The
further a tidal station is up an estuary, the earlier is the time of high

water with respect to the time of low water. The time interval from

low water to high water, or the "duration of the rise," steadily be-

comes less as the distance of the station from the entrance increases,

and the time interval from high water to low water, or the ''duration

of the fall" becomes greater. The tide curve takes the typical saw-

tooth form exemplified by the tides on the Delaware at Philadelphia,

shown in figure 8 1

.
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As pointed out in paragraph 155, these deformations of the tide

curves are reproduced by overtides and compound tides whose periods

are multiples or sums or differences of the periods of the principal

tidal components. The corresponding deformation of the velocity

curve at a tidal station is the accumulated effect of the tidal distortions

at the stations upstream, upon the rate of tidal storage and release of

water, and is consequently greater than the deformation of the tide

at the station. A typical shape of the velocity curve at Philadelphia

was shown on figure 50, page 155.

461. It should be noted that the deformation of the tides and cur-

rents as they travel up an estuary is due primarily to the difference

between the depth in the channel at high and at low tide, and depends

therefore on the ratio of the tidal range to the mean depth. Although

the deformation ma}^ be increased because of the stronger ebb and

weaker flood currents resulting from fresh-water discharge down the

estuary, the latter is not the essential reason for these deformations.

462. Slope of mean river level.—Since in each section of an estuary

the ebb current runs out at the lower tidal stages and the flood current

runs in at the higher stages, the frictional resistance to the flow of the

ebb is greater than that to the flow of the flood current. As a con-

sequence the mean river level in an estuary has an upward slope from

the sea, even though the fresh-water flow is negligible. In a channel

deep enough to be navigable by ocean shipping at low tide, this slope

is very small. In a shallow estuary it may be considerable.

463. The tidal bore.—The successive instantaneous profiles in a

tidal estuary show the water surface advancing up the channel as a

long wave, outwardly resembling, in a general way, the advance of a

wind wave toward the shore. In nearly all estuaries the slope of the

front of the advancing wave is very small. This slope steepens as the

depth of the channel decreases, and as the currents increase with the

rate of rise of the tide. The rate of rise of the tide rarely is sufficient

to create an excessive slope on the front of the wave even when the

estuary is so shallow that much of its bed runs bare at low tide; but

if the range of the tide is so large that its rise is exceptionally rapid,

and if the fast rising tide encounters a strong outflowing current, the

advancing wave may trip and break, like a wind wave breaking oil the

shore. The incoming tide then rushes up the shallows in a breaking

wave, generally called the tidal bore, but otherwise kno-wn as the

"Aegre" or "Hygre" in England, the "Mascaret" in France, and the

"Proroca" in South America. A bore is formed in one of the shallow

tidal branches at the head of the Bay of Fundy; it forms also in the

mouth of the Colorado, at the head of the Gulf of California; and in

the shallow waters at the head of Cook Inlet, Alaska; but does not

appear to form in any other estuaries on the North American Conti-

nent. Because of the large tidal range at many localities on the
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coasts of England and France, bores occur in a number of the shallower

estuaries of these countries. The most noteworthy tidal bore re-

ported is that in the Tsien-Tang-Kiang River, which enters Hangchau
Bay, some distance south of Shanghai, in China. The tidal range in

the mouth of the river, at ordinary spring tides, is given as 25 feet,

sometimes reaching as much as 34 feet. The bed of the river runs

nearly bare at low tide. The incoming tide advances in a breaking

wave which is described as from 8 to 12 feet in height, rushing with a

loud noise up the estuary at a rate of 14 miles per hour (Wheeler,

Practical Manual of Tides and Waves, pp. 142-144).

EFFECT OF ARTIFICIAL CHANGES IN AN ESTUARY

464. Comprehensive enlargement.—A comprehensive enlargement of

the channel in a long tidal estuary, to afford greater depth and width

for navigation, generally increases the tidal range in the upstream

reaches and increases the rate at which high and low water travel up

the channel. The increase in range depresses the plane of mean low

water, and other low water datums. Additional excavation is there-

fore required to afford the projected increase in depth at a designated

low water datum. Thus, after the navigation channel in the upper

part of the estuary of Hudson River was deepened from 14 feet to

27 feet at mean low water, the mean low water datum at the head

of the improvement was lowered by a foot. The increase in the depth

of the navigation channel between Philadelphia and Trenton, from 12

feet to 25 feet, also depressed the low water datum at Trenton by a

foot.

465. Contractions.—A radical local contraction of an estuary by
training works, piers, or land reclamation, decreases the tidal range

upstream. The consequent reduction in the volume of the tidal prism

decreases the currents below the contraction and tends to increase

the tidal range at and below it. The removal of a marked local

contraction at midlength of a long estuary similarly increases the

storage and release of water upstream, increases the currents below

the contraction and may decrease the tidal range at and below the

site. A decrease of about half a foot in the mean tidal range on the

Delaware at and below Philadelphia, shown by a comparison of the

tide gage records prior to 1890 with those after 1900, usually is

ascribed to the contractions at the extensive training works which

were constructed in the lower part of the estuary during the interval.

The decrease in range may have been due partly, as well, to the major

enlargement of the river at Philadelphia during this period. This

enlargement included the removal of several islands which had so

contracted the cross section as to create excessive currents. The
enlargement was followed by a considerable increase in the tidal range

at the head of the estuary.
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466. Dams.—The construction of a dam across an estuary, to

maintain the upstream reaches at low tide level in the interest of the

reclamation of tidelands, or at high tide level in the interest of naviga-

tion, recreation, and sightliness, obliterates the tidal storage up-

stream. The tidal currents in the downstream reaches are diminished,

and disappear at the dam. The tidal range at the dam is increased

by an amount dependent upon the length and depth of the remaining

part of the estuary. The accumulation of silt in the channel below

the dam ordinarily is to be expected.

467. Character of computations of the efect of enlargements or con-

tractions.—In the preceding chapter a method was developed for

computing the tides and currents in an artificial channel of such

regular dimensions that the Chezy coefficient in the successive sub-

sections could be selected with sufficient assurance from precedent.

A somewhat different problem arises in estimating the changes in

the tidal ranges and currents that may be expected from projected

enlargements or contractions which merely will modify, without

essentially changing, the characteristics of the flow in a long tidal

channel. The latter problem is somewhat analogous to an estimation

of the changes in the slopes and currents of an upland river because

of similar enlargements or contractions. In both cases the imme-
diate effect upon the currents at the locality is easily determined, but

a reliable computation of the consequent effect in other parts of the

channel can be secured only from an elaborate and painstaking

analysis of the existing flow in the successive subsections, based on

adequate survey and records.

468. Fortunately, a computation of the changes in the tidal ranges,

tidal datums, and currents because of projected enlargements or con-

tractions of a tidal channel is called for but rarely. If a closed chan-

nel is relatively short, the datum throughout it can be taken as the

established datum at the entrance, whatever the scope of the proposed

improvement; for while, as shown in paragraph 427, the tidal range

at the head of such a channel may be greater than at the entrance, the

increase in range and the lowering of the low water datum at the head

of the channel generally is too small to be of real consequence.

Projected local enlargements or contractions of a long tidal estuary

rarely are so extensive that any material change in the low water

datums need be apprehended. Because of the daily variation in low

water, a change of even a foot in the low water datum, resulting from

major channel enlargements, is not immediately apparent. An early

redredging of the channel often is required in any event to remove
material which has slid in from underwater slopes or has been deposited

from other sources. If a projected improvement has been cut so close

that a shortage of a foot or so in the depth at low water is of any real

consequence to shipping, its further enlargement is to be foreseen.
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Except, perhaps, for providing initially a reasonable margin of in-

creased swept depth over areas that must be drilled and blasted, the

sensible procedm-e in nearly every case is to lay out the work from

existing low water datums, and to determine any required changes in

these datums by direct observation after the improvement has been

made. Only in most exceptional cases will doubt or controversy over

the consequences of the effect of enlargements or contractions justify

a prior computation. In the following paragraphs^ an outline is

suggested of computations which should afford results in which some
confidence may be placed when the flow is essentially tidal. If the

fresh-water flow dominates the currents and tides, recourse to a

hydraulic laboratory might be necessary.

469. Computation of changes in mean low water datum.—If the tides

are of the semidiurnal type and if the ordinary fresh-water flow is

small in comparison with the tidal flow, or if the adopted mean low

water datum is established from the tides during periods in which the

fresh-water flow is inconsiderable, the changes in mean tidal range at

stations along an estuary, resulting from proposed enlargements or

contractions of the channel, should be substantially proportional to

the changes in the primary tides corresponding to the mean tidal

fluctuations. The mean primary tides before improvement may be

determined from the tide records, and those after improvement

computed by the formulas developed in chapter VIII, paragraph 422,

with coefficients derived from the corresponding primary currents

before improvement.

470. Primary tides and heads before improvement.—^To afford the

requisite data for the computations, tide gages must be established at

suitable stations from the head of tide to a point at which the cross

section of the estuary is so large that the eft'ect of the improvement

upon the currents will become too small to be considered. These

stations should be placed at the more marked changes in the cross

section of the estuary, and at such distances from each other that the

water surface between them will not depart materially from a plane

surface. They establish the ends of the subsections into which the

channel is to be divided. From the tide records during a period of 15,

or preferably 29, consecutive days of low upland flow, average tide

curves are prepared for each station as described in paragraph 304,

and the corresponding primary tides computed from the heights at

successive lunar hours as explained in paragraph 360. The coordi-

nate amplitudes of the primary tides are then determined. Their

differences between the successive stations give the coordinate

amplitudes of the primary heads between the stations, from which

the amplitudes, H, and initial phases, H°, of the heads in the sub-

sections are determined.
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471. Primary currents before improvement.—The velocity stations

are midway between the established tide stations, and the storage

stations, generally, should be midway between the velocity stations.

The coordinate amplitudes, A sin a and A cos a, of the primary tide

at the storage stations are obtained by linear interpolation between

those at the established tide stations. Taking any representative cross-

section area of the estuary as a base, Mo, the values of I= all/Mo
between the velocity stations are computed from the surface areas U
at mean tide, a being 0.0001405 radians per second. The summation
from the head of tide of the values of IA sin a and IA cos a then gives

the values of (B/m) sin 13 and (B/m) cos /S at the velocity stations,

from which the values of jS and B/m may be determined. The average

or effective cross-section area, M, in each subsection may be deter-

mined from a consideration of a sufficient number of plotted actual

cross sections. The multiplication of B/m by 7n=Mo/M then gives

the amplitude B of the primary current in the subsection before

improvement.

472. Subsection coefficients before improvement.—Since the values of

H'^ and /S in each subsection have been found, the angular lag, 4>, of

the current is determined from the relation expressed in equation

(290), paragraph 373:

0=^°-/3-9O°.

This value should also satisfy the relation, from equation (289):

sin (f)=Bla/gH.

"Wliile the values of computed from these two equations should not

be widely apart, a complete agreement cannot be expected. The
value of

(f) should therefore be computed from equation (290), the

length, I, in equation (289) taken as the virtual length of the subsec-

tion, and the value of the coefficient la/g computed from the relation:

la/g=(H/B) sin 0.

The value of the coefficient p in each subsection is determined from

the relation, from equation (288):

p—B tan cj).

473 . Subsection coefficients after improvement.—If the area, U, of the

water surface between any of the velocity stations is changed by the

proposed improvement, the coefficient I=aU/Mo must be recomputed
for the value of Mq originally chosen. The effective cross section

M/ in each subsection after improvement, determined by a procedure

paralleling that used in the selection of the value, M, before improve-
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ment, gives the value of m' =MqIM' . The coefficient lajg remains un-

changed. Since p= (Stt/S) {ajg) C-r its value after improvement is

2?i=p(CV/CiVi)

in which C and C\, r and Vi are the values of the Chezy coefficient and

the hydraulic radius before and after improvement. Often Ci may
be taken as the same as C, so that

The value of ri should be computed by a procedure paralleling

that used in the computation of r.

474. Completion of computation.—The primary currents that would

be produced in the iro.proved channel, if the tides were unchanged,

are first com.puted. If the values of /are not changed, the phases, /3,

are those already determined, and the amplitudes, B, are derived by
multiplying the values of Bjm,, previously found, by the new ratio m'

;

otherwise the values of IA sin a and lA cos a are recomputed from

the prim.ary tides at the storage stations and the values of {Bjm')

sin /3 and {Bjm') cos /3 found by their summation from the head of

tide. The coordinate amplitudes of the heads in the subsections cor-

responding to these currents are then computed from the values

ascertained for lajg and pi; the corrected coordinate amplitudes of the

tides derived therefrom; and the process repeated until the tides and

currents are in satisfactory concordance. The elevation of mean low

water after improvero.ent is then found by multiplying the mean semi-

range of the tide at the station, as established by comparison or other-

wise, by the ratio of the computed amplitudes of the primary tides

after and before improvement, and subtracting the result from es-

tablished half-tide level.

475. Computation of changes in mean lower low water datum.—If the

tides are of the mixed type, and the adopted datum is mean lower low

water, the changes resulting from an extensive channel improvement

might be computed on the assumption that the ratio of the mean
range to the diurnal range will rem.ain the same after and before the

improvement. The primary tides after and before improvement could

then be computed as outlined in the preceding paragraphs. The ratio

of their amplitudes at a station would then give the ratio of the ele-

vations of mean lower low water below established half-tide level after

and before the improvement.

476. Application to the approach to a sea-level canal.—The changes

that may be expected in the tides and currents in a confined approach

to a sea-level canal because of the fiow in and out of the canal entrance,

could best be computed by determining the subsection coefficients in

the approach channel from tidal observations made before the canal
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was opened. The computations of the tides and currents in the canal

would then be extended through the approach channel. The co-

ordinate amplitudes of the tides at the storage stations in the approach

channel used in the initial com.putation would be determined from, the

prim.ary tides at these stations derived from the observations.

477. Computation of the effect of dams or other works decreasing the

tidal prism.—The effect of a projected dam, or of other works which

would decrease materially the area of the tidal prism, upon the cur-

rents in an estuary or other channel, is definitely ascertained by mak-
ing a cubature of the channel with the prism unimpaired, and a

cubature from the same tides with the reduced prism. While some
increase in the tidal ranges below the dam. is to be anticipated, the

counterbalancing effect of the increase ordinarily is not sufficient to

warrant consideration. Similarly any question that might arise on

the effect of the excavation of a considerable tidal basin in the upper

reaches of an estuary may be settled by comparative cubatures.

TIDAL INLETS

478. Prevalence of inlets.—The littoral drift of sand and shingle

along the seacoast tends to build up beaches across the entrances to

the identations of the shore line. This process has formed the coastal

sounds and lagoons which are the prevailing feature of the coast line

of the United States from Maine to the Rio Grande, and which are

foimd occasionally on the Pacific and even the Alaskan coasts as well.

Inlets into most of these sounds are preserved by the currents set up
in these channels by the filling and emptying of the tidal prism. The
entrances to nearly all tidal estuaries are similarly contracted by

littoral drift, sometimes sufficiently to produce typical inlet channels.

479. Typical shape of inlet channels.—The material carried by
littoral drift into an inlet channel is removed by the currents through

the inlet. At an inlet into a coastal sound, it is deposited in fan-

shaped bars in the approaches both from the sea and from the sound.

A typical natural inlet channel has a deep, narrow gorge through the

barrier beach, from which it spreads in both directions with diminish-

ing depth. The sea approach to the gorge often is through ill-defined

and shifting channels between sand bars. In the sheltered waters of

the sound, the bars may even build up into islands. If the basin is

small and shallow the approaches m.ay become so prolonged and con-

stricted that the currents are no longer sufficient to cope with the

encroaching littoral drift, and the inlet closes. The entrance to a

large estuary, in which the ebb currents predominate, is often en-

circled by a crescent-shaped bar, well out to sea.

480. Hydraulics of inlet channels.—The improvement of tidal inlets,

to afford stable and adequate channels for navigation across their

ocean bars, or for other purposes, has an important place in harbor
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engineering. It often is accomplished by constructing jetties to im-

pound tlie littoral drift and to concentrate and direct the currents

over the sea bar. In the design of these works consideration must be

given to the cross section of the channel that can be maintained by
the tidal flow, and to the effect of a contraction or enlargement of the

channel on the tidal ranges in the basin and the consequent currents

through the inlet. A mathematical analysis of the relation between
the capacit}" of an inlet channel, the tides in a basin of given surface

area, and the currents in the inlet, is necessarily based on the assump-
tion that the inlet channel is of determinable length and regular cross

section, and the basin so deep and of such limited area that its tides

have the same timing and the same amplitude at all points. The
approach channels of a natural inlet depart so far from these ideal

conditions that the computation of the tidal currents in them is as

uncertain as is the computation of the currents in an irregular shoal

reach of an upland stream. Even a channel between parallel jetties

is apt to liaA^e an unpredictably irregular cross section. Furthermore,

the tides at stations on a wide and comparatively shallow basin do not

rise and fall simultaneously, but become progressively later the more
distant the station from the entrance. Space will not therefore be

taken for a mathematical analysis of inlet tides. Their outstanding

characteristics may be inferred from elementary hydraulic relations.

481. It is fairly evident that the frictional resistance in the con-

stricted channels through an inlet must reduce the amplitude of the

tides in the basin, and delay the rise and fall of these tides, so that high

and low water in the basin are later than in the sea off the inlet. If

the constricted channels of the inlet are relatively short, the currents

must become excessive before the friction head can be sufficient to

have any material effect upon the tides in the basin. vStable short

inlets through erodible material therefore are usually so large that the

tidal range inside the inlet is practically the same as that outside. If

the improvement of such an inlet is so designed that the discharge,

determined from a cubature of the recorded tides in the basin, will

not produce excessive currents, no apprehension need be felt that the

improvement will have any material effect upon the tides in the basin,

or reduce the tidal discharge. Again, the straightening and deepen-

ing of inlet approach channels which have become so filled and pro-

longed as to throttle the tidal range in the basin may be expected to

increase the currents in these channels, and increase the tides in the

basin, until the channels have been given a sufficient capacity to nearly

equalize the tidal range in the basin and in the sea. In either case

the maximum cross section of a self-maintaining channel is determined

by the volume of the unimpaired tidal prism in the basm.
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482 . Observed relations between the volume of the tidal prism and the

cajMcity of inlets on the Pacific coast oj the United States.—A compilation,

made by Prof. M. P. O'Brien of the University of California, printed

in Civil Engineering, May 1931, shows that the area, at mean tide, of

the cross section at the throat of the entrances to the estuaries and

bays on the Pacific coast of the United States, conforms quite closely

to the relation:

in which M is the area of the entrance in square feet, and V is the

volume of the tidal prism of the basin between MLLW and MHHW,
in square mile-feet.

It should be observed that the tides on this coast are of the mixed

type, whose sequence is such that lower low follows higher high water.

The diurnal range, from MLLW toMHHW, therefore affords a measure

of the stronger ebb currents.

483. A study made in office of the Pacific Division, United States

Engineer Department, by Mr. Grimm, principal engineer, shows that

the area of the cross section over the ocean bars of the larger estuaries

of the Pacific coast of the United States, at MLLW, is from 1.04 to

1.26 square feet per acre-foot of tidal prism in the basin between

MLLW and MHHW. The corresponding average strength of the

ebb currents is about 2 feet a second.

484. Overcurrents in inlets.—The currents in some inlets are much
distorted by the overcurrents produced by the variation in the area

of the water surface in the basin, and in the area of the cross section

of the inlet, with the rise and fall of the tide. The curve of the flood

velocities in such an inlet may rise rapidly to a maximum, fall off, and

again rise to a second maximum, before turning to the ebb. The ebb

currents may go through a similar variation.
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OFFSHORE TIDAL CURRENTS

485. Rotary tidal currents.—The tidal flow heretofore considered has

been that in a confined channel, in which the currents periodically

reverse their direction and pass through zero at each reversal. A
consideration of the tide producing forces, developed in chapter I,

shows that their direction is rotary rather than reciprocating. As is

perhaps to be expected, the action of these forces on the whole mass of

water in the oceans tends to produce rotary movements of the current

at offshore tidal stations. At such stations, the currents usually veer

around the compass during the tidal cycle, and have no periods of

slack water. These are called rotary currents. At most offshore

stations in the Northern Hemisphere the direction of the current

turns clockwise, and in the Southern Hemisphere, counterclockwise.

The velocity usually varies during the semidiurnal tidal cycle between
two maxima, in approximately opposite directions, and two minima
whose directions are nearly at right angles to the directions of the

maximum velocities.

486. Nontidal currents.—The periodic tidal currents at offshore

stations are generally weak and may be m ach modified by permanent

currents of fairly constant strength and direction produced by the

circulation of ocean waters, and by temporary currents due to winds

and other meteorological causes. The Gulf Stream and the Japan
Current are well known permanent currents.

487. Polar current diagrams.—Offshore currents are conveniently

represented by laying off the current strengths at say hourly intervals

on radiating lines (radii vectores) drawn from a common center (pole)

in the direction of the current. The curve through the ends of these

vectors is the polar curve of the current. The time is marked on the

(249)
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H-l

vectors. Since the directions and velocities of the current are

repeated, with some variation, at intervals of the periods of the tidal

cycles, and since high and low water at any tidal station in the same

region are repeated at nearly the same intervals, the times marked on

the diagram generally are re-
'-*"3 ferred to the times of high and

low waters, or of the principal

current phases, at a well-estab-

lished tidal station.

488. Shapes of polar current

curves.—In regions where the

tides are of the semidiurnal type

the currents are nearly identi-

cally repeated during each suc-

cessive semidiurnal tidal cycle,

and the current curve usually

has an elliptical shape, exempli-

fied by the mean current curve

at Nantucket Shoals Lightship,

figure 82, taken from the Man-
ual of Current Observations,

United States Coast and Geodetic Survey (Special Publication No.

215). The times marked on the diagram are referred to the times of

high and low water at Boston. Thus "H— 2" marks the current 2

mean solar hours before high water at Boston, and "L+3" the current

3 hours after low water at Boston.

489. In regions where the diurnal mequality of the tides is con-

H+3
I Knots
J

Figure 82.—Mean current curve for Nantucket Shoals

Lightship, referred to tides at Boston.

LLtl
LL+2

LL+3

Figure 83.—Tidal Current Curve, Swiftsure Bank Lightship. Eefer-red to predicted time of tide at

Astoria, Oreg.

siderable, the currents during the two semidiurnal cycles have a

corresponding inequality, and the daily tide curve describes a double

loop, exemplified by the mean current curve at Swiftsure Bank Light-
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LL+3
LH-2

N

LL+2,

LL+

Figure 81.—Tidal Current Curve, San Francisco I,ight3liip. Referred to predicted time of tide at

San Francisco (Golden Gate), Calif.

ship, off the entrance to the Strait of Juan de Fuca, figure 83, taken

from the same source.

The times of the currents on this diagram are referred to higher liigh

water (HH), lower low water (LL), lower high water (LH) and
higher low water (HL) at Astoria, Oreg.

490. At some tidal stations the second current loop may become
^ery small, as shown in the mean current curve at the San Francisco

Lightsliip, 10 miles off the entrance to San Francisco Bay (fig. 84).

The current swings through a nearly complete circle, and then

swings backward and forward through a limited arc before it resumes

its swing around the compass. The behavior of the currents at this

and other similar stations varies greatly with the declination of the

moon. At the time of equatorial tides the curve has two nearly

equal loops and the current swings around the compass twice during

the day. At the time of tropic tides, the secondary loop becomes

very small or vanishes altogether, and the current makes but one

daily swing entirely around the compass.

491. Combination of constant and rotary currents.—In figure 85,

PP1P2 is the current curve, and 0, at its geometrical center, is the

pole, of a rotary tidal current. The vector OP then represents the

direction and velocity of the tidal current at a given time.

192750—40 17
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o^--^

FiGUEE 85 -Combination of constant and

currents.

rotary

If a constant (nontidal) current at the station has the direction

and strength O'O, the resultant of the tidal and constant currents at

the given time is O'P. Since P may be any point on the tidal curve,

the current curve of the resultant is the same as the curve of the rotary

tidal current; but the pole is

shifted to 0'
. This shift is in

the direction opposite to that

ot the constant current and
through the distance repre-

senting its velocity. If the

velocity of the constant cur-

rent exceeds the tidal, when
the latter has an opposing di-

rection, the pole shifts to a

point 0" , outside of the curve.

The direction of the resultant current then swings to and fro in

the limited arc between the tangent vectors 0"Pi and 0"Fi.
The position of the pole of the diagram in figure 84 shows a pro-

nounced constant set of the current toward the north west at the

station.

HARMONIC ANALYSIS AND PREDICTION OF TIDAL CURRENTS

492. Current tables.—Advance information of the time at which

the currents in tidal waterways will change direction, and will reach

their strength at the flood and ebb ; and of the maximum velocities of

the surface currents in the navigation channel at each flood and ebb,

is of such value to navigators that yearly current tables giving this

information for the tidal waterways in and adjacent to the United

States are prepared and printed by the United States Coast and
Geodetic Survey. The tables give the predicted times of slack water

as the current turns from ebb to flood, or "slack before flood," and
from flood to ebb, or "slack before ebb," and the times and velocities

of the maximum flood and ebb currents, on each day of the year,

at a considerable number of reference stations. They also give the

corrections to be added to or subtracted from these times to obtain

the predicted times at a large number of secondary stations, and the

factors for reducing the predicted current strengths at a reference

station to those at the secondary stations. Most of the stations

listed are in confined channels at which the currents are of the revers-

ing type. Needless to say, the velocities in the tables are not the

mean velocities in the cross section of the waterway, which have

heretofore been dealt with, but are the surface velocities at definitely

located points or stations, so selected as to represent the currents

which will be encountered in the navigation of the fairway.

493. Preparation oj current tables.—The fluctuations of the tidal

currents, like the tides, are caused by the tide producing forces of the
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moon and sun. The currents at any station may therefore be resolved

into harmonic components of constant amphtudes, whose speeds

are the same as the speeds of the tidal components. The mean
amplitudes and the epochs of the several current components at the

selected reference stations are determined from an harmonic analysis

of the actual current velocities and directions at the station, measured

by float or current meter, at hourly or half-hourly intervals for a:,

sufficient number of days. The dials of a tide-predicting macliine are;

set at the component current amplitudes reduced to the current year,

and at the component phases at the beginning of the year; and the

current predictions at the reference stations are run off like the pre-

dictions of the tides. At stations where the tide is of the rotary

type, the harmonic constants of the east-west and north-south com-
ponents of the tide may be similarly computed, their resultants in

the prevailing direction of the maximum and minimum currents

ascertained, and the predicted times and strengths of the currents in

these directions run-off from the macliine.

494. The corrections to be applied to the predicted times and
strengths of the current at a designated reference station to obtain

those at a secondary station are derived from the average intervals

between a lunar transit and the times of slacks and strengths at the

two stations, and the average tidal current velocities at the strengths

of the current. The compilation of this data is termed the non-
harmonic reduction of the observations, as distinguished from the

harmonic reduction by which the harmonic constants at the reference

stations are obtained.

495. Accuracy of tidal current predictions.—The actual times of

slack or strength of the current at a station occasionally differ by as

much as half an hour from the predicted times, and in rare instances

by as much as an hour. Comparisons of the predicted and observed

times show that more than 90 percent of the slack waters have been
within half an hour of the predicted. Both the times and the strengths

of the currents in tidal estuaries may be greatly altered by unpredict-

able variations in the fresh-water discharge, and in inlets and straits

by the storm tides and lesser variations due to winds and other meteor-

ological disturbances.

496. Methods employed for current observation and reduction.—The
procedure adopted by the Coast and Geodetic Survey in taking, re-

cording, and reducing current observations is set forth in detail in the

Manual of Current Observations (Special Publication No. 215, U. S.

Coast and Geodetic Survey). The harmonic; reduction and predic-

tion of tides has been explained in chapter II. The harmonic con-

stants of the tides, besides providing the means for tidal predictions,

afford an understanding of the variations in the tide, and of the tidal

datum planes to wliich works in tidal -w^aters are referred. Because
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of the variation in the currents at different points in a cross section of

a tidal waterway, the harmonic constants at individual current sta-

tions are not of such general interest, but a summary description of

some of the processes employed in their computation may not be out

of place.

497. Harmonic analysis of reversing currents.-—Current measure-

ments at a station in tidal waters usually must be made by a party of

some size, from a suitable boat, anchored accurately in position.

Consequently current measurements generally are fewer than the tidal

observations used for harmonic analysis. If hourly current obser-

vations for a 29-day period are available, the harmonic constants for

the groups of the principal lunar and solar components, M and S,

including their overtides, and the N2, K, and O] components, usually

are determined directly from the observations by precisely the process

used in determining the tidal harmonic constants. These compo-

nents are sufficient for current prediction. The overcurrents, such

as M4 and Me, generally are proportionally larger than the correspond-

ing overtides. If a longer series of observations is available, other

components may be included. If hourly observations for a 29-day

period are not available, harmonic analyses are made both of the

currents at the station during the limited period of the observations,

and of the concurrent tides at a standard tide station. The mean
value of the amplitude of each current component and of its over-

currents is then found by multiplying the amplitude computed from

the observations by the ratio of the established mean amplitude of the

corresponding component of the tide at the base station to the tidal

amplitude computed from the concurrent observations. The epoch

of each current component is found by applying the differences be-

tween the initial phases of the current at the current station and the

tide at the base station, computed from the concurrent short-term

observations, to the established epoch of the tide at the base station,

corrected for the difference in the longitudes of the two stations.

The predicted hourly heights of the tide at the base station, instead

of the recorded heights, usually are preferred for this comparison,

since accidental meteorological disturbances of the tide may not

produce corresponding changes in the current at another station.

498. Prediction oj currents in tidal straits.—It was shown in para-

graph 256 that if a channel is so short that its currents are but little

modified by the storage and release of water in its tidal prism, and if

the fluctuating surface head between the entrances produces such

strong currents that the flow is essentially frictional, or "hydraulic,"

the current lags behind the head by but a small angle, and the square

of the successive strengths of the current is closely proportional to the

nearly concurrent maximum surface heads. The amplitude and phase

of each component of the surface head in the strait may be determined,



255

by the procedure set forth in paragraph 239, from the amphtudes and
phases, referred to a common origin of time, of the corresponding

components of the tides at stations at the two entrances. The tabu-

lated epoch of each of the tidal components is the difference between

the phases of the ecpiilibrium and actual tidal components at the

station. To transform these epochs to a common origin of time, they

may be converted into Greenwich epochs, by adding the longitude

of the station multiplied by the subscript of the component (paragraph

120). After the harmonic constants of the head have been deter-

mined, the predicted heights and times of the two daily maximum
heads in the strait may be run off on a tide-predicting machine. The
relation between the square of the strength of the current at a selected

station in the strait and the corresponding head, and the lag of the

current with respect to the head, are both determined from the

averages of an adec[uate number of current measurements at the

station. From these relations, the predicted times and heights of the

heads are readily converted into predicted times and strengths of

the current. By applying suitable scales to the tide-predicting ma-
chine, the times and strengths of the currents may be read off directly.

499. Harmonic analysis of rotary currents.—Data on the rotary off-

shore currents are provided principally by hourly measurements of

the current directions and velocities at the lightships operated by the

Lighthouse Service of the United States. The south-north and west-

east components of the observed currents are analyzed, and their

harmonic constants in each direction determined. It is not difficult

to show that the current curve of the resultant of each of the harmonic

components, produced by combining its coordinate components in

the two directions, is an ellipse. The resultant currents of the com-
ponent are a maximum and a minimum in the direction of the major
and minor axes of the ellipse. The azimuths of these maximum and
minimum currents are determined from the coordinate amplitudes

and epochs of the component, by a formula whose derivation and
application need not be repeated here, and the harmonic constants

of the component in these directions determined. The direction of

the maximum and minimum velocities of the resultant of all of the

components nearly coincides with the axes of the principal lunar

semidiurnal component, Mg. By transforming all of the components
to these axes, the strengths and times of the current in these directions

may be predicted.

500. Computation of average times oj reversing currents.—The succes-

sive times of slack water and of the strengths of the current at a station

ordinarily are taken off a plot of the hourly or half-hourly current

measurements. The respective intervals after the precedmg pre-

dicted high or low water at an established reference tidal station in

the vicinity, or the intervals after the times of slack and strength at
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an established reference current station, are ascertained and averaged.

If the tides and currents have much diurnal inequality the intervals

of the greater flood and ebb strengths preferably are referred to the

times of higher high and lower low water. By adding the established

intervals between a lunar transit at Greenwich and the times of the

tide or current phases at the reference station, the Greenwich intervals

at the given station are then determined. These Greenwich intervals

are preferred to lunitidal intervals reckoned from the time of a lunar

transit at the station, because the difference between the Greenwich

intervals at any two stations gives the difference between the respective

times of their currents directly, without any correction for the differ-

ence in the longitudes of the stations. If the current had a simple

harmonic fluctuation with the speed of the M2 component, the dura-

tion of each increase in velocity from slack to strength, and of each

decrease from strength to slack, would be one-quarter of the semilunar

day of 12.42 mean solar hours. To establish a single time interval

for all four slacks and strengths at a station, the "mean current hour"

at the station is computed by averaging the Greenwich intervals of

the strength of the flood, the slack before flood increased by 3.10

hours, slack after flood decreased by 3.10 hours, and strength of flood

increased or decreased by 6.21 hours, after bringing all of these sums
into the same semilunar day by adding or subtracting 12.42 hours

as may be necessary.

501. In estuaries and tidal rivers the fresh-water flow may be so

great that the current remains in one direction and the velocity varies

from a maximum to a minimum without passing through slack.

Again, the overcurrents at some stations are so large that the current

reaches two maximum velocities during each flood, or ebb, or both.

The direction of the current may even reverse between these maxima.
The measures taken in these special cases need not be elaborated here.

502. Reduction of average current strengths.—Since the tidal currents

in estuaries and other closed channels, and in inlets to a closed basin,

are due to the filling and emptying of the tidal prism of the channel

or basin, the successive strengths of the tidal flood and ebb at a current

station in the channel are nearly proportional to the concurrent

ranges of the tide at a repiesentative tide station on the waterway.

The average tidal flood and ebb strengths, determined from a short

series of observations, therefore may be converted into long-term

averages by multiplying them by the ratio of the established mean
tidal range at the tidal station to the average observed range during

the period of the current observations. Obviously, this correction

is not to be applied to any constant component of the current which

may be produced by fresh-water outflow, or other cause, during the

period of the observations.
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503. Because the strengths of the flood and of the ebb occur at

dift'erent heights of the tide, the areas of the cross sections of the

channel are not the same at both and their velocities would differ

somewhat even if the flow were wholly tidal. For the purpose of

applying the correction, the tidal parts of flood and ebb strengths are

considered to be equal. The tidal current strength at the station

during the period of the observations is then taken as one-half of the

arithmetic sum of the mean observed flood and ebb strengths, and the

nontidal current as one-half of their algebraic sum, with the flood cur-

rent positive and the ebb negative. These tidal current strengths are

corrected to tlieh long-term values by applying the factor derived

from the comparative tidal ranges at the reference station. The cor-

rected average flood strength is then derived by adding, algebraically,

the nontidal current to the corrected tidal current strength; and the

corrected ebb strength by the algebraical subtraction of the nontidal

current.

504. At stations in tidal straits, in which the flow is largely frictional

and determined almost entirely by the surface head between the

entrances, the average tidal current strength derived from a short

series of observations is multiplied by the square root of the ratio of

the established mean range at a suitable tidal station in the water-

way to the average observed range during the period of the current

observations.

505. Average polar curves of rotary currents.—The rotary currents at

offshore stations usually are weak and irregular. To prepare an average

current curve at a station where the tides and currents are of the

semidiurnal type, such as that shown in figure 82, the directions and

velocities of all currents observed within half an hour before or after

a predicted time of high water at the reference station are summed
and averaged to give the average direction and velocity at the time

of liigh water at the reference station; those observed between half

an hour and an hour and a half after high water, to give the average

direction and velocity 1 hour after high water at the reference station

;

and so on. The reference times usually extend from 2 hours before to

3 hours after both high and low water at the reference station. Cur-

rents of the mixed type, such as those shown in figures 83 and 84, are

similarly grouped at the nearest hours at, before and after, higher

liigh, higher low, lower high and lower low water at the reference

station.

506. Any average constant current at the station may be determined

by resolving either the original observations or their hourly compila-

tions into south-north and west-east components. The algebraic

average value of these components in each direction quite evidently

is the component of the constant current in that direction. The

summation of the component velocities to derive these averages and
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the subsequent subtraction of the constant component current, is

facihtated by adding to each component velocity an arbitrary con-

stant sufficiently large to make all of the quantities positive. The
direction and velocity of the resultant constant current may be

obtained from its components, after the subtraction of any arbitrary

constant that may have been added for the convenience of computa-

tion. The algebraic subtraction of the constant component of the

velocity from the hourly current components in either direction, gives

the hourly components of the tidal velocity in that direction. The
curve of the average tidal velocities proper may then be constructed

by finding the resultant hourly tidal currents. If the period of

observation is less than a month, the tidal velocities may be reduced

to better mean values by multiplying them by the ratio of the estab-

lished mean tidal range at the reference station to the average range

during the period in wliich the current observations were made.

507. Wind currents.—Analyses of the current observations at light-

ships have afforded useful information on the strength and directions

of the currents produced by winds in open waters. The results

indicate that as a general rule, along the Atlantic coast, the velocity,

in knots, of the current, produced by a wind of some duration, is

about 1 K percent of the wind velocity in miles per hour ; and along the

Pacific coast, about 2 percent. Because of the rotation of the earth,

the direction of the current tends to lie to the right of the direction of

the wind in the Northern Hemisphere, and to the left in the southern,

A Swedish mathematician, V. W. Ekman, has shown that if the depth

of the ocean was unlimited, the surface wind currents would have a

direction 45° to the right of the wind in the Northern Hemisphere,

and 45° to the left in the southern. (Arkiv for Mathematik, Astro-

nomic, 1905). A comparison between the recorded deviation of

vessels from their courses and the direction and strength of the winds

causing the currents to which the deviations may be attributed, is

said to confirm these relative directions of wind and current (Marmer,

The Tide, p. 165). Near the coasts, the direction of the current with

respect to the wind is modified by the configuration of the coast line.

Thus the current observations at the light vessels from San Francisco

to Cape Flattery show that the winds from the northeast, southeast,

and northwest quadrants produce currents which set 20° to the right

of the wind direction, winds from the southwest quadrant produce

currents 20° to the left, and winds from the south and west produce

currents which set with the wind.

It need not be remarked that these offshore currents are of more

concern to the navigator than to the engineer.
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EQUIVALENTS AND CONSTANTS

EQUIVALENT VELOCITIES

1 knot=1.69 feet per second=1.15 miles per hour.

1 foot per second=0.592 knot=0.682 mile per hour.

1 mile per hour=0.868 knot= 1.467 feet per second.

LUNAR TIMES

Mean interval between lunar transits= 12.42 mean solar hours.

1 mean lunar hour=1.035 mean solar hours.

1 mean solar hour=0.966 mean lunar hours.

MEAN SPEED, m2, OF SEMIDIURNAL LUNAR TIDE

In degrees per hour, 28.9841

In degrees per second, 0.008051

In radians per second, 0.00014052

log 1.46216

log 7.90586— 10

log 6.14774-10

Table XI.

—

m.2t in degrees and minutes, for integral values af t from to 69

t



Appendix II

REDUCTION FACTORS F(Mn) AND 1.02 F, AND CORRECTION
FACTOR ijB.

Derivation of F (Mn)

1. As pointed out in paragraph 171, the mean range, Mn, at a tidal

station varies shghtly with the inclination, /, of the moon's orbit.

The factor 7^(Mn) is applied to reduce a mean range derived from

observations extending over a month or year to the true mean value

during the 19-year period in which the orbit tilts to and fro as the

moon's node makes the chcuit of the ecliptic (par. 35). The values

of FQAvl) are derived from the relation between the mean range and
the harmonic components of the tide at a station.

2. Relation of high water to the amplitude of the M2 component.—At
most tidal stations the M2 component is so much larger than the

others that high water occurs near the time at which the ordinate of

this component is a maximum.
In figiu-e 1, CP is the generating radius of the M2 component at an

instant when its ordinate is a maximum, CR is the radius vector of the

Y resultant of all of the compo-
nents at that instant, deter-

-;=:-==-i—-^ mined bv drawing successive

I
lines i3arallel and equal to the

[

generating radii of the other

-At-^ components (par. 51), and TH
^

is the ordinate of the resultant

on the tide curve. At the high
water immediately ensuing (or preceding), the radius vector of the

resultant is CR', nearly, if not quite, coinciding with the Y axis,

its ordinate on the tide curve is T'H', and CP' is the position of the

generating radius of the dominant component. Let At be the time
interval in which R moves to R' and P to P'; v, the corresponding

angle between CP and CP'; and let T'H'—TH=Ay.
3. The height of mean high water above sea level is the mean of the

successive values of TH plus the mean value of Ay. Since the succes-

sive values of TH occm- at intervals equal to the period of the prin-

cipal com.ponent, and at the instants at which this component is a

maximum, their mean is the amplitude, M2, of this component,

(260)

FiGPBE 1.
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increased or decreased by the constant values of any of its overtides

at these instants (par. 78). As the overtides are relatively small, the

mean value of TH may be taken, for purposes of computing a cor-

rection, as M2. A^/ is always positive, whether high water occurs

before or after the high water of the principal component. In the

long run, for every value of A?/ occurring when high water is in the

lead, an equal value will occur when high water lags behind. Neg-
lecting the effect of overtides, the height of mean high water above
mean sea level is therefore the amplitude, M2, of the principal com-
ponent plus one-half of the numerical mean value of Aij.

4. Representing, for generality, the ordinate of the dominant com-
ponent as A cos (a^+a), and the ordinates of the other components
as Bi cos (61^+ ft), Bi cos (62H-1S2), etc., the equation of the tide takes

the form:

2/=^cos (a^+ a)+^i cos (6i^+/3i)+52COs (62^+ 132)+ • • • (lA)

Since ^y is the change in y due to a relatively small increase, A^, in t,

its value is approximated by differentiating the right-hand member
of equation (1), and is:

^y=
-[Aa sin {aU+a) +BJ), sin (5i^o+ft) +^262 sin (60/0+182+) ' ' ' ]Af (2A)

in wdiich U is a time at which the ordinates of the dominant com-
ponent is a maximum. Such times occur when ai+a:=0, 2-n-, 4:ir, Qtt,

etc. The value of t^ is given by the equation:

atQ-\-a—2mr

whence:

U= 27ix/a— aja (3A)
where n is any integer.

Substituting this value in equation (2A)

:

Ay= — [^a sin 2mr-\-Bihi sin (2mrbi/a^abi/a-\- (3i)

.+^262 sin (2??.7r62/tt— a62/a+i82)+ * ' ' W. (4A)

Since the generating radius CP of the dominant component moves
through the angle v with the speed a in the time At:

At=av
Placing for convenience

2mrbila—abi/a-{- ^i=Xi, 2mrb2la— ab^la-^- ^2=^2, etc. (oA)

Then, since sin 2n7r=0, equation (4A) reduces to:

Ai/= — [5i&i sin .ri+5262 sin J2 " ' ' ]«2'- (6A)
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An expression for v remains to be found,

5. The maximum values of y, equation (lA), occur when dy/dt~0,

or when

—Aa sin {ati+ a)-BA sin {bit+^i)-B2b2 sin (bihi- ^2)- ' * • =0. (7A)

At these maxima, the radius vector, CR\ is so close to the Y axis

that the angle R'CP' may be taken as equal to PCP'=v. Since the

generating radius of the dominant component is at CP' at the maxi-

mum values of y,

ati-{-a=2n-K-\rV.

whence
ti=2mr/a~ala-\-v/a. (8A)

Substituting this value in equation (7A)

:

Aa sin {2nT-\-v)-\-Bihi sin {2mrbi/a— abi/a-\-vbi/a-\- ^i)

+B2b2sin {2mrb2la—ab2la+vb2la+^2)+ ' ' • =0. (9A)

The first term in equation (9A) reduces to Aa sin v. Simplifying

the remaining terms by substituting Xi, X2, etc., for the equivalent

expressions given in equation (5A), the equation reduces to:

Aa sin v-\-Bibi sin (:Xi+ biv/a)-\-B2b2 sin {x2-\-b2v/a)-'r " ' " =

Expanding the sine functions:

Aa sin v-\-Bibi sin Xi cos vbxla-\-Bib\ cos Xi sin vbxja

-\-B2b2 sin X2 cos ?'62M+52&2 cos X2 sin vb2la-\- ' ' " = (lOA)

The fractions bi/a, bila, etc., are the ratios of the speeds of the various

components to that of the dominant component. For semidiurnal

components these ratios are close to unity, and for diurnal compo-

nents close to one-half. The angle v is not large at any time unless the

tide approaches the diurnal type. The values of sin vbja, sin vb2la,

etc., are therefore approxim.ately equal to bivja, b2v/a, etc., respectively,

and the values of cos vb^ja, cos vbz/a, etc., are nearly unity. Sub-

stituting these values, equation (lOA) becomes:

Aav-\-Bibi sin Xi-{-Bibi^v/a cos a'i+52&2 sin X2-\-B2b2^vla cos X2-\- ' ' '=0

whence:

_ Bibi sin a'i-|-j&2&2 sin 3-2+ •
•

•

f^^ x\
Aa-i-Bibi^/a cos Xi+^a^oV^- cos X2-\- • • •
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Substituting this value in equation (6A):

. _ (Bibi sin Xi-\-B2b2 sin ^2+ • • -T^

^ Aa^ -\-Blb i^ cos Xi-\- Bibo^ cos X2-\- ' • •

_Bi~bi^sm'^Xi-{-B2%^sm^ X2-\~ • -h'2>BiB2bib2sinxisinx2-{- •
••~

Aa:'+B,b{^ cos Xi+B2b2' cos X2+ • • • (12A)

6. Mean value of Ay.—The symbols Xi, X2, etc., in equation (12A);

represent angles in the form (equation 5A):

x=2nTbla—bala-{' 13

where n is an integer.

As successive integral values are assigned to n, x increases by:

27r6/a=27r(6-a)/a+27r.

At each increase in n, the value of x increases, therefore by
2ir{b— a)la. As the speed, 6, of any sem.idiurnal com.ponent does not
differ greatly from, a, the speed of the dominant com.ponent, the

fraction 27r {b—a)/a is com.paratively small for such components.
The successive values of x steadily increase (or decrease) with each
increase in n by an angle which describes a small fraction of the cir-

cumference. The speeds of the diurnal components (except Mi)
differ by a relatively small am.ount from, one-half of that of the dom.i-

nant com.ponent M2. For these components the value of x steadily

increases by a little m.ore or less than 180° with each increase in n.

In either case the values of x fall uniformly, in the long run, over the

entire range of angles from. to 27r, and the mean values of the trigono-

m.etric functions of x in equation (12A) become their true m.ean

values as x varies from to 2t. The mean value of sin ^x between
these limits is one-half, while that of cos .T,and of the products of the sines

of the differently varying angles Xi, X2, etc., is zero. Aside then from
the effects of the Mi component and the lunar overtides, the mean
value of Ay, becomes:

Ayo=}i{B,\'+B.32'+ • •)fAa' (13A)

7. Mean high water in terms of the harmonic components.—Since the

height of m.ean high water above m.ean sea level is the amplitude of

the dom.inant component increased by one-half of the mean value of

Ay, it is given by the expression:

MRW=Ai-%iB,%'+B.2'h^'+ )IAa'

=A[l + }i(B3i'/A'a'+B./b2yA'a'+ • •) (14A)
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in which yl = M2, a = nio ; Bi, B2, etc., are the amphtudes of the other

harmonic components (except Mi and the lunar overtides) and 61,

62, etc., are the respective speeds of these components.

Since the speeds of the kmar overtides are two, three, and four times

the speed of M2, the successive increments of x in equation (12A)

for these components, as n increases by successive integers, are 47r, 6^,

and Stt respectively. The successive values of the trigonometric

functions of x in that equation are therefore all identical. Similarly

the successive increments of x for the Mi component are each equal t,

and for the M3 component 3/2. ir For all of these components the

mean value of sin^ x is not }i The effect of these components on the

elevation of mean high water does not therefore follow the law

expressed by equation (14A). These components are however gen-

erally too small to affect the elevation of mean high water appreciably,

and the terms to be added to account for them need not be developed

here.

8. Mean tidal range.—The elevation of mean low water below mean
sea level may be derived in the same manner as the elevation of mean
high water above sea level, and with the identical result. The
expression for the mean tidal range is therefore:

Mn=2^[l+ K(5r&i'MV+-52-62-A4-V+ • • •)] (15A)

The factors 6l-/«^ ^2^/0^", etc., are close to unity for the semidiurnal

components, and close to ji for the diurnal. The ratios Bi^/A^, B2^/A'^,

are very small for those components whose amplitude is less than one-

twentieth of that of the M2 component. Omitting the components

that rarely if ever exceed tliis ratio, ecjuation (loA) becomes:

Mn=2M2[l + }US'2s'2/M2'm22+N2W/M2'mo^^+K22k27M22m2'

+ Ki^^iVM,2m.2+ Oi^oiVM.^m .'+ Pi'p iVMo'm.,^

+

Q,%'/M-Mi,') ]

(16A)

9. The numerical value of the mean tidal range derived from

equation (16A) is always substantially less than that derived from

direct observation. Aside from the effect of overtides and the approx-

imations introduced in the derivation of the formula, this deficiency

may be attributed to the fact that any accidental variation in the

water elevation occurring near the time of computed high water

increases the observed high water by substantially the maximum
amount of the variation if positive, but decreases the observed high

water by but substantially the minimum amount of the variation if

negative. In the long run, therefore, these variations effect a cumu-
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lative increase in the observed high water, and, similarly a cumulative

depression of the observed low water. Equation (16A) establishes,

however, a logical basis for determining the corrections to be made
for the changing inclination of the moon's orbit to the Equator.

10. Numerical value of F(M.i\).—The amplitudes of the various

lunar tidal components during any particular year (or month) are

determined by applying the appropriate factor /=l/i^ to the recorded

mean values of these amplitudes (par. 125). For solar components,

the value of/ is unity. The expression for the mean tidal range during

any particular year is then

:

Mn'-2yxMo{l+ )^[(S2S2//M2m2)2+ {m,n,lfM,m2y+ {j'^,\i,im2m,y

+ (/Qiqi//xM2m2)2]} (17A)

The factor to be applied to reduce the mean tidal range, as deter-

mined from observations during a particular year, to its true mean
value is therefore:

i^(Mn)=Mn/Mn' (18A)

in which the value of Mn is given by equation (16A) and the value of

Mn' is given by equation (17A).

11. The computation of the value of F (Mn) for the true ratios of

the amplitudes of the actual components of the tide at a tidal station,

and for the successive values of the reduction factors / corresponding

to the inclination / of the moon's orbit to the equator, would be a

very laborious process, not justified by the accuracy of the results

secured. A sufficient approximation is afforded by taking for the

ratios of the semidiurnal components the ratios of the mean values of

the coefficients of the corresponding equilibrium components, set

forth in table IV, paragraph 129. The ratios of the amplitudes of

the diurnal components to M2 vary widely at different tidal stations,

but these amplitudes have a fairly consistent ratio between themselves.

The index for the amplitude of the diurnal components is therefore

taken as the ratio of Ki+ Oi to M2 at the tidal station, the ratio of

the diurnal components to Ki+Oi being taken as that of the mean val-

ues of the coefficients of the corresponding equilibrium components,

as given in the same table.

12. Equation (16A) may be written:

Mn=2M2{l + (S2S2/2M2m2)'+ (Non2/2M2mo)-^+ (K2k2/2M2m2)2

+ [(Ki+ O07M2'][(Kiki/2(Ki+O0m.)'+(OiOi/2(Ki+Oi)m2)^

+ (PiPi/2(Ki+O0m2)^+(Qiq/2(Ki+ O0m2)^]}.
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Applying the numerical values of the speeds of the various com-

ponents and the mean values of the coefficients of the corresponding-

equilibrium components, tliis reduces to:

Mn=2M2{l.0717+ 0.03585(Ki+Oi)7M22}. (19A)

Designating the reduction factors of the several components as

/(M2), /(N2), /(K2), etc., and their squares as fiMi), /(K2), etc.,

and noting that /(M2)=/(N2) and /(Qi)=/(0,) and that 1//(M2)-

F(M.2); equation (17A) similarly reduces, after applying the same

numerical values to the amplitudes and speeds of the components, to

:

Mn'=2M2/(M2){l.009+F2(M2)[0.0583+ 0.0043/(K2)]

+i^'(M2) ((Ki+Oi)/M2)'[0.0025+0.0230/(Ki)

+ 0.0103/(Oi)]}. (20A)

Designating for brevity the expressions within the brackets in

equations (19A) and (20A) as R and R' respectively:

F{Mii)=Mn/Mn'=2M2R/2M,f(M2)R'= FiM2)R/R'. (21A)

The M2 component may be considered the dominant one when it

is not less than Ki+ Oi. The values of F{Mn) for a given value of

the inclination of the moon's orbit, /, and of the ratio (Ki + 0i)/M2,

when the latter does not exceed unity, may then be found from

equation (21A) by substituting in this equation and in the expression

for R' the values of -F(M2), J(K2), etc., corresponding to the value

of /, as given in the tables contained in manuals on the harmonic

analysis of the tides. The determination of the values of F{Md.) for

values of (Ki+OO/Mo exceeding unity becomes more complicated

and need not be here described. The values of i^(Mn) are shown

in table VI, paragraph 173.

Derivation of I.O2F1

13. The factor I.O2F1 is applied to the low- and high-water in-

equalities, DLQ and DHQ, derived from observations during a month
or more, to reduce these inequalities, and the consequent elevations

of mean lower low and higher high waters, to their astronomical

long-term means (par. 189). The diurnal inequalities are due to

the diurnal components of the tide at the station. Since the equi-

librium components have the same relation to their long-term means

as the actual components, the expression for the reduction factor

may be derived from the diurnal equilibrium components. For this

purpose only the Ki, Oi, and Pi components need be considered;
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since, as shown in table IV, paragraph 129, the amplitudes of the

other diurnal equilibrium components are relatively small.

14. The resultant of the diurnal components may be termed the

diurnal wave, and its varying amplitude designated Z>i. The diurnal

wave increases one of the two daily high waters of tides of the semi-

diurnal and mixed types, and decreases the other. Since the diurnal

wave keeps in general step with the semidiurnal tidal fluctuations,

the consequent diurnal inequalities durmg any period is taken as

proportional to the mean value of Z>i during that period.

15. Long-term mean value of Dx.—As Ki is the largest diurnal

equilibrium component, the approximate long-term mean value of

Di is, from equation (14A):

L>m=Ki[l + (OiOi/2KjM)^+(PiPi/2Kik:)2].

The corresponding long-term mean value of the resultant of the

Ki and Oi components only is:

i?m=Ki[l + (OiOi/2Ki^i)2].

Whence

:

VmjRm^l+ (Pipi/2Kiki)7[l + {0,o,l2K,hY].

By substituting the speeds and the mean values of the coefficients

of the components, the long-term mean value of Z>i is found to be

approximately 1.02 times the mean value of the resultant of the Ki

and Oi components only.

The amplitude of the resultant of the Ki and Oi components

fluctuates between Ki+d, and Kj— Oi during the period of one-half

a tropical month. Its mean value may be written:

Em=C(Ki+Oi).

In which C is a constant which need not here be determined.

The long-term mean value of Di is then:

Z)7/i=1.02(7(Ki+Oi). (22A)

16. Monthly mean value ojDi.—During a month in which the moon's

declination is /, the amplitudes of the Ki and Oi equilibrium com-

ponents are Ki/(Ki) and Oi/(Oi) respectively, /(KO and/(Oi) being

the reduction factors for this value of 7. Since Pi is a solar com-

ponent, its amplitude remains constant. It combines with the Ki

component into a resultant whose amplitude fluctuates between a

maximum and a minimum in a period of the half tropical year. The

angle between this resultant and the Ki component changes but

192750—40 18
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little in a half tropical month. Designating the length of this re-

sultant at the middle of the month as K' , the mean value of Di

during the month is, very nearly

:

Dm'==C{K'-\-Oij{0)) (23A)

in which C has the same numerical value as in equation (22A).

The correction to be added to the value of Ki for the month, to

give the value of K' , is to be derived.

17. Correction jor Pi.—As shown in paragraph 122 the equation of

the Ki equilibrium component is

:

7/i= Ki cos (r+/i-90°-/)

and, from equation (69) that of the Pi component is

7/2=Pi COS (r-/t+90°).

The angle between them is

:

)8'=2/i-180°-/.

in which h is the mean longitude of the sun (par. 105). Its value on

any given day of the year is substantially the same from year to

year. It increases at the rate of 0.041° per solar hour, or about 1°

per day. v' is a small angle, which varies with N, the longitude of

the moon's node. Its values corresponding to values of N are tabu-

lated in manuals on the harmonic analysis of tides. The value of /S'

on any date may be corrected for v' by taking the value of h on half

as many days before the given date as there are degrees in v' when
v' is positive and after the given date when v' is negative. When
so corrected the value of ^' is

/3'= 2A,-180°

The length, K' , of the resultant of the Ki and Pi components is

easily shown to be

i^'^VK?+P?-2KiPi cos ^'

= VK?+P?-2KiPi cos 2h

Placing K'^cKi

c=i^7Ki= Vl+P?/K?-2(Pi/Ki) cos 2fi (24A)

Taking the value of Pi/Ki as the ratio of the mean values of the

coefficients of the corresponding equilibrium components, or as

0.0880/0.2655= 0.3315, equation (22A) becomes:

c=Vl-ll-0.663 cos 2h (25A)
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The value of c on any day of the year maj^ be computed from equa-

tion (2oA) by substituting- the value of h on that daj^ At the vernal

and autumnal equinoxes, March 22 and September 21, A=0 and 180°

respectively, and c has a minimum value of 0.668. At the summer
and winter solstices, June 22 and December 22, A=90° and 270°,

and c has a maximum value of 1.331.

The correction to be added to the value of Ki for the month, to

give the value of K' , is then

i^'-Ki=cKi-Ki=(c-l)Ki (26A)

18. Expression for 1.02 Fi.—Substituting in equation (23x4) the ex-

pression for iv' given in equation (26A)

L>m'= aKi/(Ki) + (c-l)K:+O,/(O0]

and the reduction factor is:

Z>m/Z)m/= 1.02(7(Ki+ Ox)/a((c-l+/(Ki))Ki+ Oi/(Oi)]

= 1.02(l+Ki/O0/[((c-l+/(K0)Ki/O:+/(O0]

The ratio K/d of the mean values of the equilibrium components is

taken as 1.4066.

The reduction factor is written:

1.02Fi

in which:

i^i=2.4066/[1.4066(c-l+y(K0)+/(Oi)]

By substituting the values of c, /(Ki) and /(Oi) at the middle of

each month, the values of 1.02 Fi may be found as shown in table

VIII, paragraph 189.

Approximate value of (Ki+OO/AL

19. The statement was made in paragraph 175, that in the lack of

better information the ratio (Ki+OO/Mo for entering table VI is

taken as 2 (DHQ+DLQ)/Mn. It is not difficult to see that the

daily high water inequality, DHQ, closely approximates A cos a,

where Di is the length of the resultant of the diurnal components and

a is the angle between the position of its radius vector at high water

and the Y axis. At the next low water the radius vector of the re-

sultant of the semidiurnal components has moved through approxi-

mately 180°, and that of the diurnal components through approxi-

mately 90°. The daily low water inequality is therefore about equal

to Di sin a, and the sum of the two daily inequalities to

Di (cos a+ sin a)
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As cos a and sin a are both essentially positive, the factor

(cos a+sin a)

has values lying between the comparatively restricted range of a

minimum of unity, when a is or 90°, and a maximum of 1.414

when a=45°. The value of DHQ+DLQ is the mean value of

Di (cos a+sin a).

The value of C, in equation (22A) of this appendix may be shown to

be approximately 0.66. The mean value of DHQ+DLQ is then close

to but generally less than Ki+ Oj. The value of Mn is similarly close

to, but a little more than 2M2. It follows therefore, that very roughly:

(DHQ+DLQ)/Mn= (Ki+ Oi)/2M2

2(DHQ+DLQ)/Mn=(Ki+Oi)/M2

The ratio 2 (DHQ+DLQ)/Mn generally is somewhat less than that

of (Ki+ 0i)/M2, but the values of i^(Mn) in table VI change so slowly

with this ratio that no large error is introduced by using this approxi-

mation in entering the table.

Correction factor ijB

20. As stated in paragraph 261, chapter V, the correction to the

primary current therein designated as i is such that the corrected

velocity:

5 sin (a^+i3)+i=5[sin (a<+j8)+i/5]

satisfies the general equation of motion (equation 112) when the sur-

face slope has the simple harmonic fluctuation, S cos {at-'rH°), and

the velocity head term is dropped. Placing, for convenience, i/B=z,

equation (112) therefore becomes:

>S'cos iat+H°)i-(l/g)bB[sm (at+^) + 2]/dt±B''[sm {at+ l3)-\-z]yC-r=0

or:

S cos iat+H°) -f (aB/g) cos {at +13) + {B/g) bzjbt

±B'[sm (at+l3) + zY/C'r=0. (27A)

The values of B and /S are such that equation (145), paragraph 243,

Scos iat+H°)-^(aB/g) cos (ai+i3) + (8/3x)(57CV) sin (at-^l3)=0

is identically true for all values of t. Equation (27A) therefore may
be written:

(B/g)bz/bt-(8/3Tr) (ByC'r) sin (at+^)±(ByC'r) [sin (at+^) + zY=0.
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Dividing by B'^lCh;

(ChlBg)c>z/dt-{8/STr) sin (a^+^)±[sin (at+(3)^zY=0.

From equation (153), paragraph 244:

ChlBg= (8/3x) tan 0/a.

Giving:

(S/Stt) tan 0d2/da^-(8/37r) sin (ai+/3)±[sin {at+^)+zf=0. (28A)

Expanding the last term of equation (28A), the differential equation

for z becomes:

(8/37r) tan <^d2/dai— (8/37r) sin {at+^)±sva? (a^+/3)

±22sin (ai+/3)±22=0. (29A)

The correction factor, z=i/B, is therefore a function of the angular

lag, (f), and the phase, at-\-(3, of the primary current.

21. Since z is relatively small, a first approximation to its value

for given values of and a/+/3 may be derived by dropping its square

from equation (29A) and neglecting its effect upon the sign of the

velocity.

Rearranging, equation (29A) then becomes:

(8/3x) tan cl>()z/()ai+2z[±sm (,at-\-^)]

- (8/3 tt) sin (a^+ /3) isin^ (at+ 13) =0 (30A)

in which the positive sign is to be applied when sin (at-\-l3) is positive

and the negative sign when it is negative. Angles are in radians.

Equation (30A) does not appear integrable, but the values of z for

a given value of 0, and for successive values of a/+/S increasing by

sufficiently small increments may be derived by a somewhat laborious

arithmetical solution. The increment selected, in degrees, will be

designated Aat°. Its value in radians is then TrAat°ll80. Since

differential equations remain approximately true when small finite

increments are substituted for the differentials, the first term may be

written:

(8/3 x) tan 0A2/(7rAai°/18O)

in whichA2 is the increase in z due to an increment of Aat° degrees in

the phase of the primary current. If Aat° is sufficiently small, the

value of Az does not differ materially from the mcrease in z during

the preceding increment in the phase. Designating the preceding

value of z as Zo, the first term of equation (30A) then becomes:

(480/^2AaO tan 0(2-2o)= K2-2o)



272

in which the coefficient 6=(480/7r^Aa^°) tan (p may be computed from

the given value of and the selected increment Aat°.

In the second term of equation (30A) the negative sign is prefixed

to sin (ai+j8) when this function is negative. The factor±sin (at-\-l3)

is then positive for all values of at, and w^ll be so distinguished by
writing it as sin (ai+jS). The algebraic sum of the last two terms, for

values of at at the selected intervals, may be designated as —B.
Equation (30A) then becomes:

b(z-2o)+2zsm (at+^)-R=0
whence

z={2o-B/b)l[l-i-2 sin (at-^^)/b]. (3lA)

22. The values of z for successive values of a^+/3 may be computed
from equation (31A) after an initial determination of Zq has been made.

By taking A at° as an integral factor of 180°, these values are repeated

after aif+/3 has passed through 360°. Taking then Zq as zero at any
value of at-\-^, such as zero, the resulting values of z may be succes-

sively computed through 360°, a corrected initial value of Zq derived,

and the procedure repeated. Since the divisor of the second term of

equation (31A) is greater than unity, the new values of z successively

approach and finally coincide with those previously found. The
process is in fact abbreviated, since the values of z repeat themselves,

with the sign reversed, after passing 180°.

23. Second correction.
—

'\'\Tien the flow is largely frictional, and 4>

consequently is a relatively small angle, the values of z derived from

the foregoing procedure are so large that their squares are not negli-

gible, and are sufficient, also, to reverse the sign of the velocity when
the primary current is small. A further correction, 8, is therefore

required. Designating the first determination of the correction factor

as Zi, the corrected current becomes B [sin {at-\-P)-\-Zi-\-8].

Equation (112) then takes the form:

Scos (at+H°)-{-(aB/g) cos (at+^) + (B/g) {bz^/bt-i-dBldt)

±B'[sm (ai+|3)+ 2i+5]7CV=0

which, by a procedure paralleling that in paragraph 20, may be

transformed into:

(8/37r) tan ^(d^/ad^+dsi/adO- (8/37r) sin (a^^/S)

±[sin (ai+/3) + 2i]'±26[sin {at+ ^)-^Zi\±8^=0
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The approximate values of 8 may be derived by dropping its square

and neglecting its effect on the sign of the velocity. The errors intro-

duced by these approximations are, it may be observed, much less

than those resulting from the same approximations in deri\'ing the

initial values of z. The resulting equation may be written:

(8/3 tt) tan <^d5/adi+25{±[sin (at-\-^) + Zi\}

+ (8/37r) tan (pbzJadt-iSlZir) sin (ai+iS)

± [sin (ai+ iS) + 2i]2= (32A)

in which the positive sign is to be used when the primary current,

corrected by Zi, is positive, and negative when it is negative.

By using the same increment, Aat°, as in the first determinartion of z,

equation (32A) becomes:

6(5-5o)+25[sin (at+^) + Zi]-R=0 (33A)

in wliich b has the value previously determined, sin (at-\-l3)-\-Zi

is the numerical value of the velocity as first corrected and:

-R= (8/37r) tan (^d^i/da^- (8/37r) sin (ai+/3) ±[sin iat+^)^ZiY (34A)

The first term in this expression for R may be evaluated hj placing

(8/3x) tan 0d2i/daf= (8/37r) tan 0A2i/(7rAa^7l8O) = 6A£i

in which Azi is the average of the increments of Zi for the preceding and

ensuing increments of af+/3.

It may be observed that R is the residual by wliich the first member
of equation (28A) differs from zero when the first approximation to

a value of z is substituted therein.

From equation (33A):

5=(5o-i?/6)/[l+2[sin {at+ ^)+z,]/b] (35A)

The values of 8 for successive values of at-{-^ may be computed

from equation (3 5A) by the same process as that employed in comput-

ing z from equation (3lA).

A second correction may be applied, by the same procedure, if the

corrected values of 22=^1+^ give residuals of more than negligible

magnitude when substituted in equation (34A).

24. The increments Aat° used in computing the correction factors

shown in table X, paragraph 261, ranged from 2)2°, for small values of

0, up to 10° for the small values of i/B when (j)=80°.
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When ^=0, equation (28A) reduces to:

-(8/37r) sin (ai+i3)± [sin (at-}- l3)-^zY=0

Whence

2=V±(8/37r) sin (at+^) -sin {at +13) (3 6A)

As the positive sign is apphed when {at-\-l3) is positive, and the

negative sign when it is negative, all of these values are real.

The limiting values of i/B=z, for <^=0, shown in table X, are

derived from equation (36A).
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